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ABSTRACT

The paper discusses the relationship between the gamma-distribution order
statistics, the maximal cell frequency in multinomial trials and the distribu-
tion arising in a commonly used balanced randomization scheme with several
treatments. The latter is used in clinical trials, load balancing in computer
files storage, parapsychological experiments, etc., where a randomization de-
sign starts with the uniform probability assignment of subjects to treatments.
The limiting distributions of the waiting time until a treatment receives the
given number of subjects are described. The relationship to classical occu-
pancy problems, in particular, to the Banach match-box problem and to the
birthday problem is discussed.

1 Introduction

To force balance in an assignment, among K treatments, sequentially arriving
subjects, a common randomization design starts with the uniform probability
of subjects to treatments until one of the treatments receives its quota of m
subjects. It is of interest to evaluate the distribution of the waiting time.
Equal allocation to each of the treatments seems to be fairly standard
practice in comparative studies, especially, in clinical trials. There are many
sequential randomization schemes (Efron’s biased coin design, Wei’s adap-
tive urn design, etc) which are non-balanced, i.e. they do not guarantee the
equal distribution of the subjects per treatment. An excellent survey of these
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designs and their comparative merits in clinical trials is given in Rosenberger
and Lachin (2002). The role of randomization in ESP experiments is dis-
cussed by Diaconis and Graham (1981). Several applications of the related
maximal multinomial frequency are discussed by Levin (1983).

Another application of randomization designs is in storage of computer
files (Avigdor, 1999). In a typical load balancing problem one has a file
system, in which a computer disk is divided into K equal size zones, so that
each zone can hold m fixed size data blocks. A file, which is divided into the
same size blocks, must be stored in a disk which can hold mK blocks. When
a file is written to the disk, each block is mapped into a disk zone via a hash
function, so that after this mapping the blocks are randomly distributed into
the disk zones. After a block has been mapped into a zone which already
holds m — 1 other blocks, the disk is considered full. The utility of the disk
for given m and K is the number of blocks which have been placed in all disk
zones when a zone starts overflowing.

Clearly this characteristic coincides with the instant 7, at which for the
first time a treatment receives the prescribed number of subjects. Section
2 reviews the form of its limiting (non-normal) distribution under different
assumptions. In Section 3 some of these results are extended to a more gen-
eral allocation scheme where different treatment may have different quotas.
Section 4 discusses the relationship to classical random variables involving
the number of remaining matches in the Banach match-box problem and
explores a continuous time setting. A summary of formulas for the average
utility is given in Section 5. All proofs are collected in the Appendix.

2 Probability generating function for the wait-
ing time 7

Let My, M, ... be K-nomial random vectors representing the allocation of
subjects to K treatments, so that M;(¢) = 1, if at stage 4,7 = 1,2,... the
subject is assigned to treatment ¢, = 1,..., K, and M;(¢) = 0, otherwise.
For given K and m, denote by 7 = 7(K, m) the waiting time

T = min {n:m?XiMi(ﬁ) Zm}. (1)

The probability distribution of random variable 7 has a rather compli-
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cated form; the probability generating function of this random variable given
in Theorem 1 is more tractable relating the behavior of 7 to that of the
minimum of a gamma-distributed random sample.
Let G1) < G(g) < -+ < G(k) denote the order statistics of a random
sample of size K from the gamma-distribution, I'(m, 1), with the density
_ ; m—1_—u 0
fm(u)—r(m)u e, u>0.
The distribution of these order statistics has been studied in detail by Gupta
(1960).
THEOREM 1. For any positive z

EZ*T — EeK(lfz)G(l) .

Theorem 1 is known even in more general settings like Proposition 1
below. See Anderson, Sobel, Uppuluri (1982) and Holst (1986). It can be
used to derive the moments of 7 as, for example, ET = KEG|y).

THEOREM 2. For m — oo, the distribution of m~'/2(Km — ) converges
weakly to that of K(Zx — Zy). Here Zyy < Zg) < -++ < Zk) denote the
order statistics of a standard normal random sample, 71, ..., Zg, of size K,

The distribution of 7 is also related to that of the maximal coordinate
Nmaz (1) of a multinomial vector with K classes in n independent trials under
equal probabilities 1/K. Indeed,

P (1 >n) =P (Nmaz(n) < m).

The generating function for probabilities P (7,42 (n) < m) is given in Riordan
(1958), ex 6, Chapter 5. For a fixed m,

; (tﬁ)np(nm(n) <m) = (1 b4t %)

= Z (ti)nP(T >n).

