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Abstract

The random effects model designed to combine information from
several clinical trials is related to an analysis of data from interlabora-
tory studies. The primary goal of this work is to establish the relation-
ship between the estimator proposed by DerSimonian and Laird (1986)
and the Mandel-Paule method (1982) used in collaborative studies.
Both procedures estimate the overall treatment effect via a moment-
type estimator and give approximate formulas for their standard er-
rors. Theoretical properties of these estimates are compared in the
asymptotic setting. To this end, a class of weighted means statistics
is investigated for situations where the number of sources is large. It
is shown that both the Mandel-Paule rule and the DerSimonian-Laird
estimator of the between-trials variance are inconsistent in this setting.
The results of numerical comparison of mean squared errors of these
estimators for a special distribution of within-trials variances are also
reported.
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eroscedasticity, interlaboratory study, Mandel-Paule algorithm, maximum
likelihood estimator, meta-analysis, random effects model



1 Statement of the problem

Statistical analysis of many multicenter clinical trials and that of interlabo-
ratory studies exhibit many similarities. The latter are used when certifying,
for example, standard reference materials, the former when a comparison be-
tween two treatments is to be established. Both of these areas commonly
use a random effects model as a statistical tool. Actually, it becomes the
model of choice in the more general situation where one has to combine
information from several comparative studies.

We assume that the data in the ith trial/laboratory has an additive error
structure consisting of a random laboratory effect b;, and of the measurement
errors e;;. More precisely, it is assumed that the data z;; has the form

Tij = i+ bi + e (1)

Here 1 = 1,...,p indexes the laboratories, and j = 1,...,n; represents the
sample size (the number of measurements) in laboratory 7; p is the true
mean (reference value). The random variables b; and ¢;; are all independent
and normal with zero means and variances 0% and 72. The random vari-
ables b; represent the between-study effect which is commonly observed in
collaborative studies. It is possible that in (1) b; = 0 and 0% = 0.

Clearly, (1) leads to the following model for the sample means z; = z; =
> T /i

zi = p+bi + e (2)

Here mutually independent random variables are normally distributed, b; ~
N(0,0%) and e; ~ N(0,0?). In this situation (unbiased) estimates, s? =
> j(@i; — x:)?/[ni(n; — 1)], of the within-trials variances o} are available.

A fundamental problem in meta-analysis is to estimate the overall treat-
ment effect u, and to provide a standard error for this estimate. In two-arm
multiple clinical trials, if the data in each trial can be assumed to be nor-
mal, z; represents the difference between the mean responses in this trial,
and s? is the within-trial sample variance. If the data is binary, then z;
is the logarithm of odds ratio log (p1;(1 — p2;)/[p2i(1 — p2i)]), and (2) holds
approximately with o2 = [p1;(1 — p1:)] ™' + [p2i(1 — pasi)] 7L

DerSimonian and Laird (1986) suggested an estimator of y, which turned
out to be very popular in the meta-analysis of multicenter clinical trials.
In fact, the number of references to the paper by DerSimonian and Laird
(1986) exceeds 800. Partly, this popularity is due to the fact that this is
a simple non-iterative procedure, which admits an approximate formula for
the variance of the resulting estimator.



The model (2) also appears in interlaboratory studies where y represents
the common effect, or consensus mean. In this case, z; is the sample mean of
the data obtained by i-th laboratory, and s? is the rescaled sample variance
which estimates the variance of z;. See Mandel (1991) or Crowder (1992)
for a detailed discussion. Cochran (1937, 1954) and Rao (1981) discuss the
classical maximum likelihood estimate of u. Because of the rather compli-
cated form of the likelihood equations, simpler procedures are desirable in
practice. A method for estimating the common mean u was suggested by
Mandel and Paule (1970) and in a more general form by Paule and Man-
del (1982). It is now widely used in applications, particularly in analytical
chemistry. Experience has shown that this method, the Mandel-Paule al-
gorithm, often provides reasonable estimates. It is recommended (Schiller
and Eberhardt, 1992) for use in the analysis of reference materials in inter-
national metrological settings. This estimator can been seen to be a version
of the approximate maximum likelihood estimator by Rukhin and Vangel
(1998).

