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Abstract

A dumbbell-shaped rigid body can be usedto represent certain large spacecraftor

asteroids with bimodal massdistributions. Such a dumbbell body is modeled here as

two identical massparticles connectedby a rigid, masslesslink. Equations of motion

for the �v e degreesof freedom of the dumbbell body in a central gravitational �eld

are obtained. The equations of motion characterize three orbit degreesof freedom,

two attitude degreesof freedom, and the coupling between them. The system has

a continuous symmetry due to a cyclic variable associated with the angle of right

ascensionof the dumbbell body. Reduction with respect to this symmetry gives a

reduced system with four degreesof freedom. Relative equilibria, corresponding to
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circular orbits, are obtained from thesereducedequationsof motion; stabilit y of these

relative equilibria is assessed. It is shown that unstable relative equilibria can be

stabilized by suitable attitude feedback control of the dumbbell.

Nomenclature

r = radial distancefrom origin to center of massof dumbbell body

� = angleof right ascensionof center of massof dumbbell body

� = angleof declination of center of massof dumbbell body

~er = unit vector along local vertical (radial) direction

~e� = unit vector along direction of increasing�

~e� = unit vector along direction of increasing�

~ex = unit vector along longitudinal axis of dumbbell

~ey; ~ez = orthogonal unit vectorsspanningplane perpendicular to dumbbell axis

~! L = angular velocity vector of LVLH coordinate frame with respect to inertial

frame

~! I = angular velocity vector of body-�xed coordinate frame with respect to

inertial frame

e1; e2; e3 = standard basiscolumn vectorsof R3

m = massof each end massof dumbbell-shaped body

2l = length of rigid link connectingthe two end massesof the dumbbell

� = gravitational force constant
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SO(3) = group of rigid-body rotations in R3

R 2 SO(3) = rotation matrix from body-�xed frame to LVLH frame

so(3) = Lie algebraof SO(3); identi�ed with R3

! 2 so(3) = angular velocity of dumbbell body with respect to LVLH frame

k � k = Euclideannorm, or two-norm in R3

c(�) = adjoint representation of so(3) as 3 � 3 skew-symmetricmatrices

Q = con�guration manifold for dumbbell body in central gravit y

TQ = velocity state spacefor dumbbell body in central gravit y

S = the one-dimensionalcircle, or R=f 2� g

1 In tro duction

Equationsof motion are derived for a dumbbell-shaped body in a central gravitational �eld.

The equationsof motion describe the translational or orbit dynamicsand the rotational or

attitude dynamics,and their coupling. The dumbbell consistsof two ideal massparticles of

identical massm connectedby a rigid, masslesslink of length 2l. The dumbbell can rotate

and translate in three dimensionsunder the action of gravit y forces. A gravit y force acts

on each individual massparticle of the dumbbell. The di�eren tial gravit y e�ects about the

dumbbell's center of massplay a crucial role in its dynamics.

This model is similar to the dumbbell spacecraftmodels in [1, 2], which treat dynamics

and control of an elastic dumbbell restricted to planar motion. The full dynamics of this

model is treated in [1], while the reduceddynamics is treated in [2], assumingattitude and
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shape actuation only. Thesecited models include 
exibilit y e�ects in the link connecting

the two massparticles. For simplicity, 
exibilit y e�ects are not included in the models de-

veloped in this paper. The models here are also similar to the dumbbell spacecraftmodel

in [3], which treats the orbit and attitude dynamics of a dumbbell spacecraftmoving in a

plane. The dumbbell can alsobe consideredasa special caseof a \full body" treated in [4].

In this paper, we treat both the full and the reduceddynamicsof a dumbbell body in three

spatial dimensions.

The dumbbell can also be viewed as a model of a tethered spacecraft. Typical assump-

tions for tetheredspacecraftincludenegligibleelastice�ects, and a taut tether corresponding

to a positive tension force in the tether. Due to its relevance,someof this prior work is now

described. Deployment, station keeping,and retrieval of tethers have been studied in [5].

Attitude dynamics issuesfor tethered spacecrafthave beentreated in [6, 7, 8]. Orbital dy-

namics issuesfor tethered spacecrafthave been treated in [9, 10]. None of these papers

provides a comprehensive model that includesboth orbit and attitude degreesof freedom.

This paper makesa contribution to this problem for the simpli�ed dumbbell model.

The dumbbell model is simple,but e�ectiv e in demonstratingcomplexdynamicsthat can

arisewhen it is in orbit about a massive central sphericalbody. It providesa framework for

studying the orbital degreesof freedom,the attitude degreesof freedom,and the coupling

betweenthem. The dynamicsof large extendedbodies in central gravit y present signi�cant

analytical challenges. In this paper, we introduce new orbital and attitude problems that

havenot beenpreviouslystudied in the publishedliterature. Weobtain relativeequilibria for

the full dynamicsof the dumbbell body in a central gravitational �eld; thesecorrespond to
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the equilibria of the reduceddynamics. The reduceddynamicsare obtained by the process

of Routh reduction ([11, 12]), and stabilit y properties of the relative equilibria are obtained

from the reduceddynamics. Control laws basedon potential shaping ([13, 14, 15]), using

attitude feedback for stabilization of the unstable relative relative equilibria, are alsodevel-

oped and presented.

The present paper can also be viewed as an extensionof [16]. In that paper coupling

betweentranslational and rotational degreesof freedomwas studied. However, [16] did not

include a central body gravit y �eld, so the results in that paper are not directly applicable

to the problemsconsideredhere.

2 Equations of Motion

An inertial coordinate frame is chosensuch that its origin is at the center of a largespherical

central body, e.g. the Earth. This inertial coordinate frame is de�ned by three mutually-

orthogonal axes. It is convenient to expressthe orbital motion in terms of sphericalcoordi-

natesr , � , and � , for the position of the center of massof the dumbbell in the inertial frame,

asshown in Figure 1. This sphericalcoordinate frame is alsotermed the Local Vertical Local

Horizontal (LVLH) coordinate frame. In the LVLH coordinate frame, ~er , ~e� and ~e� form a

mutually orthogonal right-handed set of unit vectors.

Figure 1 givesa graphical illustration of the dumbbell in the inertial and LVLH coordi-

nate frames. In addition, a coordinate frame is introducedthat is �xed to the dumbbell; its

origin is at the dumbbell center of mass. The unit vectors ~ex , ~ey and ~ez form a mutually
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orthogonal, body-�xed, right-handed set of unit vectors. Hence, there are three di�eren t

coordinate frames, each of which consistsof mutually-orthogonal axesconsistent with the

right hand rule. In the subsequent development, substantial care must be taken when rep-

resentations in R3 are usedto expressa vector in oneof thesecoordinate frames.
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Figure 1: Dumbbell in Local Vertical Local Horizontal coordinate frame.

