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Abstract

A dumbbell-shaped rigid body can be usedto represen certain large spacecraftor
asteroidswith bimodal massdistributions. Suc a dumbbell body is modeled here as
two identical massparticles connectedby a rigid, masslesdink. Equations of motion
for the v e degreesof freedom of the dumbbell body in a certral gravitational eld
are obtained. The equations of motion characterize three orbit degreesof freedom,
two attitude degreesof freedom, and the coupling between them. The system has
a corntinuous symmetry due to a cyclic variable assaiated with the angle of right
ascensionof the dumbbell body. Reduction with respect to this symmetry gives a

reduced system with four degreesof freedom. Relative equilibria, corresponding to
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circular orbits, are obtained from thesereducedequations of motion; stability of these

relative equilibria is assessed. It is shavn that unstable relative equilibria can be

stabilized by suitable attitude feedbad corntrol of the dumbbell.

Nomenclature

€, €, &

2l

radial distancefrom origin to certer of massof dumbbell body
angle of right ascensiorof certer of massof dumbbell body

angle of declination of certer of massof dumbbell body

unit vector alonglocal vertical (radial) direction

unit vector along direction of increasing

unit vector along direction of increasing

unit vector along longitudinal axis of dumbbell

orthogonal unit vectorsspanningplane perpendicularto dumbbell axis
angular velocity vector of LVLH coordinate frame with respect to inertial
frame

angular velocity vector of body- xed coordinate frame with respect to
inertial frame

standard basiscolumn vectors of R®

massof eat end massof dumbbell-shaped body

length of rigid link connectingthe two end massesf the dumbbell

gravitational force constart



SO(3) = group of rigid-body rotations in R®
R 2 SO(3) = rotation matrix from body- xed frameto LVLH frame
so(3) = Lie algebraof SO(3); idertied with R3
I 2 s0(3) = angularvelocity of dumbbell body with respectto LVLH frame
k k = Euclideannorm, or two-normin R3
€) = adjoint represemation of so(3) as3 3 skew-symmetricmatrices
Q = conguration manifold for dumbbell body in certral gravity
TQ = velocity state spacefor dumbbell body in certral gravity
S = the one-dimensionakircle, or R=f2 g

1 Intro duction

Equations of motion are derived for a dumbbell-shaped body in a certral gravitational eld.
The equationsof motion descrike the translational or orbit dynamicsand the rotational or
attitude dynamics,and their coupling. The dumbbell consistsof two ideal massparticles of
identical massm connectedby a rigid, masslessink of length 2. The dumbbell can rotate
and translate in three dimensionsunder the action of gravity forces. A gravity force acts
on ead individual massparticle of the dumbbell. The di erential gravity e ects about the

dumbbell's certer of massplay a crucial role in its dynamics.

This model is similar to the dumbbell spacecraftmodelsin [1, 2], which treat dynamics
and cortrol of an elastic dumbbell restricted to planar motion. The full dynamics of this

model is treated in [1], while the reduceddynamicsis treated in [2], assumingattitude and



shape actuation only. These cited models include exibilit y e ects in the link connecting
the two massparticles. For simplicity, exibilit y e ects are not included in the models de-
veloped in this paper. The models here are also similar to the dumbbell spacecraftmodel
in [3], which treats the orbit and attitude dynamics of a dumbbell spacecraftmoving in a
plane. The dumbbell can alsobe consideredas a special caseof a \full body" treated in [4].
In this paper, we treat both the full and the reduceddynamicsof a dumbbell body in three

spatial dimensions.

The dumbbell can also be viewed as a model of a tethered spacecraft. Typical assump-
tions for tethered spacecraftinclude negligibleelastice ects, and a taut tether correspnding
to a positive tensionforcein the tether. Due to its relevance,someof this prior work is now
descriked. Deploymernt, station keeping,and retrieval of tethers have been studied in [5].
Attitude dynamicsissuesfor tethered spacecrafthave beentreated in [6, 7, 8]. Orbital dy-
namics issuesfor tethered spacecrafthave beentreated in [9, 10]. None of these papers
provides a comprehensie model that includes both orbit and attitude degreesof freedom.

This paper makesa cortribution to this problem for the simpli ed dumbbell model.

The dumbbell model is simple, but e ectivein demonstratingcomplexdynamicsthat can
arisewhenit is in orbit about a massiwe certral sphericalbody. It providesa framework for
studying the orbital degreesof freedom,the attitude degreesof freedom,and the coupling
betweenthem. The dynamicsof large extendedbodiesin certral gravity presen signi cant
analytical challenges. In this paper, we introduce new orbital and attitude problemsthat
have not beenpreviously studiedin the publishedliterature. We obtain relative equilibria for

the full dynamicsof the dumbbell body in a certral gravitational eld; thesecorrespmpnd to
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the equilibria of the reduceddynamics. The reduceddynamics are obtained by the process
of Routh reduction ([11, 12]), and stability properties of the relative equilibria are obtained
from the reduceddynamics. Control laws basedon potential shaping ([13, 14, 15)), using
attitude feedbak for stabilization of the unstable relative relative equilibria, are alsodewel-

oped and presened.

The presen paper can also be viewed as an extensionof [16]. In that paper coupling
betweentranslational and rotational degreesof freedomwas studied. Howewer, [16] did not
include a certral body gravity eld, sothe resultsin that paper are not directly applicable

to the problemsconsideredhere.

2 Equations of Motion

An inertial coordinate frameis chosensud that its origin is at the certer of a large spherical
certral body, e.g. the Earth. This inertial coordinate frame is de ned by three mutually-
orthogonal axes. It is convenient to expressthe orbital motion in terms of sphericalcoordi-
natesr, , and , for the position of the certer of massof the dumbbell in the inertial frame,
asshown in Figure 1. This sphericalcoordinate frameis alsotermedthe Local Vertical Local
Horizontal (LVLH) coordinate frame. In the LVLH coordinate frame, &, & and e form a

mutually orthogonal right-handed set of unit vectors.