Both of these methods are discussed in Section 2. Some theoretical
properties of these methods are derived in Section 3 for a large number of
centers (laboratories). One of the goals of this work is to caution about the
use of estimators of the between-study variance, and of the mean squared
errors of these two procedures.

The author is grateful to the referee for helpful comments. Thanks are
also due to Stefan Leigh and Mark Vangel for many interesting discussions.

2 Weighted Means Statistics

When the within- trials and between-trials variances o7 and % are known,
the best (in terms of the mean squared error) unbiased estimator of the
treatment effect p in the model (2) is a weighted means statistic

Y wiz (3)
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If Var(z;) = o? + 0%, but the weights w; are arbitrary,
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It makes sense to estimate the within-trials variances o? by the available
estimates s? but the problem of estimating the between- study component
of variance 0% remains.

By employing the idea behind the method of moments, DerSimonian
and Laird (1986) made use of the identity (6) as an estimating equation for
p and 0%, provided that o? are estimated by s?, in the following way. For

weights of the form

1
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determine a non-negative y = ypr, from the formula
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is one of traditional estimators of the common mean originally suggested by
Graybill and Deal (1959). In other terms, the statistic ° and the weights
w; = §; ~2 corresponding to o2 5 = 0, are used to evaluate the sum
iS5 2(x, — £9)2, which is employed to estimate the true 0% via (6).
DerSimonian and Laird, motivated by (4), also gave an approximate
formula for the estimate of the variance of the resulting estimator,

1
>itypr + 812)_1

Var(z) =



In another application of (5), take w; = 1/p, so that £ = Z. The identity
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leads to a classical ANOVA-type estimate of 0%,
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The Mandel-Paule algorithm uses weights of the form (7) as well, but
now y = yyp, which is designed to approximate U%, is found from the
moment-type estimating equation

p .’Ei-i‘z
YD,y (9

The modified Mandel-Paule procedure with y = yarasp is defined as above,
but p — 1 in the right-hand side of (9) is replaced by p, i.e.

/4

ZM = p. (10)
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The DerSimonian-Laird procedure and both Mandel-Paule rules provide
estimates T of the consensus mean y along with the value y which is com-
monly used to estimate 0%. The first estimates are quite satisfactory, but
the latter lack some desirable properties.

Notice that when p = 2, the DerSimonian-Laird estimator coincides with
the Mandel-Paule rule, as, in this case,

YMP = YDL = 3 max [O, (z1 — x2)2 — s% — sg] }

In the general case, both of these rules set y = 0, when
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Actually, the DerSimonian-Laird procedure can be considered as a one-step
version of EM algorithm designed to solve (9). It was shown by Rukhin
and Vangel (1998) that the modified Mandel-Paule is characterized by the
following fact: the maximum likelihood estimator &% of 0]25 coincides with
YMMP, if in the reparametrized version of the likelihood equation the weights



w; admit representation (7). Section 3 of Rukhin, Biggerstaff and Vangel
(2000) gives a bound on the difference between the usual Mandel-Paule
solution and the restricted maximum likelihood estimator.

As a consequence, the corresponding weighted means statistic (3) must
be close to the maximum likelihood estimator, so that both versions of the
modified Mandel-Paule estimator approximate their maximum likelihood
counterparts. Thus, the modified Mandel-Paule estimator can be inter-
preted as a procedure which uses weights of the form 1/(y + s?), instead
of solutions of the likelihood equation that are difficult to find, and still
maintains the same estimate of 0% as the maximum likelihood. A similar
interpretation holds for the original Mandel-Paule rule and the restricted
likelihood function. For this reason both Mandel-Paule rules are quite nat-
ural. It is also suggestive to use the weights (7) with y = yasp determined
from the Mandel-Paule equation (9) as a first approximation when solving
the likelihood equations.