This function is also employed by David and Barton (1962) in Chapter 6 to
derive the combinatorial extreme value distribution of 7,4, (n) when K — oo.
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These authors used the Poisson approximation to the distribution of the num-
ber of treatments W which receive at least m subjects in n trials. Barbour,
Holst and Janson (1992), Corollary 6.3.1, p 117, obtained an upper bound on
the variation distance between the distribution of W and the approximating
Poisson distribution. For this purpose W was represented as the sum of K
dependent Bernoulli random variables with the parameter

=2 () e

t=m

so that P (Nmez(n) < n) = P(W =0) = exp{—Kn}.
Theorem 2 implies that for fixed K and z

lim P <M < x) = lim P (nmm(n) —n/K < x)
m—00 K\/T_r), n—00 TL/K

ZP(Z(K)—ZK<$). (2)

This approximation has been suggested by Johnson and Young (1960). The
distribution of the extreme deviation Z(x) — Zx has been used for outliers
detection (Gumbel, 1958, Section 4.2.4). This result allows, for example, to
find for fixed K and o,0 < « < 1, the critical value g,, a percentile of the
distribution of Zx) — Zk, such that for large m, P(1 > mK — ¢, K\/m) =
a. For a fixed K, with z, denoting the critical point of standard normal
distribution, g, ~ z,/x /(K — 1)/ K. Notice that according to the inequality
in Mallows (1968),

s [E(0) 5

i=0
so that by (2) with m =n/K + xy/n/K

P(Zge— Zx <z) <X [ —2 ],

( (K) K )— (m)

This gives an accurate approximation for the distribution function of the
extreme deviation for large x, although for large K, (2) is not a good ap-
proximation for the distribution of 7.



In the computer storage applications K may be a large number, and the

formula, EZ k) = v/2log K — loglog K/(21/2log K) + O(1/y/log K), can be

used in the first approximation to the average relative utility,

ET 1 [2log K loglog K 0 1
Km m +2\/2mlogK+ (\/mlogK)'
It is worth noting that a fundamental study of the moments, £'Z k), has been
performed by Bose and Gupta (1959). This study became a standard part of
many textbooks on order statistics (see for example, Arnold, Balakrishnan
and Nagaraja, 1993).
To investigate the situation when K tends to infinity, let us look first

at the case of fixed m. The classical method of limit theorems for order
statistics shows that as K — oo,

P (G(l) > x(m!/K)l/m) —~e "

i.e. Gy asymptotically has a Weibull distribution. Lemma 1 in Appendix
implies that the limiting distribution of 7/K is the same,

P(r>z(m)/mKm) o e, (3)

The referee has noticed that this formula also can be obtained from Levin’s
(1981) representation of the multinomial cumulative distribution function
which provides an efficient method to evaluate the probabilities P (944(1) < m).

As was mentioned, the distribution of the number W of treatments which
receive at least m subjects admits the Poisson approximation, and this num-
ber appears in the version of the birthday problem where K denotes the
number of days in a year and m-way coincidences are of interest. See Exam-
ple 2 in Arratia, Goldstein and Gordon (1989), where W is represented as
the sum of (::L) Bernoulli random variables taking value 1 with probability
1/K™1. This representation for m > 2 gives with A = () K~

1
- _
|P(r>n)—e |—O<7n1/(m_1)).

When m = 2,
- 16A(1 —e™?)

P(r>n)—e?
|P(T>n)—e " -
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and this is an order sharp bound. Application of these inequalities to (3)
shows that

m —1/m —z™ 1
P (7 > z(m)/mKITYm) —e \:O(W)

Similar bounds in Section 6.2 in Barbour, Holst and Janson (1992) are sharp
only when m is fixed.

To investigate further the situation when K is large, denote by o = aky,
the solution of the equation

I e of 1
— [ umTle Tt du=e) —=—. 4
F(m)/ou c au=e kzk! K (4)

=m

In other terms « is the percentile of order K—! of the gamma-distribution,
['(m,1), or m is the percentile of the same order of the Poisson distribution
with parameter a.

We also put

K
ﬁKm = Kfm(aKm) = ma’f}(l;zle—amn‘ (5)

The asymptotic behavior of 7 is determined by that of m/log K. The fol-
lowing result, which is based on the asymptotic analysis of sequences ag,
and Bk, deals with the situation when m/log K — oc.