The angular velocity vector of the LVLH coordinate frame with respect to the inertial

frame is

~! L = _� sin� ~er � _� ~e� + _� cos� ~e� : (1)

The angular velocity vector of the body-�xed coordinate frame with respect to the inertial

frame is denotedby ~! I . The position vectorsof the two end massesare given by

~x1 = ~x + l ~ex ;

~x2 = ~x � l ~ex ;
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where2l is the length of the dumbbell.

The inertial velocities of the end massesin the LVLH frame are

_~x1 = _~x + l( ~! I � ~ex );

_~x2 = _~x � l( ~! I � ~ex ):

The kinetic energyis given by

T =
m
2

(k _~x1k2 + k _~x2k2):

Using the expressionsfor _~x1 and _~x2 we have

T = m
�

k _~xk2 + kl( ~! I � ~ex )k2
�

(2)

Since~x = r ~er , it follows that

_~x = _r ~er + r ( ~! L � ~er )

= _r ~er + r _� cos� ~e� + r _� ~e�

and

k _~xk2 = _r 2 + r 2( _� 2 cos2 � + _� 2):

In the subsequent development, we represent ~! L and ~x in terms of column vectors ! L and

x in R3 with respect to the basisvectors~er , ~e� and ~e� in the LVLH frame. The notation

! B in R3 is usedto expressthe components of the angular velocity vector ~! I in the body-

�xed coordinate frame. The standard basisvectors in R3 are denoted by e1 = [1 0 0]> ,

e2 = [0 1 0]> and e3 = [0 0 1]> . We also introduce the rotation matrix, denoted by

R 2 SO(3), that maps the representation of a vector in the body-�xed coordinate frame
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into the representation in the LVLH frame. We use the notation b� : so(3) ! so(3) or

(�)b : so(3) ! so(3) to denote the adjoint representation of so(3) (identi�ed with R3), given

by

u =

2

6
6
6
6
6
6
4

u1

u2

u3

3

7
7
7
7
7
7
5

; bu =

2

6
6
6
6
6
6
4

0 � u3 u2

u3 0 � u1

� u2 u1 0

3

7
7
7
7
7
7
5

:

This allows us to write

k ~! I � ~exk2 = ! >
B be1

> be1! B = ! >
B (I 3 � e1e>

1 )! B ;

so that the kinetic energyis

T =
1
2

m[ _x>
1 _x1 + _x>

2 _x2] = [m _x> _x + ! >
B J ! B ];

where

J = ml 2(I 3 � e1e>
1 ) (3)

is the constant inertia matrix of the dumbbell. The de�nition of the dumbbell as a rigid

connectionof two ideal massparticles leadsto the fact that rank(J ) = 2. The implications

of this assumptionare discussedin a later section.

We use ! to denote the components of the angular velocity of the body �xed frame

relative to the LVLH frame, expressedin the body �xed frame. Thus

! B = R> ! L + !

and the kinetic energycan be written as

T = m[ _r 2 + r 2 _� 2 cos2 � + r 2 _� 2] + (R> ! L + ! )> J (R> ! L + ! ): (4)
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The exact potential energyof the two massparticles that de�ne the dumbbell is

�
�m
k ~x1k

�
�m
k ~x2k

where

k ~x1k =
q

r 2 + 2r le>
1 Re1 + l2; k ~x2k =

q
r 2 � 2r le>

1 Re1 + l2:

In our subsequent analysis, we assumer > 0 and l
r � 1. Since 2r le>

1 Re1+ l2

r 2 � 1 and

2r le>
1 Re1 � l2

r 2 � 1, we can usethe secondorder approximation for the gravitational potential

energy

Vg = �
�m
r

�
2 �

l2

r 2

�
1 � 3(e>

1 Re1)2
� �

: (5)

Note that the potential energyof the dumbbell dependsonly on the radial position r of the

center of massof the dumbbell and the direction of the dumbbell axis Re1 in the LVLH

frame. The Lagrangian is thus obtained as

L (r; �; R; _r ; _� ; _�; ! ) = T � Vg = m[ _r 2 + r 2( _� 2 cos2 � + _� 2)]

+( R> ! L + ! )> J (R> ! L + ! ) +
�m
r

�
2 �

l2

r 2

�
1 � 3(e>

1 Re1)2
� �

(6)

The attitude kinematics of the dumbbell is given by

_R = Rb! : (7)

The orbital equations of motion are given by the ordinary Euler-Lagrangeequations ob-

tained from the Lagrangian(6) for thesedegreesof freedom. The con�guration manifold of

the systemis denotedby Q. The con�guration is speci�ed by the translation, represented

by the local coordinates (r; � ; � ), and the attitude, represented by the rotation matrix R.
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We de�ne

f (� ) = sin�e 1 + cos�e 3; g(� ) = cos�e 1 � sin�e 3;

so that:

@! L

@_�
= f (� );

d
dt

� @! L

@_�

�
= _�g (� );

@! L

@�
= _� g(� ):

The orbital equationsof motion can be expressedas

•r � r _� 2 cos2 � � r _� 2 +
�
r 2

�
3�l 2

2r 4
(1 � 3(e>

1 Re1)2) = 0; (8)

m[(r 2•� cos� + 2r _r _� cos� � 2r 2 _� _� sin� ) cos� ] + _�g (� )> RJ(R> ! L + ! )+

f (� )> Rb! J (R> ! L + ! ) + f (� )> RJ(R> _! L + _! � b! R> ! L ) = 0; (9)

m[r (r •� + 2_r _� + r _� 2 sin� cos� )] � e>
2 Rb! J (R> ! L + ! ) + e>

2 RJ(b! R> ! L � R> _! L � _! )

� _� g(� )> RJ(R> ! L + ! ) = 0: (10)

In each of these scalar equations, the �rst set of terms are Keplerian terms expressedin

sphericalcoordinates. The additional terms represent perturbations that arise from the at-

titude dynamics.

The attitude equationsof motion are obtained as a modi�cation of the Euler-Poincar�e

equations,obtainedby applying the variational principle to the Lagrangian(6), asin [11, 12].

If we de�ne the conjugatemomentum

� =
� @L

@!

� >
= 2J (R> ! L + ! );

then the attitude equation of motion is given by

_� + (! + R> ! L ) � � �
6�ml 2

r 3

�
e>

1 Re1
�
e1 � (R> e1) = 0: (11)
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Substituting for �, we obtain the following attitude equation of motion

J ( _! + R> _! L � b! R> ! L ) + (b! + \R> ! L )J (! + R> ! L ) �
3�ml 2

r 3

�
e>

1 Re1
�

be1R> e1 = 0; (12)

The derivation of equation (11) is given in Appendix A. This vector equation describesthe

attitude dynamicsincluding perturbations that arisefrom the orbit dynamics. In particular,

the last term in equation (12) is the familiar gravit y gradient term. Equations of motion

(8)-(10), along with equation (11) or (12) describe the full dynamicsof the systemin TQ.

The total energy

E = T + Vg = m[ _r 2 + r 2( _� 2 cos2 � + _� 2)]

+( R> ! L + ! )> J (R> ! L + ! ) �
�m
r

�
2 �

l2

r 2

�
1 � 3(e>

1 Re1)2
� �

(13)

is conserved along the 
o w de�ned by equations(8)-(10) and (12), asshown in Appendix B.