Figure 1 givesa graphical illustration of the dumbbell in the inertial and LVLH coordi-
nate frames. In addition, a coordinate frame is introducedthat is xed to the dumbbell; its

origin is at the dumbbell certer of mass. The unit vectorsey, & and e, form a mutually



orthogonal, body- xed, right-handed set of unit vectors. Hence,there are three di erent
coordinate frames, eat of which consistsof mutually-orthogonal axesconsistert with the
right hand rule. In the subsequen dewelopmen, substartial care must be taken when rep-

resenations in R® are usedto expressa vector in one of thesecoordinate frames.

Figure 1: Dumbbell in Local Vertical Local Horizorntal coordinate frame.

The angular velocity vector of the LVLH coordinate frame with respect to the inertial

frame is

b= sineg e+ cose: (1)

The angular velocity vector of the body- xed coordinate frame with respect to the inertial

frameis denotedby '~ . The position vectorsof the two end massesare given by

x1 = %+ le;

X2 = % le;



where 2| is the length of the dumbbell.

The inertial velocities of the end massesn the LVLH frame are

= x+ (N &)

% =% (&)
The kinetic energyis given by

T = g(kxik2+ ktok?):
Using the expressiondor %4 and %, we have

T = m kek®+ KI(y  &)k? (2)
Sincex = re;, it follows that

= re+r(v &)

= r&+r_cose+r_e
and
kk® = 12+ r?(_2cos + )

In the subsequeh dewelopmen, we represem _ and x in terms of column vectors! | and
x in R® with respect to the basisvectorse,, € and e in the LVLH frame. The notation
I 5 in R® is usedto expressthe componerts of the angular velocity vector '~ in the body-
xed coordinate frame. The standard basisvectorsin R® are denotedby ¢, = [1 0 Of,
& =[0 1 0F andes = [0 O 1F. We also introduce the rotation matrix, denoted by

R 2 SO(3), that maps the represetation of a vector in the body- xed coordinate frame



into the represetation in the LVLH frame. We use the notation b : so(3) !

so(3) or

(P:s03)! so3) to denotethe adjoint represemation of so(3) (identied with R?3), given

by
2 3 2 3
Uq 0 Us U2
u= u-> , b= us 0 Uq
Us U uq 0

This allows us to write
Kk eki=!z&"d@!sg="!3(z e€) s;
sothat the kinetic energyis
1 > >
T = SMXy X + X %] = [MXIx+ Hgdle]
where

J=ml%(l; ee)

3)

is the constart inertia matrix of the dumbbell. The de nition of the dumbbell as a rigid

connectionof two ideal massparticles leadsto the fact that rank(J) = 2. The implications

of this assumptionare discussedn a later section.

We use! to denote the componerts of the angular velocity of the body xed frame

relative to the LVLH frame, expressedn the body xed frame. Thus

!B:R>!L+!

and the kinetic energycan be written as

T=m[r®+r%2 2cod +r222]+ (R +!1) IR +1!):

8
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The exact potential energyof the two massparticles that de ne the dumbbell is

m m
kxak  kxok
where
q q

kak=  r2+ 2rlegRe + 12; kok = r?2  2rlefRe + 12

. B > 2
In our subsequeh analysis, we assumer > 0 and :— 1. Since meﬂ#” 1 and

alejRe 7 erl ® 1, we can usethe secondorder approximation for the gravitational potertial
energy

2

I >
2 r—21 3(e; Rep)? (5)

m
Vy=
g r

Note that the potential energyof the dumbbell dependsonly on the radial position r of the
certer of massof the dumbbell and the direction of the dumbbell axis Re; in the LVLH
frame. The Lagrangianis thus obtained as

Lo s R 5+1)=T Vo= mli2+r(2cos + )

|2
+(R>!L+!)>J(R>!L+!)+%2 2 1 3(ERe)? (6)

The attitude kinematics of the dumbbell is given by
R = Rb: (7)

The orbital equations of motion are given by the ordinary Euler-Lagrange equations ob-
tained from the Lagrangian (6) for thesedegreesof freedom. The con guration manifold of
the systemis denotedby Q. The con guration is speci ed by the translation, represeted

by the local coordinates(r; ; ), and the attitude, represeted by the rotation matrix R.



We de ne
f()=sine;+coses g( )=cose; sines;

sothat:

@,

_ . d @,
e V& e

_ . @ _ .
—Q(),@—_g()-

The orbital equationsof motion can be expresseds

2
# r%cos rl+ 2(1 3(e] Rey)?) = 0; (8)
r 2r

m[(r?scos + 2rr_cos 2r? _sin )cos ]+ g( ) RI(R”!  + 1)+

f( YRDI(R™! +1)+f( YRI(R*I, +! bR I,)=0 (9)

mir(r*+ 2r—+r %sin cos )] &RbIJ(R*! +!)+&RIMOR*!. R, 1)

g( YRI(R?! +1)=0: (10)

In eat of these scalar equations, the rst set of terms are Keplerian terms expressedn
sphericalcoordinates. The additional terms represem perturbations that arise from the at-

titude dynamics.

The attitude equationsof motion are obtained as a modi cation of the Euler-Poincare
equations,obtained by applying the variational principle to the Lagrangian(6), asin [11, 12].

