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Abstract

We investigate the a posteriori estimation of the modeling (or lin-
earization) error which arises when a nonlinear problem is replaced by
a linear model. Using the context of strongly monotone operators, we
construct a computable upper estimator for this error, and also pro-
vide an estimator that gives a lower bound. Several numerical results
illustrating our theory are provided.
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1 Introduction

The investigation of physical phenomena involves several modifications,
introduced to simplify one or more aspects of the problem. The primary
such simplification occurs in the modeling process, whereby a phenomenon
is described by ascribing to it a mathematical model. Such models, which
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can be quite complicated, are often further simplified to make the problem
more computationally tractable. Our concern in this paper is the estimation
of the error introduced when a nonlinear model (which we call the original

problem) is replaced by a linear model. This error is given by
er = U — Ur. (1.1)

Here u is the ezact solution of the original problem (i.e. the nonlinear model)
and uy, is the solution of the simplified linear model (the linearized solution).
This error may be measured in different norms depending upon the goals of
the computation (for instance energy norm error, error in the value of u at
a point, etc.).

We call (1.1) the modeling error. In practice, a second error is usually
introduced when the linearized mathematical model is solved using a numer-
ical method, such as the finite element method. We consider the additional
effects of such discretization errors in [4] — our goal in this paper is to in-
vestigate a posteriori estimation of only the modeling error (1.1), under the
assumption that wuy is calculated exactly. We set our investigation in the
context of strongly monotone operators, which provide a general abstract
framework for our results. These are introduced in Section 2, where we
also describe several examples that lead to such operators. Existence and
uniqueness for such problems can be obtained if certain monotonicity and
continuity conditions hold — these conditions also play an important role
in the estimators constructed in subsequent sections. We verify these con-
ditions for the examples introduced, which include elasticity with nonlinear
stress-strain relations, the p-Laplacian, and some variants.

In Section 3, we introduce a linearization of the abstract nonlinear prob-
lem and derive estimates for e; in appropriate norms |ley|l. We present
several computational results showing how our a posteriori error estimators
for the modeling error ey, work in practice. A method of measuring the accu-
racy of any estimator £ for an error ||e|| is via its effectivity index k defined

by [1,2] .
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As we see from our computational examples ahead, this effectivity index
(while very well-behaved for some of our examples) can also be large in some
cases (examples 3 and 4) for isolated values of u and uy. However, the re-
sulting error bounds can still be practically very useful. For instance, in
materially nonlinear elasticity problems, there can often be a substantial dif-
ference between the actual and assumed values of such quantities as the yield
stress. (As an example, a 20% figure is reported for the 5454H32 aluminum
alloy in [6], where the yield stress is seen to be extremely sensitive to the
thickness of the material). As a result, even if the effectivity index is 3 or 4
(as in some of our examples), the error due to linearization will still be neg-
ligible compared to the error induced by the uncertainty in a quantity such
as the yield stress. We mention that in contrast, the modulus of elasticity
(which would be the main constant determining the response for the linear
problem) does not show such variability.

Let us remark, moreover, that isolated values of x may not provide a good
evaluation of an estimator in any case. A more complete picture in the spirit
of asymptotic exactness [1,2] is given by a characterization of the behavior
of k as ||eg|| = 0. An example of this behavior is illustrated in our Example
4.

We mention a previous work, [7], that is relevant in the context of this
paper. There, the modeling error for a materially nonlinear problem having a
piecewise linear stress-strain relationship was investigated. This corresponds
to our Example 1 in Section 2. We obtain similar results to those in [7],
although our method of proof is different, being designed to accommodate
more general problems. (The goal of [7] was also to consider the effect of
singularities in the exact solution, for which results more detailed than the
ones here were derived — we do not address this issue.)

Finally, the a posteriori estimators we derive can also be useful in develop-
ing a feedback strategy to determine whether the dominant part of the total
error is from modeling or discretization. We refer to [3,4] for a discussion
and examples.



2 The Model Problem

In this section we describe an abstract formulation of our nonlinear prob-

lem (the ezact problem) and discuss examples which fit into its format.

2.1 Abstract Formulation

Let V be a reflexive Banach space and V' be its dual, with norms denoted
by || - |[v and || - ||y, respectively. Let A : V — V' be a nonlinear operator
that satisfies the following three conditions (we will use Au(v) to denote the
operator Au evaluated at v).