Also note that the variable � 2 S is a cyclic variable for the Lagrangian(6), and corresponds

to a symmetry in the system. This givesrise to the following result.

Prop osition 1. : The conjugatemomentum

p =
@L
@_�

= 2mr 2 _� cos2 � + 2f (� )> RJ(R> ! L + ! ) (14)

is conserved along the 
ow de�ned by equations(8)-(10) and (12).

It is easyto di�eren tiate p with respect to time, and con�rm that _p = 0 is equivalent to

equation (9).

The complexity of the above equationsre
ects the complexcoupling that arisesbetween

the orbit and attitude degreesof freedomfor the physically simple dumbbell body. These
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equationsof motion are especially suited for analysisof the full body dynamicsof dumbbell-

like asteroidsor dumbbell-like spacecraft.

3 Routh Reduction and Reduced Equations of Motion

In this section,weobtain the reducedequationsof motion obtainedby eliminating the degree

of freedomassociated with the (cyclic) symmetry variable � 2 S. Stabilit y analysisof the

relative equilibira of the systemis doneusing the reduceddynamics,sincethey correspond

to the equilibria of the reduceddynamics. Let Sp denote the momentum level set in the

con�guration spaceof the dumbbell, corresponding to the constant angularmomentum value

p. The classicalRouthian [11, 12] is obtained from the Lagrangian in (6) by the partial

Legendretransform

R(r; �; R; _r ; _� ; ! ) = f L � _� pg
�
�
Sp

;

where _� is obtained from (14) for constant p. Carrying out this substitution to eliminate _� ,

we obtain the following expressionfor the Routhian:

R(r; �; R; _r ; _� ; ! ) = m[ _r 2 + r 2 _� 2] + (! � _�R > e2)> J (! � _� R> e2)

�
�
f (� )> RJ(! � _�R > e2)

� 2
Up(r; �; R) + pf (� )> RJ(! � _�R > e2)Up(r; �; R)

� Vp(r; �; R); (15)

whereVp(r; �; R) is the amended potential energy given by

Vp(r; �; R) = Vg(r; R) +
p2

4
Up(r; �; R); (16)

and Vg is the gravitational potential expressedasin (5). The function Up(r; �; R) is given by

Up(r; �; R) =
1

mr 2 cos2 � + f (� )> RJR> f (� )
:
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We assumethat f (� )> RJ R> f (� )
mr 2 cos2 � � 1 and the declination angle � is bounded away from � �

2

radians. Then we can approximate Up as

Up(r; �; R) =
1

mr 2

n
sec2 � �

1
mr 2

f (� )> RJR> f (� ) sec4 �
o

: (17)

We use this approximation for the function Up(r; �; R) in equations (15) and (16). The

con�guration spacefor the reduceddynamics is Q=S, and the con�guration is represented

by (r; � ) for the orbital motion, and the rotation matrix R for the attitude. The equations

of motion for the orbital degreesof freedomare obtained by using the Routhian in place

of the Lagrangian in the Euler-Lagrangeequations of motion. The attitude equations of

motion are obtained from the variational principle by substituting the Routhian in placeof

the Lagrangian.

The orbital equationsof motion for the reduceddynamicsare obtained as

2m•r � 2mr _� 2 +
�
f (� )> RJ(! � _� R> e2)

� 2 @Up

@r
� pf (� )> RJ(! � _�R > e2)

@Up

@r

+
2�m
r 2

�
3�ml 2

r 4
(1 � 3(e>

1 Re1)2) +
p2

4
@Up

@r
= 0; (18)

and

m�� (r; �; R)•� + m�! (r; �; R) _! +
@m��

@r
_r _� +

1
2

@m��

@�
_� 2 + mR

�! (�; R; ! )! +
@m�!

@r
_r !

+ p
n @mp�

@r
_r + mR

p� (r; �; R; ! )
o

�
1
2

! > @M ! !

@�
! � p

@mp!

@�
! +

@Vp

@�
= 0; (19)

where

m�� (r; �; R) = 2mr 2 + 2e>
2 RJR> e2 � 2

�
f (� )> RJR> e2

� 2
Up(r; �; R);

m�! (r; �; R) = � 2e>
2 RJ + 2Up(r; �; R)

�
f (� )> RJR> e2

�
f (� )> RJ;

M ! ! (�; R) = 2J � 2JR> f (� )f (� )> RJUp(r; �; R);
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mp� (r; �; R) = f (� )> RJR> e2Up(r; �; R);

mp! (r; �; R) = f (� )> RJUp(r; �; R);

and aR(r; �; R; ! ) = d
dt

�
�
�
(r ;� )

a(r; �; R) denotesthe time derivative obtained by varying R and

holding r and � constant.

The attitude equationsof motion for the reducedsystemare expressedin terms of

e� =
� @R

@!

� >
= 2J ! � 2_�J R> e2 +

�
p � 2f (� )> RJ(! � _�R > e2)

�
JR> f (� )Up:

One can verify that

e� = �
�
�
Sp

:

In terms of this momentum e�, the attitude equationsof motion are

_e� + (! � _�R > e2) � e� �
�

p� 2f (� )> RJ(! � _�R > e2)
	 \R> f (� )J (! � _�R > e2)Up+ v> = 0; (20)

where

v =
6�ml 2

r 3

�
e>

1 Re1
�
e>

1 R be1 +
p2

4m2r 4
f (� )> Rf

�
JR> f (� )

�b
� J \R> f (� )gsec4 �:

The derivation of this equation is provided in Appendix A. Equations (18)-(20) describe the

reduceddynamicsof the systemin T(Q=S).

4 Relativ e Equilibria for the Orbit and A ttitude Dy-

namics

In this section, we study certain dynamics of the orbit and attitude degreesof freedomof

the dumbbell. Three categoriesof relative equilibria are identi�ed. Stabilit y of each relative
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equilibrium is studied.

We �rst identify the natural relative equilibria that correspond to circular orbits in a

�xed orbital plane for the dumbbell. The relative equilibria are equilibria for the reduced

equations,and satisfy :

•r = _r = 0; ! L = _� e3; •� = 0; _� = 0; ! = 0:

Weassumethat the inclination of the orbital plane, � = 0. Weusethe subscript `e' to denote

quantities evaluated at a relative equilibrium. Substituting into the reducedequationsof

motion we obtained in the last section, we seethat the relative equilibria are zerosof the

gradient of the modi�ed potential, namely:

er Vp �

2

6
6
6
6
6
6
4

@Vp

@r

@Vp

@�

v>

3

7
7
7
7
7
7
5

= 0; (21)

The radial part of the gradient of the modi�ed potential (21) gives:

2�m
r 2

�
3�ml 2

r 4
(1 � 3(e>

1 Re1)2) �
p2

2mr 3
e

+
p2

m2r 5
e
e>

3 ReJR>
e e3 = 0; (22)

at a relative equilibrium, using (17) to approximate Up(r; �; R). This can also be expressed

in terms of the orbtial rate at the relative equilibrium, _� e. The horizontal equationof motion

(9) at a relative equilibrium is trivially satis�ed. The secondterm of equation (21), at a

relative equilibrium, gives:

2m _� 2
ee>

1 ReJR>
e e3 =

p2

2m2r 4
e
e>

1 ReJR>
e e3 = 0; (23)

using (17) to approximate Up(r; �; R). The third term of equation (21), when evaluated at
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a relative equilibrium, gives:

6�ml 2

r 3
e

�
e>

1 Ree1
�

be1R>
e e1 =

p2

2m2r 4
e

[R>
e e3JR>

e e3; (24)

using (17) to approximate Up(r; �; R). This again, can also be expressedin terms of the

orbtial rate at the relative equilibrium, _� e.