3 Asymptotic Behavior of Weighted Means

In this section we look at the asymptotic behavior of the class of statistics
that includes the modified maximum likelihood procedure and the Mandel-
Paule rule.

This class is composed of general weighted means statistics Z of the form
(3) with w; given by (7). The value of y is determined from an estimating
equation such as (8) or (9). As it happens, under the assumptions detailed
below this value converges with probability one to a constant obtained from
the limiting form of the estimating equations. For this reason we study the
behavior of statistics (3) for a fixed positive y.

To perform an asymptotic comparison of these statistics we assume that
p — oo. In many collaborative studies it is believed that despite unbal-
ancedness, the within-trials variances, o2, can be regarded as realizations of
a random variable, and we will assume that o are i.i.d. replicas of a random
variable with some fixed but otherwise arbitrary distribution function G(-).
Although in practice the elicitation of the form of G from practitioners is
very difficult, this setting is useful since asymptotic variance estimation for
the statistics (3) becomes possible. The asymptotic variance so obtained
agrees with estimates derived by other methods as well as with simulation
results. An alternative condition would be that the o7 can be non-identically
distributed, but such that an analogue of the Lindeberg condition for the
independent random variables z;/(y + s?) is satisfied.



Let the observable i.i.d. random variables z;,s?,i = 1,2,...,p, be re-
alizations of the random vector (X, S?) such that X and S? are condition-
ally (for given o) independent with the conditional distribution of X being
N (p,0% + 0?) for some unknown o%. For simplicity, we take both i and 0%
to be fixed. A similar model has been used by Cox (1975) in the situation
when U% = 0; ours is the simplified version of the setting in Rukhin and
Vangel (1998).

If it is desired to have a fully Bayesian model, 0'% and p can be assumed
to be random variables, in which case the conditional distributions of X
and S? are those for given 0%,02 and p. The conditional distribution of
S? is supposed to be of the form o?W with a random variable W, EW = 1,
having known distribution, say, with density h. In the typical (Gaussian)
case employed in the simulations in Section 4, W has the distribution of
x2/v with v being the typical degrees of freedom (or a mixture of such
distributions); random variables W, o2 are independent.

Thus, E(X|o) = p, and E([X — p]?|o) = 0% + o2, The joint density of
the random vector (X, S) is then

1 (—p? | h(s/o)
75 oo A

The law of large numbers shows that for a fixed y,
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Thus, under our assumptions, Z is a consistent estimator of u, and, according
to the Central Limit Theorem, p~/2 Y w;(z; — p) = p~ /(% — p) X8 w; has

an approximately normal distribution with zero mean and variance F(X —
1)%(y+ S2%)~2. Therefore, p'/%(% — p) is asymptotically normally distributed
with zero mean and the variance
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For moderate p this approximation could be rather poor when ¥ is small. If
the distributions of W and o were given, then the asymptotically optimal




value of y = yopt, can be found as the minimizer of S(y). However, commonly
S(y) is flat around its minimum, and the statistical estimates Z with y = ygp¢
have larger variance than the procedures detailed here. Observe that when
W =1, yopt = 0%, in which case the lower bound in (11) is attained.
When o0? = 03, 5(y) monotonically decreases to the value 0% + 03, so
that in this case 94, = 00, and ¥ is asymptotically optimal. In general, for
Yy — 00,
S’ (y) Var(o?)
2B(c} +0%) "

>0,

so that y,,; < oo.