MO. A0 = 0.
M1. A is strongly monotone, i.e., there exists a strictly increasing function
X : [0,00) — R with

x(0) =0 and tliglo x(t) = o0
such that
Yu,v eV (Au— Av)(u—v) > x(|lu — v||v)|lv — v]|v. (2.1)

M2. A is Lipschitz continuous for bounded arguments, i.e., for any ball,
B(0;r) ={v eV : ||v|ly <r}, there exists a constant I'(r) such that

Vu,v € B(0;7)  ||Au — Av|ly < T(r)||u —v]|v. (2.2)
Then, we have the following theorem.
Theorem 2.1 Let A:V — V' satisfy MO—-M2. Then the problem
Au=F FeV' (2.3)
has a unique solution satisfying
xX([ullv) < IFlv. (2.4)

Remark 2.1 We have taken condition MO for simplicity. In the general
case, if A0 # 0, instead of (2.4) we would obtain

x(llullv) < 1F{lv: + [|AO[ly-.



Let us now discuss some notation and terminology we will be using in
this paper. We let Q C R? for d = 1,2 be a convex bounded open domain
with piecewise smooth boundary, I' = 0€2. We will use the usual Sobolev
space notation for spaces W*?(Q), We?(€) (p > 1). For the case p = 2 we
denote W*2(Q) as H*(£2). Our space V will always be a Sobolev space of
the form WO1 P(Q) with p > 2, though our results can be easily generalized to
other cases, such as 2 C R® or more general boundary conditions, for which
WyP(Q) € V. Wh2(Q). While the proofs given here are valid for any norm
on the space V' equivalent to ||v|lw1r(q), we will use [[v|ly = |v|wie) (the
seminorm is a norm, since we have V = Wy”(Q). In the sequel, the notation
|| - [|x,p,2 shall be used to represent || - ||y k), With the subscript {2 dropped
when understood.

Let us turn to the operator A : V — V’. In our examples, A will always
take the form

Au(v) = / o(z,Vu) - Vo dz (2.5)
Q

for v € V. Here 0 : Q x R? — R? will be a suitable function satisfying
o(x,0) = 0. This ensures that A satisfies M0. In the examples we consider

here, we will always have

o(z,8) = a(x, [€])¢, (2.6)

where a is defined on Q xR (we will often omit mentioning the = dependence
in both o and a). F € V' will be given by

F(v)z/ﬂfvdx (2.7)

where f € L,(€) with 11—)—|- % = 1. This condition can be weakened: for
example, if p = 2, all we need is f € H~1(Q).

Remark 2.2 The conditions M1 and M2 can be weakened. For instance,
for the special case (2.6) the paper [8] gives more general conditions on af(-, |£|)
that guarantee existence and uniqueness for the problem (2.3).



Remark 2.3 Although only the scalar case (2.5) is considered here, our
results extend readily to systems of equations (such as in the elasticity prob-
lem).

2.2 Preliminary Results

Let us now present some theorems that will be useful for analyzing our
examples. We begin with a result that will help establish M1.

Theorem 2.2 Let V = HY(Q) and let A be given by (2.5) such that for any
z €Q, o(x,-) € CHR?). Also, let D,o(z,n), the Jacobian of o, be uniformly
positive definite on Q0 x RY, i.e.,

€ Dyo(w,n)€ > al¢P, (2.8)

for some constant oo > 0 independent of x € Q, £, € RE. Then A satisfies
M1 with

x(llull) = allully. (2.9)

Proof: Let x € Q, &,& € R?. Using (2.8) with £ = & — & we have

1
(& — &) (o(z, &) —o(2,8)) = /O (& — &) Dyo (2, 1) |n=¢, 4161 -2 (1 — E2) di
> alé — &)

The result easily follows. [l

Corollary 2.2.1 For the special case (2.6) with V = H'(Q), M1 is satisfied
with

X(lullv) = aflully (2.10)

provided
i > 2.11
wegggwa(x, ) = e (2.11)

and a s increasing, i.e, the derivative with respect to r satisfies

ar(z,7) >0 (z,7) € Q x R".



The conditions of the corollary are sufficient to ensure that o satisfies
(2.8), as can be seen by writing out the Jacobian (see [3] for details). Hence
the proof follows by Theorem 2.2.

Next, we present a result for establishing M2. We need the following
lemma which follows easily from the Minkowski Inequality.