Let Re denotethe attitude at a relative equilibrium and R>
e = [u1 u2 u3], whereu>

i ui = 1

and u>
i uj = 0 for i 6= j , i; j 2 f 1; 2; 3g. Then substituting for J from equation (3) into

equations (23) and (24), we obtain three di�eren t conditions for relative equilibria of the

dumbbell body in orbit:

(a) u11 = 0 and u31 = 0; OR

(b) u3 = e1; OR

(c) u1 = e1;

where u1 = [u11 u12 u13]> and u3 = [u31 u32 u33]> . The only rotation matrices that satisfy

at least oneof theseconditions are given by:

1:) Re =

2

6
6
6
6
6
6
4

1 0 0

0 cos� � sin�

0 sin� cos�

3

7
7
7
7
7
7
5

; 2:) Re =

2

6
6
6
6
6
6
4

0 cos� sin�

1 0 0

0 � sin� cos�

3

7
7
7
7
7
7
5

;

and 3:) Re =

2

6
6
6
6
6
6
4

0 cos� � sin�

0 sin� cos�

1 0 0

3

7
7
7
7
7
7
5

;

where � is an arbitrary anglewhich represents rotations about the longitudinal axis of the

dumbbell. This gives us three di�eren t types of relative equilibria for this body. We now
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look at how the relative equilibrium conditions (22) simplify at thesethree typesof relative

equilibria. Note that, since the longitudinal axis is an axis of symmetry for the dumbbell

body, arbitrary rotations about this axis at any relative equilibrium also givesanother rel-

ative equilibrium of the sametype. Also note that due to the equal massesat the ends

of the dumbbell body, there is a discrete (Z2) symmetry. An instantaneousrotation by �

radiansabout an axis perpendicular to the longitudinal axis of the dumbbell doesnot a�ect

the dynamics. Hence,there are only three relative equilibria, insteadof a possiblesix in the

caseof the end massesbeing unequal.

The �rst type of relative equilibria corresponds to an orientation in which the dumbbell

hasits longitudinal axisalignedwith the local vertical (radial) direction. This classof relative

equilibria satis�es:

Ree1 = e1; and _� 2
e =

�
r 3

e
+

3�l 2

r 5
e

: (25)

The constant angular rate at which the dumbbell revolvesaround the central body is given

by _� e.

The secondtypeof relativeequilibria correspondsto the longitudinal axisof the dumbbell

beingalignedwith the local horizontal direction in the planeof the orbit. This classof relative

equilibria satis�es:

Ree1 = e2; and _� 2
e =

�
r 3

e
�

3�l 2

2r 5
e

; (26)

where _� e is the constant angular rate at which the dumbbell revolvesaroundthe central body.
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The third type of relative equilibria correspondsto the longitudinal axis of the dumbbell

orthogonal to the orbital plane. This classof relative equilibria satis�es:

Ree1 = e3; and _� 2
e =

�
r 3

e
�

3�l 2

2r 5
e

; (27)

where _� e is the constant angular rate at which the dumbbell revolvesaroundthe central body.

Each of the above relative equilibrium solutions corresponds to a particular attitude of

the dumbbell body with respect to the LVLH frame, and an orbital frequencythat di�ers

from the Keplerian orbital frequencyby a factor dependent on the sizeof the dumbbell body

and its attitude.

4.1 Stabilit y of the Relativ e Equilibria

A su�cien t condition for the stabilit y of a relative equilibrium of the dumbbell is given by

the Routh stability criterion , which is basedon the energy-momentum method (see[11, 12]).

This result is basedon the reduceddynamicsobtained from Routh reduction.

Stabilit y of a relative equilibrium of the dumbbell is expressedin terms of a modi�cation

of the Hessianof the amendedpotential, given by

er 2Vp(r; �; R) =

2

6
6
6
6
6
6
4

@2Vp

@r 2
@2Vp

@r @�
@v
@r

@2Vp

@r @�
@2Vp

@� 2
@v
@�

�
@v
@r

� > �
@v
@�

� >
V

3

7
7
7
7
7
7
5

; (28)

where

V =
6�ml 2

r 3

h
be1R> e1e>

1 R be1 � (e>
1 Re1) be1

[R> e1

i
+

p2

2m2r 4

h
\R> f (� )J \R> f (� )

�
�
JR> f (� )

�b \R> f (� )
i

sec2 �: (29)
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Note that the rank of the matrix V is at most two for the inertia matrix J given by (3),

which also has rank two, sincee1 is an eigenvector with zero eigenvalue. The computation

of this Hessianis shown in Appendix C.

The following theorem is basedon the Routh stabilit y criterion.

Theorem 1. A relativeequilibrium is stableif the modi�c ation of the Hessianof the amended

potential given by (29), evaluated at the relative equilibrium, is positive semi-de�nite with

rank de�ciency one. It is unstableif this Hessianhasnegative eigenvalue(s).

The kernel of er 2Vp has dimension of at least one, and its third row and column are

zero. The �rst statement of the theorem follows from Routh's stabilit y criterion. Note that

if the quantit y er 2Vp evaluated at a relative equilibrium has negative eigenvalues, then the

linearization of the reduceddynamics is unstable. Hencethe system is formally unstable

(see[11], pp. 39-42) in this case.

Using Theorem 1 above, we verify the stabilit y of relative equilibria of the dumbbell,

when the axis of the dumbbell is aligned with the local vertical. We have:

Ree1 = e1; _� 2
e =

�
r 3

e
+

3�l 2

r 5
e

; and p2 = 4m2
�

�r e +
5�l 2

re

�
:

Corollary 1. The �rst class of relative equilibria of the dumbbell, where the axis of the

dumbbell is aligned with the local vertical, is stable.