If we de ne the conjugate momertum

. %>=2J(R>!L+!);

then the attitude equation of motion is given by

6ml 2

—+( +R71)) 3 egRe e (R7eg)=0 (11)
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Substituting for , we obtain the following attitude equation of motion

3ml 2

JL+R 1, bR>!L)+(b+h>!L)J(!+R>!L) 3 e Re &R e = 0; (12)

The derivation of equation (11) is givenin Appendix A. This vector equation descrikesthe
attitude dynamicsincluding perturbations that arisefrom the orbit dynamics. In particular,
the last term in equation (12) is the familiar gravity gradiert term. Equations of motion

(8)-(10), along with equation (11) or (12) descrike the full dynamicsof the systemin TQ.

The total energy

E=T+Vy=m[r?+r?_%coé + )]

2
HRI + 1) IR, +1) % |

2 = 1 3(e;Rey)? (13)

is consened alongthe ow de ned by equations(8)-(10) and (12), asshown in Appendix B.
Also note that the variable 2 Sis a cyclic variable for the Lagrangian(6), and correspnds

to a symmetry in the system. This givesrise to the following result.

Prop osition 1. : The conjugate momentum
p= — =2mr? cos +2(( VRI(R*!_ +!) (14)
is conserve alongthe ow de ned by equations(8)-(10) and (12).

It is easyto di erentiate p with respect to time, and con rm that p= 0 is equivalert to

equation (9).

The complexity of the above equationsre ects the complexcoupling that arisesbetween
the orbit and attitude degreesof freedomfor the physically simple dumbbell body. These

11



equationsof motion are especially suited for analysisof the full body dynamicsof dumbbell-

like asteroidsor dumbbell-like spacecraft.

3 Routh Reduction and Reduced Equations of Motion

In this section,we obtain the reducedequationsof motion obtained by eliminating the degree
of freedomassaiated with the (cyclic) symmetry variable 2 S. Stability analysisof the
relative equilibira of the systemis done using the reduceddynamics, sincethey correspnd
to the equilibria of the reduceddynamics. Let S, denote the momertum level setin the
con guration spaceof the dumbbell, correspndingto the constart angularmomertum value
p. The classicalRouthian [11, 12] is obtained from the Lagrangianin (6) by the partial

Legendretransform
R(S RG-S =fL pgg;

where _is obtained from (14) for constart p. Carrying out this substitution to eliminate _,

we obtain the following expressionfor the Routhian:
R(; Rt =m?+r2 21+ (1 R7e)J(! Re)
PRI R%e) “Up(ri; R)+pf( )RIC R7e)Uy(r; 5 R)

Vp(r; 5 R); (15)
whereV,(r; ; R) is the amendel potential enemgy given by

2
Vo(r: 5 R) = Vo(riR) + ZU(r: ; R); (16)
and Vj is the gravitational potential expressedasin (5). The function Uy(r; ; R) is given by

1

Up(r s R) = mr2cog + f( )>RIR>f( ):
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f( )>RIRTF()

We assumethat ———~ 5

1 and the declination angle is boundedaway from -

radians. Then we can approximate U, as

n (0]

Up(r; ; R) = % seé %f( YRIRf( )seé : (17)

We use this appraximation for the function Uy(r; ; R) in equations (15) and (16). The
con guration spacefor the reduceddynamicsis Q=S, and the con guration is represeted
by (r; ) for the orbital motion, and the rotation matrix R for the attitude. The equations
of motion for the orbital degreesof freedom are obtained by using the Routhian in place
of the Lagrangian in the Euler-Lagrangeequationsof motion. The attitude equations of
motion are obtained from the variational principle by substituting the Routhian in place of

the Lagrangian.

The orbital equationsof motion for the reduceddynamicsare obtained as

2me 2mr 2+ f( RI(! _Re) Z% pf ( )>RI(! R>e2)%
2m  3ml? S PPa@, _ .
+ r2 rT(l 3(e; Rey)?) + Zé =0 (18)
and
m n(r; ;R)*+m, (r;; R)!;+ @é r—+ %—@é 2emR (R + @(; r!
+p T L+ mg(r Ril) %P—@g!! p@é"!u%zo; (19)
where

m (r;; R)= 2mr’+ 26 RIR”e, 2f( )’RIR” & “Uy(r; ; R);
m, (r;; R)= 2RI+ 2Uy(r; ; R) f( )’RIR e f( )" RJ;
My (; R)=21 2IR™f( )f ( )7 RIUL(r; ; R);
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m, (r; ; R) = f( )”RIR”eU,(r; ; R);
Mg (r; ; R) = f( )7RIUL(r; ; R);

andaR(r; ; R;!) = % , )a(r; ; R) denotesthe time derivative obtained by varying R and
r

holdingr and constart.

The attitude equationsof motion for the reducedsystemare expressedn terms of

e - %>:2J! 2JR e+ p 26( )RI! R7e) IRF( Uy

One can verify that

e = :
Sp.

In terms of this momentum € the attitude equationsof motion are
€+(! R7&) © p 2()VRI(! R’7e&) F$>f( (! R7e)U,+v™ = 0; (20)

where

€ Re, € Ré + %f( Y Rf JR7F()° JRf( )gseé :

_6ml?
= —5

The derivation of this equationis provided in Appendix A. Equations (18)-(20) descrike the

reduceddynamics of the systemin T(Q=S).

4 Relativ e Equilibria for the Orbit and Attitude Dy-

namics

In this section, we study certain dynamics of the orbit and attitude degreesof freedom of
the dumbbell. Three categoriesof relative equilibria are identi ed. Stability of ead relative

14



equilibrium is studied.