THEOREM 3. If for K, m — o0, & — 00, then for all real x

2log K — loglog K 1 .
P(l>mw( o8 08 08 )+ m <§10g47r+3:))—>e_e.

K 2m 2log K
Here w = w(u),u > 0, denotes the solution of the equation
w—logw—1=u,
which is smaller than 1,

w(u) =1 —V2u+ O(u).



Under conditions of Theorem 4, ak,,/m — 1 and ak,,/log K — oco. If
in addition to these conditions m/(log K)® — oo, then

Jm(loglog K + log 47 + 2 .
lim P(l>m— omlog K + Yloglog K + logdm + x)): —er
Km—oo \K 2v/2log K
as

1 loglog K 2 loglog K 1
— llogK — —— ) | -1 —llogKk ————— ) =0| — ] .
v (m (og 2 )) +\/m <0g 2 ? vmlog K

The remaining results of this Section pertain to the situation when m/ log K
is bounded.
THEOREM 4. Let K, m — 00, so that for 7,0 < v < 1, and a positive A,
K = X1 —vy)mle?™(ym) ™1 + o(1)].

Then
lim P (7 >ymK)=e"
K,m—o0

Also for £ =1,2,...
P(r(K,m+k)>ymK) = e ",

Under conditions of Theorem 4,

_— log K — 0.5loglog K + log A(1 — v)V/2m

1
v—logy—1 +olb)
m 1
so that oeR 7 7 Tog 1 0 and
E 1 1
—TZ’)/— yoosm +0(—).
Km 2m(y —logy — 1)

The last result extends (3).
THEOREM 5. Assume that for K, m — oo, bg% — 0. Then for a positive
A,
P(r> Kl_l/m()\m!)l/m) — e
and
P (r(K,m+1) > K~/ (Om)/™) — 1.

Under conditions of Theorem 5, E7 = K'~Y/™(m!)Y™[1 + O(K~1)].
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3 Different Treatment Quotas

Here My, Ms, ... still are independent multinomial vectors with the uniform
distribution, and p, ..., px are positive probabilities. In a more general allo-
cation scheme, k-th treatment has to obtain npy subjects, (i.e. n(p1,...,pK)
is the composition vector in terminology of Diaconis and Graham, 1981). Let

>0}

be the analogue of the waiting time 7 in (1). To elucidate the asymptotic
behavior of 7, assume that for some 7,1 <r < K,

J
7 = min {_] : max L_Zl M;(£) — np,

0<p=---=p, <minp;. (6)
>T

THEOREM 6. Under condition (6) for n — oo,

Knp, — 7 r\ _
Pl —< PlZ,y— |1 1-—12, < )
(o <2) =7 (2= (1= ) <o)

Now Zny < Zg) < -+- < Z) are the orde_r statistics of a standard normal
random sample, Z;,...,Z,, of size r, and Z, = (Z, + -- -+ Z,)/r.
When r =1, i.e. the minimal allocation proportion is unique,

Knp, — 7
P LT <p) = o).
where ® denotes the distribution function of standard normal distribution.
Thus, for unequal proportions of subjects per treatment, the limiting
distribution of 7 can be different from that of 7 in Theorem 2. The proof of

Theorem 6 is based on the following extension of Theorem 1.
ProOPOSITION 1. For any positive z

EZ—’f' — EeK(l—Z)G(l) .

Here G(1) denotes the minimum of K independent random variables
G, ...,Gk with gamma-distributions, G; ~ T'(np;,1). The density of G
has the form

K
unpj—le—u [e ] tnpg—le—t
fe ) = - ST [ gy
u

£ L(npe)



4 Classical Occupancy Problems and Contin-
uous Time Setting

When K = 2, the quota fulfillment instant 7 has the probability distribution

— 1
P(r=m+zx)= ( m+; L ) P
This formula has been derived first by Blackwell and Hodges (1957) who
recognized it as the probability of m — 1 successes in m + x — 1 symmet-
ric Bernoulli trials. The random variable 7 appears in the classical Banach
match-box problem (Feller, 1968, p 166) in which the original number of
matches in each box is m. Indeed, 7 = 2m — B, if B denotes the random
number of matches remaining in one match box at the instant when an-
other box is emptied. As a matter of fact, the relationship of the Banach
match-box problem and the inverse sampling procedure discussed here is well
known (Cacoullos and Sobel, 1966). An extension of this distribution for un-
equal probabilities of choosing the match-boxes is given by Uppuluri and Blot
(1970). The probability generating function in Theorem 1 can be interpreted
as that in the version of the match-box problem with K match-boxes each
containing m matches. Note that

1

ET =2m —
Team 22m=2B(m, m)

with B(m,n) denoting the beta-function.