The modi�ed Hessianevaluated at such a relative equilibrium is

er 2Vp

�
�
�
1

=

2

6
6
6
6
6
6
4

2�m
r 3

e
� 14�ml 2

r 5
e

0 01� 3

0 2m
�

�
r e

+ 5�l 2

r 3
e

� �
1 � l2

r 2
e

�
� 2ml 2

�
�
r 3

e
+ 5�l 2

r 5
e

�
e>

2

03� 1 � 2ml 2
�

�
r 3

e
+ 5�l 2

r 5
e

�
e2 2ml 2

�
�
r 3

e
+ 5�l 2

r 5
e

�
E1 � 6�ml 2

r 3
e

be1
2

3

7
7
7
7
7
7
5

;(30)
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where

E1 = � be3
2 � be3 be1

2 be3:

This modi�ed Hessianhas one zero eigenvalue (the third row and third column are zeros),

and the remaining eigenvaluesare always positive since l
r e

� 1, accordingto symbolic cal-

culations using Mathematica. This provesthat the �rst classof relative equilibria given by

(25), with the axis of the dumbbell aligned with the local radial direction, is stable.

Now we assessthe stabilit y of relative equilibria of the dumbbell, when the axis of the

dumbbell is aligned with the local horizontal direction in the plane of a circular orbit. For

the secondclassof relative equilibria, we have:

Ree1 = e2; _� 2
e =

�
r 3

e
�

3�l 2

2r 5
e

; and p2 = 2m2
�

2�r e �
�l 2

re

�
:

Corollary 2. The second classof relative equilibria of the dumbbell, where the axis of the

dumbbell is aligned with the local horizontal direction in the plane of a circular orbit, is

unstable.

The modi�ed Hessianevaluated at such a relative equilibrium is

er 2Vp

�
�
�
2

=

2

6
6
6
6
6
6
4

2�m
r 3

e
� 5�ml 2

r 5
e

0 01� 3

0 2�m
r e

� 3�ml 2

r 3
e

01� 3

0 0
�

2�ml 2

r 3
e

� �ml 4

r 5
e

�
E2 � 6�ml 2

r 3
e

e2e>
2

3

7
7
7
7
7
7
5

; (31)

where

E2 = � be2
2 � be2 be1

2 be2:

This modi�ed Hessianhas one zero eigenvalue (the third row and third column are zeros),

and there is a negative eigenvalue, namely � 6�ml 2

r 3
e

. Using Theorem 1, we concludethat the
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secondclassof relative equilibria given by (26), with the dumbbell axis aligned to the local

in-plane horizontal, is unstable.

The stabilit y of the third classof relative equilibria of the the dumbbell, when the axis

of the dumbbell is aligned to be orthogonal to the plane of a circular orbit, can be assessed

using Theorem1. For the third classof relative equilibria, we have:

Ree1 = e3; _� 2
e =

�
r 3

e
�

3�l 2

2r 5
e

; and p2 = 2m2
�

2�r e �
3�l 2

re

�
:

Corollary 3. The third class of relative equilibria of the dumbbell, with the axis of the

dumbbell aligned to be orthogonal to the plane of the circular orbit, is unstable.

The modi�ed Hessianevaluated at such a relative equilibrium is

er 2Vp

�
�
�
3

=

2

6
6
6
6
6
6
4

2�m
r 3

e
+ 3�ml 2

r 5
e

0 01� 3

0 2�m
r e

� 5�ml 2

r 3
e

�
2�ml 2

r 3
e

� 3�ml 4

r 5
e

�
e>

3

03� 1

�
2�ml 2

r 3
e

� 3�ml 4

r 5
e

�
e3 � 6�ml 2

r 3
e

e3e>
3 �

�
2�ml 2

r 3
e

� 3�ml 4

r 5
e

�
be1

4

3

7
7
7
7
7
7
5

: (32)

This modi�ed Hessianhas one zero eigenvalue (the third row and third column are zeros),

and the eigenvalue�
�

2�ml 2

r 3
e

� 3�ml 4

r 5
e

�
is negative since l

r e
� 1. UsingTheorem1, we conclude

that the third classof relative equilibria given by (27) is unstable.

5 Stabilization of Unstable Relativ e Equilibria

In this section we assumethe attitude of the dumbbell body can be controlled through a

moment vector expressedin the body �xed coordinate frame. Basedon this control assump-

tion, the conjugate momentum corresponding to the cyclic variable � remains conserved.
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Consequently, the reducedequationscan be obtained as previously, resulting in

2m•r � 2mr _� 2 +
�
f (� )> RJ(! � _� R> e2)

� 2 @Up

@r
� pf (� )> RJ(! � _�R > e2)

@Up

@r

+
2�m
r 2

�
3�ml 2

r 4
(1 � 3(e>

1 Re1)2) +
p2

4
@Up

@r
= 0; (33)

m�� (r; �; R)•� + m�! (r; �; R) _! +
@m��

@r
_r _� +

1
2

@m��

@�
_� 2 + mR

�! (�; R; ! )! +
@m�!

@r
_r !

+ p
n @mp�

@r
_r + mR

p� (r; �; R; ! )
o

�
1
2

! > @M ! !

@�
! � p

@mp!

@�
! +

@Vp

@�
= 0; (34)

and

_e� + (! � _� R> e2) � e� �
�

p� 2f (� )> RJ(! � _� R> e2)
	 \R> f (� )J (! � _� R> e2)Up+ v> = � ; (35)

where � is the control moment vector. This control moment can be used to in
uence the

attitude dynamicsand, indirectly, the orbit dynamicsof the dumbbell.

The control moment is usedhereto stabilize the relative equilibria that, if uncontrolled,

would be unstable. The approach is to select the control moment to modify the amended

potential so that the unstable relative equilibria are madeLyapunov stable. This approach

is referredto aspotential shaping. Note that the feedback control moment dependson only

attitude feedback.

The ideaof potential shapingis not new,and [13] and [14] considerthe interestingcaseof

asymptotic stabilization of underactuatedHamiltonian systems.Potential shapinghas also

been used in conjunction with controlled Lagrangian techniques in [15] to asymptotically

stabilize equilibria of Hamiltonian systems. In our application, we use this technique to

modify the amendedpotential to stabilize unstable relative equilibria of the reducedsystem

of the dumbbell in three-dimensionalmotion in a central gravitational �eld. The feedback
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moment maintains the Hamiltonian structure of the system,so the feedback systemis also

conservative, and we obtain Lyapunov stabilit y, which canbe veri�ed by applying the Routh

stabilit y criterion (Theorem 1). In addition to the potential shapingattitude feedback con-

trol presented here, one may apply Rayleigh dissipation to the systemby angular velocity

feedback, to make the systemasymptotically stable.

5.1 Poten tial Shaping for Dum bb ell in Space

We observe, from equations(31) and (32), that the unstablemodesat the unstable relative

equilibria (26) and (27) aredueto the attitude degreesof freedomonly. Therefore,a feedback

control law that stabilizesan unstable relative equilibrium may be obtained by adding an

arti�cial potential Va(R), that dependson the attitude only, so that the Hessianof the total

amendedpotential V(r; �; R) = Vp(r; �; R) + Va(R), is positive semi-de�nite with one zero

eigenvalue corresponding to the eigenvector representing the axial direction of the dumbbell

body in the body frame. This property of the Hessianof the total potential, also ensures

that the feedback doesnot createa moment about this axial direction. The attitude feed-

back stabilizing control law, � (R), is then obtained from the �rst variation of the arti�cial

potential Va(R). Note that, this arti�cial potential doesnot break the symmetry due to the

cyclic variable � , sinceit doesnot depend on it, and hencedoesnot act on the � dynamics.