We rst identify the natural relative equilibria that correspnd to circular orbits in a
xed orbital plane for the dumbbell. The relative equilibria are equilibria for the reduced

equations,and satisfy :
F=r=0 !, = e; =0 =0 ! =0

We assumethat the inclination of the orbital plane, = 0. We usethe subscript '€ to denote
guartities evaluated at a relative equilibrium. Substituting into the reducedequations of
motion we obtained in the last section, we seethat the relative equilibria are zerosof the

gradiert of the modi ed potential, namely:
2 3

eV, @ 1 =0 (21)

The radial part of the gradiert of the modi ed potertial (21) gives:

2m  3ml ? p? p?
1 3(e] Rey)? +
r2 r4 ( (& Rew)”) 2mr3  m2rs

& RJR 63 = 0; (22)

at a relative equilibrium, using (17) to approximate Up(r; ; R). This canalsobe expressed
in terms of the orbtial rate at the relative equilibrium, . The horizontal equationof motion
(9) at a relative equilibrium is trivially satis ed. The secondterm of equation (21), at a

relative equilibrium, gives:

p2

2m 2 RJRIe3= ———
—=T1ireT e 2mz2r4

€ RJR; 63 = 0; (23)
using (17) to approximate Upy(r; ; R). The third term of equation (21), when evaluated at

15



a relative equilibrium, gives:

6ml 2 P >
—~ GRe @Rie= 55 4Ff€>esJR &s; (24)

using (17) to approximate Uy(r; ; R). This again, can also be expressedn terms of the

orbtial rate at the relative equilibrium, .

Let R denotethe attitude at a relative equilibrium and R = [u; u, ug], whereu?u; = 1
anduyu; = Ofori 6 j,i;j 2 f1,2;3g. Then substituting for J from equation (3) into
equations (23) and (24), we obtain three di erent conditions for relative equilibria of the

dumbbell body in orbit:
(a) u;;=0andusz; = 0; OR
(b uz=e; OR

() up= e

whereu; = [uy; Ugp Ugs]” and uz = [us; Usp Uzz]”. The only rotation matricesthat satisfy

at least one of theseconditions are given by:

2 2
1 0 0 sin
1)Re=R8 0 cos sin ; 2) Re= E 0 ;
0 sin coS oS
2
0 cos sin
and3:) Re= R 0 sin cos ;
1 0 0

where is an arbitrary anglewhich represets rotations about the longitudinal axis of the

dumbbell. This givesus three di erent typesof relative equilibria for this body. We now

16



look at how the relative equilibrium conditions (22) simplify at thesethree typesof relative
equilibria. Note that, sincethe longitudinal axis is an axis of symmetry for the dumbbell
body, arbitrary rotations about this axis at any relative equilibrium also givesanother rel-
ative equilibrium of the sametype. Also note that due to the equal massesat the ends
of the dumbbell body, there is a discrete (Z?) symmetry. An instantaneousrotation by

radians about an axis perpendicular to the longitudinal axis of the dumbbell doesnot a ect
the dynamics. Hence,there are only three relative equilibria, instead of a possiblesix in the

caseof the end massedeing unequal.

The rst type of relative equilibria correspndsto an orientation in which the dumbbell
hasits longitudinal axisalignedwith the local vertical (radial) direction. This classof relative

equilibria satis es:

, 312
Ree = €; and 2= — + ; (25)

reore

The constart angular rate at which the dumbbell revolvesaround the certral body is given

by ..

The secondype of relative equilibria correspndsto the longitudinal axis of the dumbbell
beingalignedwith the local horizortal direction in the planeof the orbit. This classof relative

equilibria satis es:

Ree1 = &; and 2= — 31°,
¢ ’ =3 a5

(26)

where . isthe constart angularrate at which the dumbbell revolvesaroundthe certral body.
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The third type of relative equilibria corresppndsto the longitudinal axis of the dumbbell

orthogonalto the orbital plane. This classof relative equilibria satis es:

. 2 31 2.
Re&r =6 and o= 5 -5
e

re

(27)

where . isthe constart angularrate at which the dumbbell revolvesaroundthe certral body.

Eadh of the above relative equilibrium solutions correspndsto a particular attitude of
the dumbbell body with respect to the LVLH frame, and an orbital frequencythat di ers
from the Keplerian orbital frequencyby a factor dependert on the sizeof the dumbbell body

and its attitude.

4.1 Stabilit y of the Relativ e Equilibria

A su cient condition for the stability of a relative equilibrium of the dumbbell is given by
the Routh stability criterion, which is basedon the energy-mometum method (see[11, 17)).
This result is basedon the reduceddynamicsobtained from Routh reduction.

Stability of a relative equilibrium of the dumbbell is expressedn terms of a modi cation

of the Hessianof the amendedpotertial, given by

2 3
@Vp @vp @
@2 @@ @
2 . - @V, @V, @ .
B2Vp(r; ; R) o er 27 (28)
a @
@ e V
where
eml 2N . . ! 2 h
Vv S~ @R egRa  (gRe)ak e + ﬁ Rof (IR F ()
i
JR7F ()R F() sed: (29)
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Note that the rank of the matrix V is at most two for the inertia matrix J given by (3),
which also hasrank two, sincee; is an eigervector with zero eigervalue. The computation

of this Hessianis shown in Appendix C.

The following theoremis basedon the Routh stability criterion.

Theorem 1. A relative equilibrium is stableif the madi ¢ ation of the Hessianof the amendel
potential given by (29), evaluatel at the relative equilibrium, is positive semi-de nite with

rank de ciency one. It is unstableif this Hessianhas negative eigenvalue(s).

The kernel of €2V, has dimension of at least one, and its third row and column are
zero. The rst statemert of the theorem follows from Routh's stability criterion. Note that
if the quartity €2V, ewaluated at a relative equilibrium has negative eigervalues, then the
linearization of the reduceddynamicsis unstable. Hencethe systemis formally unstable

(see[1]], pp. 39-42)in this case.