Lemma 2.3 For A as defined by (2.5), with V = W, (Q), we have

[Aullys < llo(Vu)

lo.q (2.12)

|Au — Av||yr < ||lo(Vu) — o (V)] (2.13)
1,1 _
where >+ =1.
Remark 2.4 With different boundary conditions, we can get equality in
(2.12) and (2.13). For instance, in one dimension, all we need is for a Dirich-

let condition to be imposed only at one end point. Neumann conditions

everywhere will also allow us to get equality.

Using (2.13), we easily obtain the following theorem for establishing M2.

Theorem 2.4 Let A be defined by (2.5). If o satisfies
lo(Vw) = a(V2)llog < T(r)[[Vw — Vzllop (2.14)
for any w, z € B(0;r), then A satisfies M2.

2.3 Examples

Let us now consider our specific examples.

EXAMPLE 1: Bilinear Elasticity
We first consider a one-dimensional example with V = H{(Q), with Q =

(0,1) (for a higher dimensional analog see [7]). We consider the function
k(uz + Uy) — Uy Uy < —Uy

o(ug) = < Uy — Uy <uy <Uy (2.15)
k(um — Uy) + Uy Uy < ug.



This represents a bilinear stress-strain relationship. Here Uy € (0, 1) repre-
sents the strain corresponding to the yield stress and £ € (0,1). This satisfies
the special case (2.6) with a(r) given by

1 r < U
a(r) = {k+ wme D g (2.16)

r

Let us now verify that conditions M1 and M2 are satisfied.
Condition M1: To show this condition is satisfied, let, for any u,v € V,

O = {2 € Q: ful, ol < Uy}, Q" =/, (2a7)
The Jacobian o’ satisfies
d€)=1 on Q" (&) >k onQy".

Then the same argument as the proof of Theorem 2.2 gives us that A satisfies
M1 with
X(llu —vllv) = Ellu = vllv. (2.18)

(Note that all we need is for o’ to be integrable, not continuous as in Theorem
2.2).

Remark 2.5 We see, in fact, that
(Au = Av)(u— 0) > flu— 0] oo+ Fllu — 0]12, g
When neither |u,| nor |v,| exceed Uy this just reduces to
(A= Av)(u =) > [lu = o3
so that in this case (2.18) can be improved to
X(lu = vllv) = [lu = vlly.

Condition M2: To show M2 is satisfied, it is sufficient to consider only
the case uy, > 0, v, > 0. Then for each of the three cases |u;| < Uy and



lvz| < Uy, |ug| > Uy and |v;| < Uy, and |u;| > Uy and |v,| > Uy, we may
easily verify that

lo(ue) = o (va)llog < e = vallos: (2.19)

By Theorem 2.4, M2 is satisfied with I'(r) = 1.
Using Theorem 2.1 we get the following result.

Theorem 2.5 Let A be given by (2.5) with o(Vu) given by the bilinear func-
tion described in Example 1 on the space V = H(Y). Then A satisfies M1
with

X(llullv) = klully- (2.20)
Moreover, A satisfies M2 with I'(r) = 1. Hence, there exists a unique solu-
tion u to (2.8) satisfying (2.4) with x given by (2.20).

Remark 2.6 Note that perfect plasticity, given by k£ = 0, does not satisfy
the required conditions as M1 is violated. Thus we have only considered
ke (0,1).

EXAMPLE 2: Linear/Root Elasticity
As a variant of Example 1, we consider the one-dimensional function
W up< =l
J(Uw): Uy _iguzgi
1

1

Here we have taken Uy = ;. Once again, this satisfies the special case (2.6)

with . o1

a(r) = { Y o2 i (2.21)
We note that as & — oo, we have ¢'(§) — 0. Because of this, M1 is

not true on all of V. However, we show that it holds for u,v € V such that

Uz, |vz] < M < oco. Let ©y,Q be as in (2.17). Then for all u,v € V such

that |ugl, [v.| < M (with Uy = M) we have that

) =1 forzeQ}’

1 1
= > for z € Q5.

4/|ug| — AVM
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Thus, as in Example 1, for u,v € V such that |u,|, |v,| < M < oo, A satisfies

M1 with .