This is unlike the application in [15], wherepotential shapingis carried out to break existing

symmetriesin a mechanical system.

The arti�cial potential is chosento be of the form

Va(R) = �
1
2

c> RJR> c +
1
2

ml 2� (e>
1 Re1)2; (36)

23



where c 2 R3 is a constant vector and � is a constant non-negative real scalar. Note that

the vector c hasunits of angular velocity, and can be thought of asan \arti�cial angular ve-

locity" inducedby the feedback control. The �rst term in (36) can thereforebe described as

an \arti�cial amendedpotential." The secondterm can clearly be described asan \arti�cial

gravit y potential," when comparedwith the natural gravitational potential in (5).

With this choiceof arti�cial potential, the total potential V(r; �; R) = Vp(r; �; R)+ Va(R),

hasa Hessianwhosestructure is given by

er 2V(r; �; R) =

2

6
6
6
6
6
6
4

@2Vp

@r 2
@2Vp

@r @�
@v
@r

@2Vp

@r @�
@2Vp

@� 2
@v
@�

�
@v
@r

� > �
@v
@�

� >
V + Va

3

7
7
7
7
7
7
5

; (37)

with zerosin the third row and third column, corresponding to a singlezeroeigenvalue. Here

Va is the Hessianof the arti�cial potential, and it is obtained from the secondvariation of

the arti�cial potential (36). From the given form of the arti�cial potential (36), we obtain

the feedback control moment

� = dR> cJR> c + ml 2� (e>
1 Re1) be1R> e1; (38)

and the Hessian

Va = dR> c
�
J dR> c � \JR> c

�
+ ml 2�

h
(e>

1 Re1) be1
[R> e1 � be1R> e1e>

1 R be1

i
: (39)

The derivation of thesequantities is shown in Appendix C.

The closed-loop dynamics of the dumbbell in a central gravitational potential is also

Hamiltonian. Hence,we can apply the Routh stabilit y criterion (Theorem 1) to the closed-

loop dynamics of the dummbbell body. If the quantit y er 2V evaluated at a relative equi-

librium hasnegative eigenvalues,then the linearization of the closed-loop reduceddynamics
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is unstable. We now apply Theorem 1 to stabilize the unstable relative equilibria of the

dumbbell body in spaceusing attitude feedback.

5.2 Stabilization of Horizon tal In-Plane Relativ e Equilibria

For the unstable relative equilibria given by (26) with the dumbbell axis pointing along the

horizontal in-plane direction, we have from (31) for the free dynamics

V =
� 2�ml 2

r 3
e

�
�ml 4

r 5
e

� �
� be2

2 � be2 be1
2 be2

�
�

6�ml 2

r 3
e

e2e>
2 :

In matrix form,

V = ml 2

2

6
6
6
6
6
6
4

0 0 0

0 n 0

0 0 q

3

7
7
7
7
7
7
5

; n = �
6�
r 3

e
; q =

� 2�
r 3

e
�

�l 2

r 5
e

�
: (40)

We choosean arti�cial potential of the form (36) with c given by

c = c1e1 + c3e3;

where c1 and c3 are real scalars,and � = 0. The control law obtained from this arti�cial

potential using (38) is

� = R>

2

6
6
6
6
6
6
4

c1

0

c3

3

7
7
7
7
7
7
5

� JR>

2

6
6
6
6
6
6
4

c1

0

c3

3

7
7
7
7
7
7
5

: (41)

The Hessianof the arti�cial potential, evaluated using (39), is

Va =
� dR> cJ � \JR> c

� dR> c; c = [c1 0 c3]> : (42)
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Evaluated at the relative equilibria given by (26), this Hessiangives

Va = ml 2

2

6
6
6
6
6
6
4

0 0 0

0 c2
1 � c1c3

0 � c1c3 c2
3

3

7
7
7
7
7
7
5

: (43)

The closed-loop system is obtained by using the feedback control moment (41) as an

input to the attitude equationof motion (35) for the reduceddynamics. The following result

givesa su�cien t condition for the stabilit y of the closed-loop systembasedon Theorem1.

Corollary 4. The second classof relative equilibria of the dumbbell, givenby equation (26),

is stablewith the feedback control moment given by (41) if

nq + nc2
3 + qc2

1 > 0 and q+ n + c2
1 + c2

3 > 0; (44)

where

n = �
6�
r 3

e
; q =

� 2�
r 3

e
�

�l 2

r 5
e

�
:

In this case,onecan verify that

V + Va � 0; and Ker(V + Va) = f e1g:

This makes the Hessianof the total potential, (37), positive semi-de�nite with one zero

eignevalue, and the result follows. If we choosethe speci�c constants

c1 =

s
9�
r 3

e
; and c3 =

s
�l 2

2r 5
e
; (45)

which satisfy (44), then we obtain a control law from (41) that stabilizesthe unstable hor-

izontal in-plane relative equilibrium of the dumbbell body, given by r = r e, � = 0, and

R = Re such that Ree1 = e2.
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5.3 Stabilization of Horizon tal Out-of-Plane Relativ e Equilibria

At the unstable relative equilibria given by (27) with the dumbbell axis pointing along

the horizontal out-of-plane direction, the attitude submatrix of the Hessianmatrix of the

modi�ed potential is given by (32) as

V = �
6�ml 2

r 3
e

e3e>
3 �

� 2�ml 2

r 3
e

�
3�ml 4

r 5
e

�
be1

4:

In matrix form,

V = ml 2

2

6
6
6
6
6
6
4

0 0 0

0 n1 0

0 0 n2

3

7
7
7
7
7
7
5

; n1 = �
� 2�

r 3
e

�
3�l 2

r 5
e

�
; n2 = �

� 8�
r 3

e
�

3�l 2

r 5
e

�
: (46)

We choosean arti�cial potential of the form (36) with c given by

c = c1e1 + c2e2;

where c1 and c2 are real scalars,and � > 0. The control law obtained from this arti�cial

potential is obtained using (38) as

� = R>

2

6
6
6
6
6
6
4

c1

c2

0

3

7
7
7
7
7
7
5

� JR>

2

6
6
6
6
6
6
4

c1

c2

0

3

7
7
7
7
7
7
5

+ ml 2�
�
e>

1 Re1
�
e1 � R> e1: (47)

The Hessianof the arti�cial potential is evaluated using (39) as

Va =
� dR> cJ � \JR> c

� dR> c + ml 2�
��

e>
1 Re1

� [R> e1 be1 � be1R> e1e>
1 R be1

�
;

c = [c1 c2 0]> ; � > 0: (48)

Evaluated at the relative equilibria given by (27), this Hessiangives

Va = ml 2

2

6
6
6
6
6
6
4

0 0 0

0 c2
2 � c1c2

0 � c1c2 c2
1 + �

3

7
7
7
7
7
7
5

: (49)
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The closed-loop system is obtained by using the feedback control moment (47) as an

input to the attitude equationof motion (35) for the reduceddynamics. The following result

givesa su�cien t condition for the stabilit y of the closed-loop systembasedon Theorem1.