The exact distribution of 7 is also known when m = 2. Then the probabil-
ity of the event, 7 > n, can be interpreted as the probability of no coincident
birthdays in a year, which has K days, for a group of n people (Blom, Holst
and Sandell, 1994, Sec 9.1). Thus,

KK —1)--- (K —n+1)

P -
(T>n) Kn ’
and «
K!
br= ; (K —n)lK™

Assume now that the subjects arrive according to a stationary Poisson
process II with intensity AK, and each of them is assigned at random to
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one of K treatments. A similar model has been suggested by Holst (1989)
who studied the match-box problem when the demand for the matches is
described by a Poisson process. With I1y(¢) denoting the number of subjects
allocated to the treatment ¢ by time ¢,

() =i () + - + k()
with independent Poisson processes I1,(t),£ =1,..., K. Let
T, = min {t : m?XHg(t) > m}

be the continuous time analogue of 7.
Then

P(r. > t) = P(maxIL(t) < m) = [P(IL(t) < m)|

_ [’”Z “lj!)’“r e [ a]

The Central Limit Theorem implies that

P (m\;%“ < x) o),

i.e. in this situation (m — A7.)/v/m — Zx). A slightly more general result
holds.
THEOREM 7. Assume that the arrival process can be represented as

R(t) = Ri(t) +- -+ Rk(t) (7)

with independent renewal processes Ry, Ry(t) = sup{n : V& + . 4+ V¥ <
t},k=1,..., K, determined by a sequence of iid random variables Vl(k), Vz(k), ces
with the mean ; and variance 0. Then for

T, = min {t : m?XRg(t) > m}a

one has




o
©
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Figure 1: Plot of the average relative utility for K =2 :14,m = 2 : 14.

5 Conclusions

Table 1 summarizes the approximate formulas for the average relative utility
E7/(Km), and Figure 1 displays the plot of this characteristic. It is evident
that to design an efficient randomization scheme for load balancing, it is not
enough merely to increase the number K of zones (treatments). To attain
larger values of the average relative utility, it is much more important to
increase the capacity of each zone m.

Notice that exact formulas for E7 exist when K = 2 or when m = 2 (see
Section 4).
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Table 1: Approximate formulas for the average relative utility

m fixed m — 00
K fixed 250 -2

—

1— 2log K if log K -0
\/ m m

K—-o00 T (1 + %) mi1/m y — 2ogm if 8K _, 4

mK1/m 2ma m
1/m .
(loiK) if log K - 00
m

Here a = v —1—logvy > 0.

6 Appendix

6.1 Theorems 1-2

The statement of Theorem 1 follows from that of Proposition 1, and Theorem
2 is a corollary of Theorem 6.

6.2 Theorem 3

LEMMA 1. Assume that K — oo, so that 3%, /K — 0. Then
Brm|[T/K — agm| converges in distribution if and only if Sxm[G) — axm]
converges to the same distribution.

Indeed, by Theorem 1

Bfrmlr/Earml — p Prmarn Bexp{K (1 — 2 P /K)G )}

2
= gy Prmekmp exp{Bxm log z G(l)} [1 +0 <ﬁ1(7m)]

2

— gy Brmoxm B, BrkmGa) |:1 +0 (BIK(:m>:| n
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Lemma 1 with B, = (m!)~Y/™K'™ implies (3).
PROOF OF THEOREM 3. With ag,, and Bk, defined by (4) and (5)
when m, K — oo, so that m/log K — oo,
K’EEOOP (BKm [G(l) — amK] > a:) =e “.

The proof of this convergence is based on the classical methods of limit
theorems for order statistics. Indeed,

1 K
P(G(l) > Oth) = (1 — E) — 6_1,

and for real z

Thus,

PG, < 1
log P(G(1) > Qe + %/ Brem) = — (G < axm + 2/Bxm) ( )

P(G1 S Ome) ?

= —KP(G, < agm +2/Brm) + O (%)

provided that the ratio of the probabilities in the right-hand side is bounded.
It follows that

lim log(—log P(Gay > axm + 2/Bxm))

K,m—o0

= lim log(KP(Gi < akm+ z/Brm))-

K,m—o0

By the definition of Bxm,, With Gxm, |@xm — @xm| < |z|/Brm,

log (KP (G1 < agm + i)) P .5 [fr(@xm) = K fr(Gkm)]

ﬁKm 25Km
2 -1 log K
:xﬁ_[”j —1—5Km]+0<0g )
2 | Ogm m
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The following analysis shows that the second term has the order y/log K/m =
o(1), so that P (G(l) < agm + x/BKm) — e %, i.e. the asymptotic distribu-
tion for G(1y is —As. This result along with the asymptotic distribution for
the maximum G k) was obtained by Ivchenko (1973).