R

As in Remark 2.5, we also see that for such u,v we have

lu —v||y. (2.22)

(Au— Av)(u —v) > flu —vll{z0, (2.23)

— lu —v|[F
+ U—v .
4V M R

Condition M2: As for Example 1, we can establish (2.19) by separately

1 1 1

considering the cases |u;| < 1 and |v,| < 1, |ug| > I and |v,| < I, and

luz| > 1 and |v,| > . We then obtain that M2 is satisfied with I'(r) = 1.

See [3] for details.

Remark 2.7 The operator A in this case is monotone, but not strongly
monotone. An alternative theory can still be used in this case to prove
existence and uniqueness. However, in this paper, our main focus will be
error estimation for cases where the solution is assumed to exist and be
regular enough. Condition M1 will be the most important property.

EXAMPLE 3: p-Laplacian
Next, we consider the p-Laplacian (in one and higher dimensions), given by

o(Vu) = |VulP ?Vu. (2.24)

We will consider the case p > 2. For this, the space V is given by V =
Wy (€). Once again this will satisfy the special case (2.6) with

a(r) = P2
The following theorem taken from [5] shows that A satisfies M1 and M2.

Theorem 2.6 For a given numberp > 2, withV = Wy *(Q), let A: V — V'
be the operator given by (2.5) and (2.24). Then there exists a constant o > 0,
depending on p, such that for all u,v € V = WH(Q),

(Au — Av)(u —v) > aflu — v||}. (2.25)
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Also, there exists a constant M > 0 such that for all u,v € Wol’p(Q),
[ Au — Avlly < M(|[ully + lollv )" [lu — o]y

For the proof see Theorem 5.3.3 in [5].
We see from the above that

X(lu = vllv) = allu —oll} "
L(r) = M(2r)*2. (2.26)

The proof in [5], only shows the existence of @ > 0 without giving a value.
However, for our estimators in the sequel, we will need the largest value of
« satisfying (2.26). In [3] it has been established that this optimal value is

given by a = 2p1_2. This result gives us the following theorem.

Theorem 2.7 Let A be given by (2.5) with o(&) given by (2.24) on the space
V =Wy"(Q). Then A satisfies M1 with

X(lu = vllv) = a(@)llu - ol (2.27)

where a(p) = 5=. Moreover, there exists M > 0 such that A satisfies M2
with T'(r) given by (2.26). Hence, there exists a unique solution u € V to
(2.3) satisfying (2.4) with x given by (2.27).

EXAMPLE 4: c-nonlinearity

As a variant of Example 3 (for the case p = 4) we consider operators A = A,

defined for € > 0 by
o(Vu) = 0.(Vu) = (1 +¢|Vul*)Vu (2.28)
with V = W,"*(Q). We see this case is of the form (2.6) with
ac(r) =1+ er?. (2.29)

We choose this example because we can alter the nonlinear effect by changing
¢ (as € — 0 the nonlinear effect becomes very small).
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M1 and M2 follow as in Example 3 with

Xe(&) = exp(§), Te(r) =14ely(r), (2.30)

where x, and I', are given by (2.27) and (2.26). (Note that we can only
conclude x:(§) = ex,(§) and not x.(&) =1+ ¢ex,(§)).

The presence of ¢ in (2.30) will cause poor results if applied to our es-
timators later. Hence we use the following result, which shows that the
corresponding operator A, satisfies a version of M1 uniformly as € — 0, but
on a space H D V with a weaker norm than V. The proof is elementary.

Theorem 2.8 Let A given by (2.5) with o given by (2.28) on the space
V = Wol’p. Then for any € > 0, and F € V', there exists a unique solution
u €V to (2.3) with x as in (2.30).

Moreover, let H = HL(Q) D W, (Q) = V. Then for any u,v € H, the
following inequality holds uniformly for € > 0 for the above operator A,

(Au — Av)(u = v) 2 xau(llv = vllg)llv = vl 4. (2.31)

with
xu(llv = vlle) = |lu— vl (2.32)

Remark 2.8 We note that H = H(Q) is a Hilbert space, which ties in
well with the theory developed in the next section. This example will serve
as a prototype for other cases where an alternative version of M1 may be

available in a weaker norm. Note that A will not satisfy M2 with V' replaced
by H.