Using Theorem 1 above, we verify the stability of relative equilibria of the dumbbell,

when the axis of the dumbbell is aligned with the local vertical. We have:

Re€1 = &; ‘e:r_3+ r5;andp=4m ret
e

e re

Corollary 1. The rst classof relative equilibria of the dumblell, where the axis of the

dumbtell is aligned with the local vertical, is stable.

The modi ed Hessianevaluated at suc a relative equilibrium is

2 3
2m 14ml 2
r3 5 0 Ol 3
e e
2, = _ 4 5172 2 2 _ 4 512 30
b, 0 am —+ 5 1 b 2mi? 5+ S & (30)
5] 2 5] 2 6ml 2, 2



where
E.= &° &b°d:

This modi ed Hessianhas one zero eigervalue (the third row and third column are zeros),
and the remaining eigervaluesare always positive sincei 1, accordingto symbolic cal-
culations using Mathematica. This provesthat the rst classof relative equilibria given by

(25), with the axis of the dumbbell aligned with the local radial direction, is stable.

Now we assesghe stability of relative equilibria of the dumbbell, when the axis of the
dumbbell is aligned with the local horizortal direction in the plane of a circular orbit. For

the secondclassof relative equilibria, we have:

| 2 | 2

Re€1 = €y; j:r_s

e

~_andp®=2m? 2r —
2rg’aCIIO it

Corollary 2. The second classof relative equilibria of the dumblell, wheee the axis of the
dumblell is aligned with the local horizontal direction in the plane of a circular orbit, is

unstable.

The modi ed Hessianevaluated at suc a relative equilibrium is

2 3
2rr§ 5rrnesl 2 0 0, 3
leZVp , = E 0 2;: 3Te3| 2 0 3 : (31)
0 0 e R -
where
E:= &° &&°d:

This modi ed Hessianhas one zero eigervalue (the third row and third column are zeros),

6ml 2
r

and there is a negative eigervalue, namely

. Using Theorem 1, we concludethat the
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secondclassof relative equilibria given by (26), with the dumbbell axis alignedto the local

in-plane horizortal, is unstable.

The stability of the third classof relative equilibria of the the dumbbell, when the axis
of the dumbbell is alignedto be orthogonalto the plane of a circular orbit, can be assessed

using Theorem 1. For the third classof relative equilibria, we have:

Ree; = €5, 2= |2'andp2—2m2 2r 31% .
= ey 2= — , = :
€ = r3 s ©re

Corollary 3. The third class of relative equilibria of the dumblell, with the axis of the

dumblell aligned to be orthogonalto the plane of the circular orbit, is unstable.

The modi ed Hessianevaluated at sud a relative equilibrium is

2 3
2m 3ml 2
3 5 0 01 3
e e
e2y = 2m 5ml ? 2m 2 3ml “ - (32
p 3 O Ie rg rg rg % ( )
2m 2 3ml 4 6ml 2 2m 2 3ml 4 4
o3 1 3 (5 €3 3 eS% 3 5 Q.
e e e e e

This modi ed Hessianhas one zero eigervalue (the third row and third column are zeros),

2 3ml 4
ré

2m
r

and the eigervalue IS negative sincei 1. Using Theorem1, we conclude

Dw)|

that the third classof relative equilibria given by (27) is unstable.

5 Stabilization of Unstable Relativ e Equilibria

In this sectionwe assumethe attitude of the dumbbell body can be cortrolled through a
momert vector expressedn the body xed coordinate frame. Basedon this cortrol assump-

tion, the conjugate momentum correspnding to the cyclic variable remains consened.
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Consequetly, the reducedequationscan be obtained as previously, resulting in

@
@
L2m 3ml 2 P @, _

2me 2mr 2+ f( RI(! R°e) pf( )>RI(! R>e2)%

2 (1 3(iRe))+ 7 e - (33)
m n(r; R+ my (r;; R)!g+ @é r—+ %—@é SHmi (G RI @n@! r!
1 11
+p @C;p r+mi(r;; R!) §!>—@é|@“! p@np!+@é/p:0; (34)

and
e+(I Re) & p A()VRI( Re) RI()( Re)U+v = ; (35

where is the cortrol momert vector. This cortrol momen can be usedto in uence the

attitude dynamicsand, indirectly, the orbit dynamicsof the dumbbell.

The control momert is usedhereto stabilize the relative equilibria that, if uncortrolled,
would be unstable. The approad is to selectthe cortrol momert to modify the amended
potertial sothat the unstable relative equilibria are made Lyapunov stable. This approadh
is referredto aspotential shaping. Note that the feedba& cortrol momert dependson only

attitude feedbak.

The ideaof potential shapingis not new, and [13] and [14] considerthe interesting caseof
asymptotic stabilization of underactuated Hamiltonian systems. Potertial shapinghasalso
beenusedin conjunction with cortrolled Lagrangian techniquesin [15 to asymptotically
stabilize equilibria of Hamiltonian systems. In our application, we use this technique to
modify the amendedpotential to stabilize unstable relative equilibria of the reducedsystem
of the dumbbell in three-dimensionalmotion in a certral gravitational eld. The feedbak
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momen maintains the Hamiltonian structure of the system, sothe feedba& systemis also
consenative, and we obtain Lyapunor stability, which canbe veri ed by applying the Routh
stability criterion (Theorem 1). In addition to the potential shapingattitude feedba& con-
trol preserted here, one may apply Rayleigh dissipation to the systemby angular velocity

feedbak, to make the systemasymptotically stable.