Also, provided that Eoc~* < oo, §'(0) < 0, unless W = 1. Therefore,
in this setting the Graybill-Deal estimator, for which y = 0, cannot be
optimal for non-degenerate distributions. Since the weights s? do not utilize
observations from other studies, which also provide information on o?
the common parameter u, this estimator has known deficiencies (see for
example, Hinkley, 1979).

via

4 Approximate Variances of the Weighted Means

In this Section we accept S(y)/p as an approximation to the variance of
the weighted means statistics. For these statistics the random y in (7) is
found from estimating equations, and as p — 00, y — yo in probability. For
example, under our assumptions, the solution yyp of (9) for the Mandel-
Paule procedure (or its modified version) converges to yo found from the
equation

X — )2 2 2
( “)2 —pIBY7 (12)
Yo+ S yo + oW
Since, by Jensen’s inequality,
0%+ o? 0% + o? 0% + o2

Y+ W = yo+0EW yo+o2’

the solution yg of (12) is larger than ¢%, unless W = 1. It follows that the
Mandel-Paule estimate yq of 0]25 typically is not consistent in our setting.
An extensive simulation study of various (interval) estimators of 0% was
performed by Wimmer and Witkovsky (2002).

In our model for any fixed y the variance of Z can be estimated by

p K@i—a)? &1 -
6O_p—1;(y+8?)2l;y+é‘?] ' (13)




Indeed, as indicated above, p~* 3%

y+8
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where the factor (p — 1)~! gives a better approximation than the p~! used

by Rukhin and Vangel (1998), as
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Simulations show that pdy, which is a consistent estimator of the variance
given in (11), is somewhat better than traditional estimates

1 Y+ s;

-1

unless 0% (and y) are very small, as then §y underestimates the variance
of Z. Observe that §; cannot always give a good estimate of the variance
of the weighted means statistic with the weights (7), as this would suggest
that the minimal value of the variance be attained at y = 0.

Therefore, if z, denotes the critical point of the standard normal distri-
bution, the interval,

EP (wz—w)

(y+s)
VP El y+s

is an approximate (1 — a)%-confidence interval for the treatment effect x4 on
the basis of the weighted means statistics Z. Notice that this interval does
not depend on the specific form of the distribution of W or o2.

For sufficiently large p it is more reasonable to estimate the variance of
the Mandel-Paule rule £ using 6y = do,mp, With y = yprp determined by

(9), rather than by

T+ Za/Q (14)
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as advocated in Mandel (1991) p 72. Indeed, the limit of pd; is not (11), but

I:Emg} 1, so that this estimator of the limiting variance of the Mandel-
Paule procedure may not even be consistent. Mandel (1991) himself writes:
(ymp + s2)~! “ are actually only sample estimates of the true weights re-
sulting in perhaps considerable uncertainty in” ;.



For large p, 01 underestimates the limiting variance (11) of the Mandel-
Paule rule. To see that, it suffices to establish the inequality

(X—p)? (X—p)?

E(yo+52)'2 1 E Yo+52
2 = 1 - 1 )
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which means that
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This inequality follows from the fact that for any fixed value of o two func-

tions of W, (6%+02)/(yo+0?W) and 1/(yo+0?W), are positively correlated,
so that

2 2
1 1
opto [ - F ] ‘ gl >0.
Yo+ ?W lyo +0?EW  yo+02EW
Thus, the formula (15) tends to underestimate the true value of the variance
when p is large.

A similar situation holds for the DerSimonian-Laird procedure as the
value ypy, from (8) converges to

7o = max

—oh+ 0 __. (16)

Since EW~! > (EW)~! = 1, this y, also overestimates 0%, unless W = 1.
For sufficiently large p, the variance of the DerSimonian-Laird estimator
is better estimated by

/4 ($ o 5,)2 P 1
dops = : , 17
; (ypr + 52)? ; ypr + 57 (17)
than by the commonly used rule,
p 1 -1
d0ips = e
P [; Ypr + 87

mentioned in Section 2.
Notice that for the ANOVA type estimate of 0%, the corresponding value
y converges to

Yo = max [O, E(o® +0%) — EO’2] = 0%,
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so this method leads to a consistent estimator, although its variance is large
unless 0% is quite large.