3 Estimation of the Error due to Linearization

Nonlinear problems like those described in Section 2 are often solved
using a linearized model. Let Ay be a linear approximation to the nonlinear
operator A. Since Ay, is often discretized by the finite element method (which
is usually done in Hilbert spaces) we will assume that there exists a Hilbert
space H DV such that Aj, is an operator from H — H' (this implies A;, is
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also an operator from V' — V’). The linearized problem is then defined on
H' instead of V'. Hence we assume F' € H' and consider the problem

ALUL = F, FeH (31)

instead of (2.3). We also assume that F' is such that the solution of (3.1)
lies in V' rather than just H. This is in keeping with regularity assumptions
typically used in finite element analysis.

To get existence and uniqueness for (3.1), we assume the following:
L1: Aj satisfies a coercivity condition on H, i.e., there exists ay > 0 inde-
pendent of v € H such that for all u € H,

(Aru)u > aglullz.

L2: Ay is bounded on H, i.e., there exists My > 0 independent of u such
that for all u € H
[Arullmr < Mpl|ulg-

L3: Aj satisfies the symmetry condition
Apu(v) = Apv(u) Vu,v € H.
Then we obtain the following theorem.

Theorem 3.1 Let A;, satisfy L1-L3. Then for any F € H', there exists a
unique solution of (3.1) that satisfies

luzlle < og |1l (3.2)

Remark 3.1 Conditions L1-L3 ensure that there exists a bounded, bilinear
coercive form B(-,-) on H x H such that Yu,v € H, we have

Apu(v) = B(u,v) = B(v, u).

In all our examples we take H = Hy (). In Examples 1 and 2, H =V
while in Examples 3 and 4, V is a strict subset of H. Also, in our examples,

we will define Ay by

Apur(v) = /QUL(VUL) - Vudz, (3.3)
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where, o7,(€) is a linear approximation of ¢(§). Further, we will take

a1(§) = a(|Vue|)¢, (3.4)

where ug is some guess for u (this will ensure that the symmetry condition,
L3, is satisfied). For example, for the p-Laplacian (p > 2) we take

Apur(v) = /Q \Vug(z)[P*Vuy, - Vo da.
For this we then have, with H = H}(Q), that
Apu(u) = /Q \Vuo(z)|P~2Vu - Vudr > I:?elslzl (Vo () P2 ||ul|%-
Thus Ay, satisfies L1 with oy, = mingeq |Vug(z)[P~2. Also,

Apu(v) = /Q |Vug(z)[P*Vu - Vodr < max |Vug(z) P2 /Q Vu-Vvdz

< max |V (2) P ?||ul| z||v ||z,
e

showing Ay, satisfies L2 with My = maxgcq |Vug(z)[P~2.
The same holds true in general — L1 and L2 hold with

ar, = min |a(|Vue(z)|)], (3.5)
and
M;, = max|a(|Vuo(z)[)] - (3.6)

(Note that the above may not be the optimal values of o, and M, that can
be taken in L1 and L2.)

Remark 3.2 In some cases (see Example 3 in Section 3.2 ahead), we may
have a ug that leads to oy, = 0. In such cases, we can try to suitably modify
Ay to ensure that ay, # 0 (see Remark 3.8).
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3.1 Theoretical Estimates

Our goal in this paper is to devise a method to estimate the modeling
error e;, = u—uy. 1o this end, we have the following theorem, which provides
a guaranteed upper estimator for this error.

Theorem 3.2 Let A satisfy MO—-M2 and let Ap, be a linear approrimation
of A that satisfies L1-L38. Also, let u solve (2.8) and uy, solve (3.1), with F
such that ur, € V. Then

X(llecllv) < |Azur — Aug|lv-. (3.7)

Proof: Using M1 we have

= ugly) < (= ) ()

lu—urllv
< sup (Au— Aur)(v)
veV
[lvllv=1
= sup (F(v) — Au(v)).
veV
[lv]lv=1

Since V' C H we have Apur(v) = F(v) for all v € V C H, and thus

X(llu —ully) < sup (Apur — Aug)(v)
ve
[lv]|[v=1

= ||AL’LLL - AuL”V"
O

Remark 3.3 Theorem 3.2 holds even when Aj, is any nonlinear approxima-
tion to A such that (3.1) has a unique solution (e.g., when Ay is a nonlinear
operator also satisfying M0-M2).

Remark 3.4 If x(|ler]|lv) = aller]|v for @ € R with « > 0, then (3.7) gives
the estimate

1
llec]lv < a”ALuL — Aug||v.
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In addition to the upper estimator in (3.7), we also have the following
theorem which gives a lower estimator for the error. The result follows easily
from M2 and (3.1.