5.1 Potential Shaping for Dum bbell in Space

We obsene, from equations(31) and (32), that the unstable modesat the unstable relative
equilibria (26) and (27) aredueto the attitude degreeffreedomonly. Therefore,a feedbak
cortrol law that stabilizesan unstable relative equilibrium may be obtained by adding an
arti cial potential V,(R), that dependson the attitude only, sothat the Hessianof the total
amendedpotential V(r; ; R) = Vy(r; ; R) + Va(R), is positive semi-de nite with one zero
eigervalue correspnding to the eigervector represeting the axial direction of the dumbbell
body in the body frame. This property of the Hessianof the total potential, alsoensures
that the feedba& doesnot createa momert about this axial direction. The attitude feed-
bad stabilizing cortrol law, (R), is then obtained from the rst variation of the arti cial
potential V,(R). Note that, this arti cial potential doesnot break the symmetry due to the
cyclic variable , sinceit doesnot dependon it, and hencedoesnot act onthe dynamics.
This is unlike the application in [15], wherepotertial shapingis carried out to break existing

symmetriesin a medanical system.

The arti cial potential is chosento be of the form

1 1
Va(R) = §c> RIJRc+ éml2 (e; Rey)?; (36)

23



wherec 2 R? is a constart vector and is a constart non-negatie real scalar. Note that
the vector ¢ hasunits of angular velocity, and can be thought of asan \arti cial angular ve-
locity" inducedby the feedba& cortrol. The rst term in (36) canthereforebe descrilked as
an\arti cial amendedpotertial.” The secondterm can clearly be descrited asan \arti cial

gravity potential,” whencomparedwith the natural gravitational potertial in (5).

With this choiceof arti cial potertial, the total potertial V(r; ; R) = Vy(r; ; R)+ Va(R),

has a Hessianwhosestructure is given by

2
@Vp @V, @
@2 @@ @
€2V(r;; R)=8 @%  @% @ ; (37)
@@ @2 @
@ @
@ @ VtVa

with zerosin the third row and third column, correspndingto a singlezeroeigervalue. Here
V, is the Hessianof the arti cial potential, and it is obtained from the secondvariation of
the arti cial potential (36). From the given form of the arti cial potential (36), we obtain

the feedbak control momert
= B> cIR” c+ ml? (el Re))&R” ey; (38)

and the Hessian
h i
V,= B> cJfc YR>c + ml? (€ Re)BR e, BR e ERA : (39)
The derivation of thesequartities is shovn in Appendix C.
The closed-lmp dynamics of the dumbbell in a certral gravitational potential is also
Hamiltonian. Hence,we can apply the Routh stability criterion (Theorem 1) to the closed-
loop dynamics of the dummbbell body. If the quartity €2V ewaluated at a relative equi-

librium hasnegative eigervalues,then the linearization of the closed-l@p reduceddynamics
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is unstable. We now apply Theorem 1 to stabilize the unstable relative equilibria of the

dumbbell body in spaceusing attitude feedbagk.

5.2 Stabilization of Horizon tal In-Plane Relativ e Equilibria

For the unstable relative equilibria given by (26) with the dumbbell axis pointing alongthe

horizontal in-plane direction, we have from (31) for the free dynamics

2ml 2 ml4 6ml 2
v T2 - 6’ 66’6 . :
re re re
In matrix form,
2 3
00O
6 2 | 2
V=ml?Q@ o0 n 0o%; n= = 4= 5 E (40)
e e e
0 0 ¢
We choosean arti cial potential of the form (36) with ¢ given by
C= C1€ + C36y,
where c; and cz are real scalars,and = 0. The cortrol law obtained from this arti cial
potential using (38) is
2 3 2 3
C1 Cy
=R 8 o JR”Q o 4: (41)
C3 C3
The Hessianof the arti cial potential, evaluated using (39), is
Va= B>cl YR cRc c=[c 0c: (42)

25



Evaluated at the relative equilibria given by (26), this Hessiangives

2 3
0O O 0
Vo= ml 2 0 C% CiC3 . (43)
0 C1C3 (.‘%

The closed-lmp systemis obtained by using the feedba& cortrol momer (41) as an
input to the attitude equationof motion (35) for the reduceddynamics. The following result

givesa su cien t condition for the stability of the closed-lmp systembasedon Theorem 1.

Corollary 4. The second classof relative equilibria of the dumblell, given by equation (26),

is stablewith the feedback control moment given by (41) if

ng+ ncz+ q>0andg+ n+ &+ &> 0 (44)
whele

NN BN

B A B

In this case,onecan verify that
V+V, 0, andKer(V+ V,) = feq:

This makes the Hessianof the total potertial, (37), positive semi-de nite with one zero

eignewalue, and the result follows. If we choosethe speci ¢ constaris

S S
| 2
— 45
75 (45)

L= — and c; =
re

which satisfy (44), then we obtain a cortrol law from (41) that stabilizesthe unstable hor-

izontal in-plane relative equilibrium of the dumbbell body, givenby r = r,, = 0, and

R = R sud that Ree; = 6.
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5.3 Stabilization of Horizon tal Out-of-Plane Relativ e Equilibria

At the unstable relative equilibria given by (27) with the dumbbell axis pointing along
the horizontal out-of-plane direction, the attitude submatrix of the Hessianmatrix of the

modi ed potential is given by (32) as

6ml 2 2ml 2 3ml*
V = 3 3333 3 5 Q4:
re re re
In matrix form,
2 3
0 0 O
2 312 8 312
V = ml? On O , Ny = Ty 3 , N = -3 5 (46)
rs rs rs ra
0 O no

We choosean arti cial potertial of the form (36) with c given by

C= 6 + 68y

where c; and ¢, are real scalars,and > 0. The control law obtained from this arti cial

otential is obtained using (38) as
P 2 3 g( )3

C1 Cy
=R*R ¢4 IJRB g i+m? gRe e Ren (47)
0 0

The Hessianof the arti cial potential is evaluated using (39) as

8>c) YR c B>c+ ml? e, Re; R>ed R e el R ;

c=[ctc0F; >0 (48)
Evaluated at2the relative equnlbrla given by (27), this Hessiangives
V, = mlzg C1C . (49)
C1C 1 +
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The closed-lmp systemis obtained by using the feedba& cortrol momern (47) as an
input to the attitude equationof motion (35) for the reduceddynamics. The following result

givesa su cien t condition for the stability of the closed-lmp systembasedon Theorem 1.