Corollary 5. Assumec2
1, c2

2 and � are all of the order of �
r 3

e
. The third class of relative

equilibria of the dumbbell, givenby equation (27), is stablewith the feedback control moment

given by (47) if

n1n2 + n1c2
1 + n2c2

2 + � (n1 + c2
2) > 0 and n1 + n2 + c2

1 + c2
2 + � > 0; (50)

where

n1 = �
� 2�

r 3
e

�
3�l 2

r 5
e

�
; n2 = �

� 8�
r 3

e
�

3�l 2

r 5
e

�
:

In this case,both the modesobtained from the attitude degreesof freedomat relative

equilibria given by (27) are unstable. With the feedback control torque given by (47), we

can verify that

V + Va � 0; and Ker(V + Va) = f e1g:

The 3� 3 submatrix of the Hessian(37) of the feedback system,obtained by eliminating the

�rst and third rows and columns,given by

ml 2

2

6
6
6
6
6
6
4

p 0 � n1

0 n1 + c2
2 0

� n1 0 n3 + c2
1 + �

3

7
7
7
7
7
7
5

;

wherep = 2�
r e l2 � 5�

r 3
e
, is positive de�nite, which makesthe Hessian(37) positive semi-de�nite

with onezeroeigenvalue. If we make the speci�c choices

c1 =
r

�
r 3

e
; c2 =

s
3�
r 3

e
and � =

12�
r 3

e
; (51)
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which satisfy (50), we obtain a control law from (47) that stabilizesthe unstable horizontal

out-of-planerelative equilibrium of the dumbbell body, given by r = r e, � = 0, and R = Re

such that Ree1 = e3.

6 Conclusions

We have extendedsomeof the results of our earlier work, which treat the dynamics of a

dumbbell-shaped body in planar motion in a central gravitational �eld, to motion in three

dimensionalspace.The systemof the dumbbell body in three-dimensionalmotion in a cen-

tral gravit y �eld consistsof three orbital degreesof freedom and two attitude degreesof

freedom,sincethe inertia about the longitudinal axis of the dumbbell is ignored. We repre-

sent the orbital degreesof freedomusingsphericalcoordinates,de�ned by the Local Vertical

Local Horizontal (LVLH) coordinates; the attitude is represented globally by a rotation ma-

trix from a body-�xed coordinate frame to the LVLH frame. We obtain the equationsof

motion representing the full orbit and attitude dynamics.

We obtain the equationsof motion representing the reduceddynamics using Routh re-

duction. The reducedsystemhas four degreesof freedom;the orbit degreesof freedomare

represented by the radial distanceand the angleof declination. The attitude is represented

by the rotation matrix from the body-�xed frame to the LVLH frame. We obtain the rela-

tiv e equilibria, which correspond to local extrema of the modi�ed potential for the reduced

dynamics. Theserelative equilibria correspond to circular orbits, with �xed orbital rate and

�xed attitude.
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Sincethe two endmassesof the dumbbell model are equal, the systemalsohasa discrete

symmetry. This gives rise to three types of relative equilibria: one in which the dumbbell

axis is aligned with the radial (local vertical) direction, another in which the axis is aligned

with the local horizontal direction in the plane of the circular orbit, and a third in which

the axis is aligned with the local horizontal direction out of the plane of the orbit. The

�rst two typesare identical to thoseobtained for the dumbbell in planar motion, dealt with

in our previous work. We analyze the stabilit y of these three types of relative equilibria

using the Routh stabilit y criterion. The �rst type of relative equilibria is found to be locally

(Lyapunov) stable, while the other two typesof relative equilibria are unstable.

In the �nal part of the paper, weuseattitude feedback control basedon potential shaping

to stabilize the unstable relative equilibria of the dumbbell body. This is basedon the fact

that the unstable modesat the unstable relative equilibria are due to the attitude, rather

than the orbital degreesof freedom. Hence, potential shaping with attitude feedback is

adequatefor stabilizing theserelative equilibria. To do this, we createan arti�cial potential

depending on the attitude, that is similar to the modi�ed potential of the natural reduced

dynamicsof the dumbbell in central gravit y. This arti�cial potential has two terms, one of

which is similar to the gravit y potential, and the other is similar to the amendment in the

modi�ed potential. The feedback torquesfor stabilization of an unstablerelative equilibrium

are obtained by computing the �rst variation of this arti�cial potential with respect to the

attitude. The stabilit y of the feedback controlled systemis analyzedby applying the Routh

stabilit y criterion to the the Hessianof the total potential, which is the sum of the modi�ed

and arti�cial potentials, at that relative equilibrium. We �nd that to stabilize the unstable

relative equilibria where the axis is aligned with the local horizontal direction in the plane
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of the circular orbit, we needto use feedback control basedonly the term of the arti�cial

potential that is similar to the amendment. However, to stabilize the unstable relative

equilibria wherethe axis is alignedwith the local horizontal direction out of the planeof the

circular orbit, we needto usefeedback control basedon both terms of the arti�cial potential.
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App endices

App endix A

Here we show the derivation of the attitude equationsof motion for the full and reduced

dynamicsof the dumbbell body in central gravit y. We de�ne the quantit y � 2 so(3) (given

in [11, 12]) so that the attitude and angular velocity variations are

� R = Rb� ; � ! = _� + b! � :

We then apply standard variational arguments to the Lagrangian of the full dynamics, as-

suming zero initial and �nal valuesof �. This leadsto the equation

d
dt

� @L
@!

�
=

@L
@!

b! + r; (A)

wherer is the so(3)-valued one-formobtained such that

�
1
2

hhr; � ii

is the variation of the Lagrangian with respect to the rotation matrix R, holding other

quantities constant. Here hh�; �ii denotesthe Killing form in so(3) [17, 18], given by

hha; cii = trace
�

ba bc
�
:

We denote one-formslike r 2 so(3)? by row vectors, to distinguish them from elements in

so(3), which are denotedby column vectors. Substituting the LagrangianL given by equa-

tion (6) into equation (A), and de�ning the conjugate momentum � =
�

@L
@!

� >
, we obtain

equation (11) for the attitude dynamicsof the dumbbell body.

The reducedequations of motion are obtained by applying standard variational tech-

niquesto the Routhian, insteadof the Lagrangian. Hence,we obtain the following equation,

34



which is similar to equation (A):

d
dt

� @R
@!