Theorem 3.3 Let A satisfy MO—-M2 and let Ap, be a linear approrimation
of A satisfying L1-L3. Also, let u solve (2.3) and urp, solve (3.1) such that
ur, €'V and ||u||v, ||uc|lvy < r. Then

|Apur — Aug|ly: <T(r)lec]lv- (3.8)
Thus by Theorems 3.2 and 3.3 we have for u,ur, € B(0;r)
L(r) M Apur — Auglly < lleclly < x M ([[Arur, — Augl|y)

Hence we have both upper and lower estimators based on the quantity
|ALur — Augl|v:.

To be of practical use, an error estimator must be computable. We now
show that the term ||Apu;, — Aug||y can be bounded above to give a com-
putable upper estimator Ey(er) for ||eL||v-

Let Ay be given by (3.3) for some (linear) function 0. Then we have for
V =WhH(Q) that

|Arur — Auglly < [lor(Vur) — o(Vug)

0,9

using the argument of Lemma 2.3. Defining
Evler) = x'(llor(Vur) — o(Vur)llo,) (3.9)
then gives a computable guaranteed upper estimator satisfying
lecllv < Ev(er).
(We have used the fact that since  is increasing x ! must also be increasing.)

Remark 3.5 Note that with Dirichlet boundary conditions, we cannot bound
|Arur, — Aug||lv: below by ||lor(Vur) — o(Vur)|lo,g to give a similar com-
putable lower estimator. Such a bound is, however, possible for some other
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boundary conditions. For instance, in the case of Neumann boundary condi-
tions, we would have (see Remark 2.4)

|Arur — Aug v, = [lor(Vur) — o(Vug)|log
which would allow us to define a computable lower estimator,

Eyv(er) =T(r) *lop(Vur) — a(Vur)lly,

such that
Ev(er) <lleclly -

Let us now consider the case when in addition to V', the operator A is
also strongly monotone on the larger space H over which Ay is defined, i.e.,
when (2.31) is satisfied (as in Example 4). In this case, we can obtain a
computable guaranteed upper estimator for ||ey|| g as well.

Theorem 3.4 In addition to the conditions of Theorem 3.2, let A satisfy
(2.81). Then

xu(|leclln) < ||Apur — Augl|a (3.10)

Proof: Using (2.31) we have

u—u
(= ) < (= Aug) (2 ).

Since u € V and uy € V, then w = ——2— € V. Using this, we have

[lu—urllm

xu(llu—urlln) < (Au — Aug)(w)
= F(w) — Aug(w)
= (Apur, — Aur)(w)
< sup (Apup — Aup)(v)

veEH
llvllz=1

= ||ALUL - AUL”H’a

from which (3.10) follows. O
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Recall that in all our examples, we have H = H}()). Using the same idea
as for y(er), we can therefore define

Euler) = Xy (lon(Vur) — o(Vur)

lo,2) (3.11)

to obtain
lecllzr < Enler).

This will be used for Example 4.

3.2 Computational Results

In this section, we present the results of computational experiments de-
signed to test the accuracy of estimators (3.9) and (3.11). We use the ef-
fectivity index k defined by (1.2), with ||ler|| taken to be ||er||v or |ler||m as
specified ahead.

In some cases, like Example 1 and parts of Example 2, it is possible to
calculate uj;, exactly. However, when this becomes difficult, we use the fi-
nite element method with “sufficient” accuracy to obtain it. We use basis
functions of degree p over n elements, where p and n are chosen to be large
enough so that increasing either one will not change ||er||yy by more than
.001%. Thus, the error introduced by the finite element method can be con-
sidered negligible and the solution u, obtained from this method can be taken
to be the required “exact” solution to the linear problem (3.1), sufficiently
accurate for our purposes.