Corollary 5. Assumeci, ¢; and are all of the order of . The third class of relative
equilibria of the dumblell, given by equation (27), is stablewith the feedlack control moment

givenby (47) if

NN+ MG+ NG+ (N+G)>0andn+ ny+ G+ G+ >0 (50)
whee

o2 3z 8 317

S L

In this case,both the modesobtained from the attitude degreesof freedomat relative
equilibria given by (27) are unstable. With the feedba& cortrol torque given by (47), we

can verify that
V+V, 0, andKer(V+ V,) = feq

The 3 3 submatrix of the Hessian(37) of the feedba& system,obtained by eliminating the

rst and third rows and columns,given by
2 3
p 0 Ny

mZ8 0 n+ & 0 :

ng 0 n3+C§+

wherep = rzelz f—S is positive de nite, which makesthe Hessian(37) positive semi-de nite

with one zeroeigervalue. If we make the speci ¢ choices
s

and = £; (51)

C = C = —
rs rs

r3’
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which satisfy (50), we obtain a cortrol law from (47) that stabilizesthe unstable horizortal
out-of-planerelative equilibrium of the dumbbell body, givenby r = r,, = 0,andR = Rg

such that Ree; = 3.

6 Conclusions

We have extended someof the results of our earlier work, which treat the dynamics of a
dumbbell-shaped body in planar motion in a certral gravitational eld, to motion in three
dimensionalspace.The systemof the dumbbell body in three-dimensionalmotion in a cen-
tral gravity eld consistsof three orbital degreesof freedomand two attitude degreesof
freedom,sincethe inertia about the longitudinal axis of the dumbbell is ignored. We repre-
sert the orbital degreef freedomusing sphericalcoordinates, de ned by the Local Vertical
Local Horizontal (LVLH) coordinates;the attitude is represered globally by a rotation ma-
trix from a body- xed coordinate frame to the LVLH frame. We obtain the equations of

motion represeiing the full orbit and attitude dynamics.

We obtain the equationsof motion represeting the reduceddynamics using Routh re-
duction. The reducedsystemhas four degreesof freedom;the orbit degreesof freedomare
represerted by the radial distanceand the angle of declination. The attitude is represeted
by the rotation matrix from the body- xed frame to the LVLH frame. We obtain the rela-
tive equilibria, which correspnd to local extrema of the modi ed potential for the reduced
dynamics. Theserelative equilibria correspnd to circular orbits, with xed orbital rate and

xed attitude.
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Sincethe two end massef the dumbbell model are equal, the systemalsohasa discrete
symmetry. This givesrise to three types of relative equilibria: onein which the dumbbell
axis is aligned with the radial (local vertical) direction, another in which the axis is aligned
with the local horizortal direction in the plane of the circular orbit, and a third in which
the axis is aligned with the local horizontal direction out of the plane of the orbit. The
rst two typesareidentical to thoseobtained for the dumbbell in planar motion, dealt with
in our previous work. We analyze the stability of thesethree types of relative equilibria
using the Routh stability criterion. The rst type of relative equilibria is found to be locally

(Lyapunov) stable, while the other two typesof relative equilibria are unstable.

In the nal part of the paper, we useattitude feedba& cortrol basedon potential shaping
to stabilize the unstable relative equilibria of the dumbbell body. This is basedon the fact
that the unstable modesat the unstable relative equilibria are due to the attitude, rather
than the orbital degreesof freedom. Hence, potential shaping with attitude feedba& is
adequatefor stabilizing theserelative equilibria. To do this, we createan arti cial potertial
depending on the attitude, that is similar to the modi ed potertial of the natural reduced
dynamicsof the dumbbell in certral gravity. This arti cial potential hastwo terms, one of
which is similar to the gravity potertial, and the other is similar to the amendmen in the
modi ed potertial. The feedba& torquesfor stabilization of an unstablerelative equilibrium
are obtained by computing the rst variation of this arti cial potertial with respect to the
attitude. The stability of the feedba& cortrolled systemis analyzedby applying the Routh
stability criterion to the the Hessianof the total potential, which is the sum of the modi ed
and arti cial potertials, at that relative equilibrium. We nd that to stabilize the unstable

relative equilibria where the axis is aligned with the local horizortal direction in the plane
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of the circular orbit, we needto usefeedba& corrol basedonly the term of the arti cial
potertial that is similar to the amendmen. Howewer, to stabilize the unstable relative
equilibria wherethe axis is alignedwith the local horizontal direction out of the plane of the

circular orbit, we needto usefeedba& cortrol basedon both terms of the arti cial potertial.
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App endices

App endix A

Here we show the derivation of the attitude equationsof motion for the full and reduced
dynamicsof the dumbbell body in certral gravity. We de ne the quartity 2 so(3) (given

in [11, 12]) sothat the attitude and angular velocity variations are

We then apply standard variational argumeris to the Lagrangian of the full dynamics, as-

suming zeroinitial and nal valuesof . This leadsto the equation

d @ _@ :
&@—@b+r, (A)

wherer is the so(3)-valued one-formobtained sud that

%hh{; Ii

is the variation of the Lagrangian with respect to the rotation matrix R, holding other

quartities constart. Herehh; ii denotesthe Killing form in so(3) [17, 18], given by
hia; di = trace kb :

We denote one-formslike r 2 so(3)? by row vectors, to distinguish them from elemetts in
so(3), which are denotedby column vectors. Substituting the LagrangianL given by equa-

>

tion (6) into equation (A), and de ning the conjugate momertum = % , We obtain

equation (11) for the attitude dynamicsof the dumbbell body.