Theorem 4.1 Under conditions of Section 3 for any weighted means statis-
tic (3), \/p[Z — p] is approzimately normal with zero mean and the variance
given by (11). For the Mandel-Paule procedure the limiting value yo is found
from (12), and this procedure cannot be a consistent estimate of 0%. For
the DerSimonian-Laird rule the value of yy is determined from (16). The
interval (14) is an approzimately (1 — a)%-confidence interval for p, as
the statistic (13) estimates the variance of the limiting distribution of Z,
consistently whereas d1prp for the Mandel-Paule statistic and 61ps for the
DerSimonian-Laird rule are not consistent estimators of this variance.

5 Simulation Results

Some results of a Monte Carlo simulation study with p = 10, 20,30, 0% =
0,1,5, v = 5, and G an inverted gamma-distribution with parameters a = 2,
B =1, are shown in the Tables 1-3. Table 1 provides the mean squared errors
of the corresponding estimators (8), (9) and (10). These mean squared
errors are rescaled by p. Table 2 contains the values of yysp, the Mandel-
Paule choice, of ypyprp, the modified Mandel-Paule rule, and of ypyr, the
DerSimonian-Laird method value. Table 3 reports the coverage probabilities
of the confidence intervals Z 4 21/0p and % & 21/9; for the three estimators
under study.

Note that the original Mandel-Paule rule, whose mean squared error is
almost the same as that of (8), exhibits somewhat better performance than
the modified procedure (10). Also, in these simulations all three estima-
tors above systematically outperform the estimator of the mean based on
ANOVA MINQUE type estimators of o7 and 0% considered in Rao et al
(1981) by about 20%.

Table 2 shows that the values of yp/p, ypramrp and ypr have a tendency
to stabilize for large values of p at a value exceeding 0%. Also in these
simulations the estimators dy are indeed somewhat better than d; for p > 20,
but not for p = 10. The confidence coefficient of the interval (14) for all
three estimators did not fall below 0.88 (for 04 = 0), while the nominal
value was chosen to be about 95%.

The evaluation of the full maximum likelihood estimator and its mean
squared error is much more complicated. Some results concerning this rule
are given in Vangel and Rukhin (1999).
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In conclusion, we stress that the DerSimonian-Laird method is an ex-
cellent alternative to the Mandel-Paule algorithm, and, as such, has a great
potential for interlaboratory studies. However, the corresponding yps or
ypp may not be appropriate estimates of the between-trials variance.

Table 1. Values of the Monte-Carlo mean squared errors
(multiplied by p) when 0% =0,1,5 and p = 10,20, 30

MP MMP DL
p=10,05=0 0.71 0.73 0.69

p=20,05=0 067 0.68 0.65
p=30,045=0 0.69 0.70 0.68
p=10,045=1 1.81 183 1.82
p=20,045=1 179 180 1.79

p=30,05=1 175 175 1.75
p=10,0%5=5 6.07 6.08 6.08
p=20,05=5 584 584 585
p=230,04=5 585 584 589
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Table 2. Values of y for three estimators

YmpP YMMP YDL
p=10,05=0 021 0.17 0.21
p=20,04=0 019 017 0.20
p=30,05=0 018 0.16 0.19
p=10,05=1 110 0.95 1.13
p=20,05=1 111 105 1.17
p=30,04=1 111 106 1.18
p=10,0%5 =5 4.98 447 491
p=20,045=5 509 584 584
p=30,05=5 507 509 5.17

Table 3. Coverage probabilities for the confidence intervals
7 +2v/5 (upper line) and 7 & 21/6; (lower line) for the three
estimators.

omp Ovmmp OprL
p=10,04=0 0.88 0.88 0.88
0.91 0.90 091
p=20,05=0 092 092 092
0.92 0.92 0.93
p=30,05=0 093 092 0.92
0.92 0.91 0.92
p=10,04=1 0.91 091 0.90
0.91 0.89 0.90
p=20,05=1 094 094 093
0.93 0.92 0.93
p=30,05=1 095 094 0.94
0.94 094 0.94
p=10,04=5 0.92 092 091
0.91 0.90 0.90
p=20,04=5 0.94 094 094
0.94 0.93 0.93
p=30,05=5 0.95 095 0.94
0.94 094 0.94
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