EXAMPLE 1:
We first consider Bilinear Elasticity, from Section 2 with V = H}(Q) = H

on the domain Q = (0,1). We use the function
=1

to define the functional F' by (2.7). It can then be verified that the true
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solution to the nonlinear problem (2.3) is given by (here r = Uy)

%( 22’ — (1—k)ro + x) 0<z<-r+3
u = sei+ 32+ :(G(1— ) +ik—r+4(1-k) —r+i<az<r+1i
T ey e ) st
3.12

We let A;, be defined by (3.3), (3.4), with a(|(uo)z|) given by (2.16). Then
using an initial guess of uy = 0, (2.16) simply gives a = 1. Thus, for this
example a;, = My, = 1. The exact solution of the linear problem (3.1) turns
out to be

1, 1

ur = —533 + 5.%

From these solutions u, u;, we see

1
2/ 1, 1, 1 1Y)\?
Bl P T i B R 3.13
+k2( 37 T3 47"-1-24)) (3.13)

Also, we have u, = (ur), on [—r + 3,7 + 3] so that

Evler) = % (/01 lon((ur)z) — 0((“L)w)|2d33)%
_ % ( / T a(w)s) = o((u)o) P + / 1; o1 ((ur)s) — a((mw)\”x) 5
1
Tk

1 1 1 1
op2 (282,22
(k( 5" +27" 4r+24>
+2k +1 !
3T TN T

1
1 1 1 1 2
2 =34+ 22— 4+ — . 14
+ ( 3" +3r 4r+24>> (3.14)
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From (3.13) and (3.14) we see that for any £ and r,

lecllv = Ev(er).
Hence, for this example, our estimator turns out to be ezact, i.e., we have

Kk =1.

EXAMPLE 2:
Next, we consider Linear/Root Elasticity with V = Hj(Q) = H on the

domain 2 = (0,1). We again use the function
f=1
to define the functional F'. It can be shown that the true solution to the

nonlinear problem is
sz — 222 + 0<z<
u=4q -3’ +30+ > 1<z <
-t +22 —z+1 f<z<l
We let A, be defined by (3.3), (3.4), (2.21), and use an initial guess of uy = 0,
which again gives a = 1. The exact solution to the linear problem (3.1) is

S (o [+

(3.15)

the same as in Example 1,

1o, ]
up = ——x° + -x.
L 9 2

From these solutions u, u; we see

1 3
leslly = ( s (um\?dx)
0

~ 0.17970.

Also, we have u, = (ur), on [, 2] and |u,l, |(ur)s| < 1. Therefore, using

(2.22) and ay, = M}, = 1 we have
vien) =4 ( [ loul(un)a) = ot(un) )

1
2

=4 (/04 lo1((ur)s) = o((ur)s)[* dz Jr/§ o1 ((ur)a) = o((ur)s)|” dﬂﬁ)

~ 0.23222.
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Thus, for this example, we have
Kk =~ 1.29226.

Next, we use the initial guess uy = —%:1:2 + %m, which is closer to the true
solution. We do not calculate u; analytically, but instead use a sufficiently
accurate finite element method to obtain u;. We obtain the error

ller||v = 0.10275,
and again using My = 1, the estimator
Ev(er) = 0.12422.
Thus, for this initial guess, x has been improved to
Kk = 1.20895.

Remark 3.6 In the above example, we knew v and u, so we were able to
accurately take M = 1. However, in general, v will not be known, so the
best we could do is choose M to be the maximum of |(ur),|. Although this
might still give a good estimator in computations, we may no longer be able

to guarantee that it is an upper estimator.

EXAMPLE 3:
Next we consider the p-Laplacian with p = 2.5 on the domain Q = (0, 1).

First, we take f to satisfy the true solution
u=z(1-zx).
We define the linear operator Az given by (3.3) using
1,(§) = [(uo)a|" ¢

We choose a series of initial guesses which converge to the true solution to see
how the effectivity index behaves as ||e ||y decreases. We divide the domain



22

Q2 into M equal intervals and take ug to be the piecewise linear interpolant
of the true solution v = z(1 — z) for M = 2,4, and 8. We obtain uy by
using the finite element method with N = 20 elements and basis functions
of degree less than or equal to 8.

From Table 1 we see that as uy — u both the error ||le, ||y and the esti-
mator Ey (er) decrease. We also see that the effectivity index & is increasing.
This suggests that while the estimator is qualitatively correct, it may not

necessarily decrease to 0 as ||er|[y — 0 for this example.

M | lecllv | év(er) K

2 10.17738 | 0.44583 | 2.51348
4 1 0.08329 | 0.24384 | 2.92773
8 1 0.03873 | 0.14179 | 3.66115

Table 1: True error and estimate for Example 3.