�
=

@R
@!

b! + s; (B)

where s is the so(3)-valued one-form obtained such that � 1
2hhs; � ii is the variation of the

Routhian with respect to the rotation matrix R, holding other quantities constant. The

one-forms for the Routhian R given by equation (15), is expressedas the row vector

s = � 2_� (! � _� R> e2)> J [R> e2 �
�

p � 2f (� )> RJ(! � _�R > e2)
	�

(! � _�R > e2)> J \R> f (� )

� _�f (� )> RJ [R> e2
	

Up �
6�ml 2

r 3

�
e>

1 Re1
�
e>

1 R be1 �
p2

4
u

= � _� e� > [R> e2 �
�

p � 2f (� )> RJ(! � _� R> e2)
	

(! � _� R> e2)> J \R> f (� )Up � v;

wheree� =
�

@R
@!

� >
is the restriction of the angularmomentum � to the conjugatemomentum

level set Sp, and u and v are so(3)-valued one-forms,with

v =
6�ml 2

r 3

�
e>

1 Re1
�
e>

1 R be1 +
p2

4
u; u =

1
m2r 4

f (� )> Rf
�
JR> f (� )

�b
� J \R> f (� )gsec4 �

as de�ned in Section 3, and � 1
2hhv; � ii is the variation of the amendedpotential Vp with

respect to R. Substituting the Routhian R given by equation (15) into equation (B), and

using the above expressionfor s, we obtain equation (20) for the attitude dynamics of the

dumbbell body in terms of e� =
�

@R
@!

� >
.

App endix B

To show that the total energyfor the dumbbell systemin central gravit y, given by (13), is

conserved, we evaluate its time derivative along the 
o w of the system. We write the energy

expressionagain as

E = m[ _r 2 + r 2( _� 2 cos2 � + _� 2)] + (R> ! L + ! )> J (R> ! L + ! ) �
�m
r

�
2�

l2

r 2

�
1� 3(e>

1 Re1)2
� �

:

35



We have

! B = R> ! L + ! :

The time derivative of E is then given by

dE
dt

= m[2_r •r + 2r _r ( _� 2 cos2 � + _� 2) + 2r 2( _� •� cos2 � + _� •� � _� 2 _� cos� sin� )] + 2! B J _! B

+
�m
r 2

_r
�

2 �
l2

r 2

�
1 � 3(e>

1 Re1)2
� �

�
2�ml 2 _r

r 4

�
1 � 3(e>

1 Re1)2
�

�
6�ml 2

r 3

�
e>

1 Re1
�
e>

1 Rb! e1

= 2m _r
h
•r � r ( _� 2 cos2 � + _� 2) +

�
r 2

�
3�l 2

r 4

�
1 � 3(e>

1 Re1)2
� i

+ 2m _� [r 2•� cos2 �

+2r _r _� cos2 � � 2r 2 _� _� sin� cos� ] + 2m _� [r 2•� + 2r _r _� + r 2 _� 2 sin� cos� ] + 2! B J _! B

+
6�ml 2

r 3

�
e>

1 Re1
�
e>

1 R be1! : (C)

On substituting the equationsof motion (8), (9), and (10) into the right handsideof equation

(C), we obtain

dE
dt

= � 2_� [ _� g(� )> RJ ! B + f (� )> Rb! J ! B + f (� )> RJ _! B ] � 2_� [� e>
2 Rb! J ! B � e>

2 RJ _! B

� _� g(� )> RJ ! B ] + 2! >
B J _! B �

6�ml 2

r 3

�
e>

1 Re1
�
! > be1R> e1

= � 2( _� f (� ) � _�e 2)> Rb! J ! B � 2( _� f (� ) � _�e 2)> RJ _! B + 2! >
B J _! B

�
6�ml 2

r 3

�
e>

1 Re1
�
! > be1R> e1

= 2! >
B J _! B � 2! >

L R(b! J ! B + J _! B ) �
6�ml 2

r 3

�
e>

1 Re1
�
! > be1R> e1

= 2! >
B J _! B + 2! > \R> ! L J ! B �

6�ml 2

r 3

�
e>

1 Re1
�
! > be1R> e1

= 2! >
�

J _! B + (b! + \R> ! L )J ! B �
3�ml 2

r 3

�
e>

1 Re1
�

be1R> e1

�

= 0;

using equation (12) at the last step.
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App endix C

Here we obtain equations(28) and (29), which give the Hessianof the amendedpotential

of the reduceddynamics,aswell as the equationsfor feedback torque (38) and Hessian(39)

obtained from the arti�cial potential. The top left 2 � 2 submatrix of the Hessian(28) is

obtained from the secondpertial derivativesand mixed derivative of the amendedpotential

with respect to the coordinates r and � . In Appendix A, we obtained the one-formv from

the �rst variation of the amendedpotential Vp(r; �; R). For convenience,we write down this

expressionagain

v =
6�ml 2

r 3

�
e>

1 Re1
�
e>

1 R be1 +
p2

4
1

m2r 4
f (� )> Rf

�
JR> f (� )

�b
� J \R> f (� )gsec4 �:

The partial derivatives of v with respect to r and � give the (1,3), (3,1), (2,3) and (3,2)

blocks of the Hessianmatrix in (28). The (3,3) block, which is obtained from the second

variation of Vp with respect to the attitude R, is given by the matrix V, such that

hhV� ; � ii = � 2V R2

p (r; �; R; �) ; (D)

and V R2

p (r; �; R; �) is the secondvariation of Vp holding r and � constant and varying R.

The quantit y V is alsogiven by

� > V = vR(r; �; R; �) ;

the �rst variation of v with respect to R. For the amendedpotential Vp given by (16), we

can use(D) or the above result to evaluate V. We then obtain V as given by equation (29).

The arti�cial potential is given by (36), which we write down below for convenience

Va(R) = �
1
2

c> RJR> c +
1
2

ml 2� (e>
1 Re1)2:
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The �rst variation of this givesthe feedback torque � as follows:

V R
a (R; �) =

1
2

h
c> RJ b� R> c � c> Rb� JR> c

i
+ ml 2� (e>

1 Re1)e>
1 Rb� e1

=
1
2

h
� > dR> cJR> c � c> RJ dR> c�

i
� ml 2� (e>

1 Re1)e>
1 R be1�

= � c> RJ dR> c� � ml 2� (e>
1 Re1)e>

1 R be1� = �
1
2

hh� ; � ii

) � = dR> cJR> c + ml 2� (e>
1 Re1) be1R> e1;

as given in equation (38). The secondvariation of the arti�cial potential (36) gives the

HessianVa in (39), as follows:

V R2

a (R; �) = �
1
2

hhVa� ; � ii

= c> RJ \b� R> c � c> Rb� J dR> c + ml 2�
h
e>

1 Rb� e1( be1R> e1) � (e>
1 Re1) be1

b� R> e1

i

= c> Rb� \JR> c + � > dR> cJ dR> c + ml 2� � >
h
(e>

1 Re1) be1
[R> e1 � be1R> e1e>

1 R be1

i

= � > dR> c\JR> c + � > dR> cJ dR> c + ml 2� � >
h
(e>

1 Re1) be1
[R> e1 � be1R> e1e>

1 R be1

i

) Va = dR> c\JR> c + dR> cJ dR> c + ml 2�
h
(e>

1 Re1) be1
[R> e1 � be1R> e1e>

1 R be1

i
:
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