To obtain the needed asymptotic expansions of a ., and By, in (4) and
(5), notice that the first expansion means inversion of the incomplete gamma-
function, an extensively studied problem. See for example Temme (1992).
Introduce an intermediate variable 7y as the solution of the equation

1
(I)(TIOVm) =1- E:
so that
1 loglog K + log 4w loglog K
=— |—v2IlogK + —— -
= "m [ o8 2y21log K log K3/?

Then the percentile ak,, can be found by solving the equation

2
OKm OKm 1 (3
T (e
e () <3 (v 23%)

with coefficients € explicitly given on pp 758-759 of Temme (1992). Thus,

OKm
m
W logK—O.5loglogK> log 47 +0< 1 )
B m 2¢/2mlog K vVmlogK )

These results imply that ag,/m — 1, and

2log K
ﬂKm: 8

1+ o(1)].

The proof of Theorem 3 is concluded now by application of Lemma 1 accord-
ing to which
lim P (Bgm|[7/K — agm] >7) =€ ¢.

K,m—oo
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6.3 Theorems 4 and 5

These theorems can be derived from Theorems 1 and 2 in Section 6, Chapter
2 of Kolchin, Sevast’yanov and Chistyakov (1978).

When logTK — v —1—1logvy > 0, all conditions of Theorem 2 Section
6, Chapter 2 of Kolchin, Sevast’yanov and Chistyakov (1978) are met with
a="ym,n=akK =vyKm. As a/log K — 7v/(y — logy — 1), this theorem
implies that

P (Nmaz(n) <m +k) = exp{-Av"}.

Similarly, the conditions of Theorem 1 are satisfied when m/log K — oo, in
which case o = K'=Y/™(Am!)l/m.

6.4 Theorem 6
According to Proposition 1

Es(nEp1—7)/(K\/np1)

K
1 ° _ o _ /(K /mpT ° v"p‘_le_”
— vy / 23 1 (13 )H[/ | d
s e "u e v| du.
(8)
Make a transformation of variables in the integral in the right-hand side,
u = np; + /np;y. Then

Ku(1l — s/EVm)Y = _p. /apr log s — yy/pj/p1 log s

) 2 2 2 B
2Kp1(logs) + (y* + 1)(log s)°O (n1/2>'

The Central Limit Theorem for exponentially distributed random variables
shows that

/oo Unpz—le—v do o P (Z S n(pj — pg) -+ unpjy)

npy

Pj++/MP;Y F(npé)

which tends to zero if p; > py, tends to 1 if p; < p,, and its limit is 1 — ®(y)
if p; = pg. According to the local limit theorem for exponential random

variables
/7D —
exp{—(np; + \/npjy)}mpg(npj + /mpyy) i
J
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— \/%_Weym [1 + (y* — 3y)O (#)] :

Thus, all terms in the sum in (8) for j > r tend to zero, and combination of
the formulas above gives

Te—(log 5)2/(2K) 00
\V2m —0

— ¢ (1089)%/(2K) po—Za) — o (1089)*/(2K) o Z(r)

5K )/ AmT) sVe V1= dy

To recognize this integral as the probability generating function of
Ly — (1 + 41— T/K) Z,, notice that by independence of Z, and L) — Z,,

ESZ(r) — Es(Z(T)_ZT)+Z7‘ — ES(Z(T)_ZT)ESZT — ES(Z(,)—ZT)e(logs)Q/(Qr)'
Therefore,

2 _
¢~0892/(28) 70y — o L1988 [1 1T p7-2)
2 r K

— Es,/(K—r)/KZTES(Z(T)—Z,) — B2~/ (K=1)/K)Z;

6.5 Theorem 7

As in the Poisson process case, with t = mu — v\/mo,
P(r.>t) = P(maxR(t) <m) = [P(IL(t) < m)]~

K
= [P(Vl(k) +vP . rve s t)]

K

Vl(k) + VQ(k) .+ Vrglk) —mi

P > —v .
\/mo

The Central Limit Theorem shows that

P (m\’;r_;;c < v) — [@)]F.
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