Next, we use the function f = 1 to define the functional F. (This gives
more realistic exact solution for such problems.) For any p > 2, the exact
solution of (2.3) is

p—1 1

P 2
As shown by Exercise 5.3.1 in [5],

T p—1 [1\7T
+2== (—) . (3.16)
p

we W2 if 1 <p< 35
wg W2e o if 35 < (3.17)

We again define the linear operator A;, given by (3.3) using

01.(§) = |(uo)sl" ¢

and divide the domain €2 into M intervals and taking ug to be the piecewise
linear interpolant of u given by (3.16) for M = 2,4, and 8. We obtain u;, by
using the finite element method with N = 20 elements and basis functions

of degree less than or equal to 8.
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The behavior of the error and the estimator are shown below for this exact
solution. From Table 2 we see that both the error ||er ||y and the estimator
Ev(er) decrease as M increases. Once again, the estimator is qualitatively
correct, but does not decrease to 0 as ||ey||y — 0 for this example. The
reasons for this are discussed in the remarks below.

M | lerlly | év(er) K

2 | 0.08618 | 0.23942 | 2.77814
4 1 0.04623 | 0.14349 | 3.10376
8 10.02367 | 0.08654 | 3.65631

Table 2: True error and estimate for Example 3.

Remark 3.7 One factor in the above over-estimation of the true error by
Ey is the value of a(p) used in the estimator. The optimal a(p) used from
[3] is calculated using a “worst-case” scenario, and can give a much smaller
value of o in (2.27) than may be typically encountered in a problem. This
causes over-estimation.

Remark 3.8 For a differentiable ug on (0,1) which vanishes at 0 and 1, the
mean value theorem gives (ug),(t) = 0 for some ¢ € (0, 1), i.e., the coefficient
a vanishes at ¢t. Hence, ay given by (3.5) will be 0 in condition L1 for
such a ug. Our choice of uy (which is not differentiable) above avoids this
problem, since «; > 0 for the interpolant over M subintervals. However,
the underlying danger of oy being close to zero remains for this problem

whenever we choose 0 boundary conditions.

EXAMPLE 4:
Finally, we consider the e-nonlinearity from Section 2, using £g(er) defined

by (3.11) to estimate ||ep||r, with H = H}(Q) and V = W, *(Q). For this
example, recall that the operator A given by (2.5) uses o(u;) given by

o (ug) = (1 + &luz|*)us.
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The function f used to define the functional F' in (2.7) is chosen so that the
exact solution is

u = (1 —z)sin(z/k). (3.18)

The linear operator A, given by (3.3) uses

01.(€) = (1 +&l(uo)sl*)E,

where u is an initial guess for w.

Figure 1 shows the effectivity index x for the true solution v = (1 —
z)sin(z/k) using an initial guess of both ug = 0 and uy = 2% — z. As
expected, we see that as ¢ — 0, decreasing the error ||ep||x, the effectivity
index approaches 1. Also, as k increases, u, decreases, again decreasing the
effect of the nonlinearity and causing k to approach 1. Figure 2 shows the
effectivity index for the true solution u = (z?—z) cos(z/k). Again we see that
as € — 0 the effectivity index decreases approaching 1. Hence this numerical
evidence shows that this estimator decreases to 0 as ||e; ||z — 0 for the cases

considered, a behavior that is similar in spirit to “asymptotic exactness.”

3.3 Conclusions

From the above, it is seen that the upper estimator developed in this
paper has an effectivity index that behaves very well for some of the ex-
amples considered, while for others, it is observed to be in a higher range
(between 3 and 4 for Example 3, for instance). As explained in the introduc-
tion, this would still be useful in the context of several nonlinear problems,
where “constants” such as yield stress come into play, since these can have
a high degree of uncertainty. The corresponding errors induced by such un-
certainties in the desired quantities of interest (obtained, for instance, by a
sensitivity analysis) would then be one or several orders higher than the error
due to linearization. Hence, one could afford to have a large effectivity index
in the linearization estimator.

The computations performed here have been in one dimension, since it
is easiest to get an “exact” solution (either analytically or by overkill, us-
ing finite elements) in these cases. In [3,4], some computations involving
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Figure 1: Effectivity Index, x for v = (1 — z)sin(z/k) and o(u;) = (1 +
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Examples 3 and 4 in two dimensions are also considered, in the context of
estimating both the linearization and finite element discretization errors.
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