The reduced equations of motion are obtained by applying standard variational tech-
niquesto the Routhian, instead of the Lagrangian. Hence,we obtain the following equation,
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which is similar to equation (A):

d @ @R

. = - = + g B

i@ @ b+s; (B)
wheres is the so(3)-valued one-form obtained sud that %hh;; il is the variation of the

Routhian with respect to the rotation matrix R, holding other quartities constart. The

one-forms for the Routhian R given by equation (15), is expressedasthe row vector

s = 2 Re)PJRe p 2A()VRI(! R’e) (| RZe)IR()
2 2
i ( )>RJI{2>e2 Up % e, Re; € Ré pzu

eRe p 2A()VRI(! Re) (| ReIRI(IU v

>

where€ = % is the restriction of the angularmomertum  to the conjugatemomertum

level setS,, and u and v are so(3)-valued one-forms,with

6m| 2 > > p2 1 > > b
= —3— &Re gRa+ —u u= —f()"Rf JR7f() JR>f ( )gsed
asdened in Section3, and Zhlv; i is the variation of the amendedpotertial V, with

respect to R. Substituting the Routhian R given by equation (15) into equation (B), and
using the above expressionfor s, we obtain equation (20) for the attitude dynamics of the

dumbbell body in terms of € = &

App endix B

To shaw that the total energyfor the dumbbell systemin certral gravity, given by (13), is
consened, we evaluate its time derivative alongthe ow of the system. We write the energy

expressionagain as

E=mi2+ i Zood + A+ R+ IR+ 2 L

2 51 3(e; Rey)?
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The time derivative of E is then given by

(jj—lf = m[2re+ 2rr( °cod + )+ 2?(_ecod + ° %_cos sin )]+ 2gdlg
m I2 2ml ?r eml 2 .
o 2 — 1 3(e]Rey)? e 1 3(e; Rey)? —5 & Re; € Rbe;
h 3| 2 |
=2mr ¢ r( %co¥ + )+ 5 T 1 3(e;Re)? + 2m [r?e cog

+2rr_co€  2r? _sin cos ]+ 2mr?® + 2rr—+ r? %sin cos [+ 21 gJ! g

6ml 2
r3

e, Re; e Rfy! :

(©

On substituting the equationsof motion (8), (9), and (10) into the right hand sideof equation

(C), we obtain

dE
dt

6ml 2
g YRIlg]+ 21231, rrnis €Re | @R e

6ml 2 o
3 eRe | "R e
> > 6m|2 > > >
= 25Jls 2{R(bJe+Jls) —5— gRe ! "@R e
ml 2
= A3+ 2RI Gr—3e§Re1!>dqR>e1
3ml ?

= 21”7 Jig+(b+ R 1 )Jg € Re, &R ¢

:0,

using equation (12) at the last step.
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App endix C

Here we obtain equations(28) and (29), which give the Hessianof the amendedpotential
of the reduceddynamics, aswell asthe equationsfor feedba& torque (38) and Hessian(39)
obtained from the arti cial potertial. The top left 2 2 submatrix of the Hessian(28) is
obtained from the secondpertial derivativesand mixed derivative of the amendedpotential
with respect to the coordinatesr and . In Appendix A, we obtained the one-formv from
the rst variation of the amendedpotential V,(r; ; R). For corvenience we write down this
expressionagain

_6ml?

3 pz%f( )’Rf JRf()° JR*f( )gsed :

e, Re;, e/ Ré + am

The partial derivatives of v with respect to r and give the (1,3), (3,1), (2,3) and (3,2)
blocks of the Hessianmatrix in (28). The (3,3) block, which is obtained from the second

variation of V, with respect to the attitude R, is given by the matrix V, sud that
hhv ;i = 2VR(r s Ry ) ; (D)

and VpRz(r; ; R; ) is the secondvariation of V, holding r and constart and varying R.

The quartity V is alsogiven by
V=R Ry

the rst variation of v with respect to R. For the amendedpotertial V, given by (16), we

canuse(D) or the above result to evaluate V. We then obtain V asgiven by equation (29).

The arti cial potential is given by (36), which we write down below for corvenience

1 1
Va(R) = §c> RIJR”c+ éml2 (e; Re)Z:
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The rst variation of this givesthe feedba& torque asfollows:

1h [

5 CRJ br>c ¢ RPIR>c + mlI? (€ Rey)e Rbey
1h [

5 >/>cJR’c ¢ RIR>C ml? (e] Re))e; Ry

V(R;)

1 ..
CRIR>c  ml? (€ Re))e; Ry = éhh; i

) = R>cIJR>c+ ml? (€] Re))& R ey;

as given in equation (38). The secondvariation of the arti cial potential (36) gives the

HessianV, in (39), asfollows:

VR (R;)

1 .
éhh\é oo i i |
i
CRIPR ¢ ¢ RbDIF>c+ mi2 e Rbe (R e) (Re)BPR ¢

h i
cRPYR>c+ *RrcIfrc+ mi2 > (€ Re)BR> e, BR e Ré

h
>R c+ TR c+rmi2 > (e RepdR>e, BR e RE
h i
) Va= >R c+ B> cIB>c+ mi? (€ Re)dR e, GR e RA :
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