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ABSTRACT

A formula for the covariance of duration times between successive occurrences
of two different outcomes in multinomial trials is derived. Its relationship
to the Banach match-box problem and restricted randomization designs is
mentioned.
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1 The main result

Consider the classical setting of independent multinomial trials with possible
outcomes 1, ..., K, whose probabilities are py,...,pg. Denote by X J(-k) the
number of the trial resulting in the j-th occurrence of the outcome k. For
example, Xl(k) the trial at which the outcome k, k =1,..., K, occurs for the
first time, and XQ(k) > Xl(k), is the trial corresponding to the second occur-

rence of this outcome. Clearly, X J(k) has the negative binomial distribution

on positive integers 1,2, ... with parameters j and pi. It is well known that
r—1
(k) _ (k)
X =3 0,
§=0

where U;k) are independent random variables with the geometric, parameter
Pg, distribution. The positive random variable Ui(k) = XZ-(f)l—Xi(k),i =1,2,...
has the meaning of the duration time between two successive occurrences (i
and i + 1) of the outcome £; Uék) = Xl(k) is the number of the first trial
resulting in the outcome k.

Unless K is large, these classical random variables are highly dependent.
However, the author was unable to find in the literature the expression for
their covariances, and the goal of this note is to establish the following beau-
tiful formulas.

PROPOSITION For k £ /4,4, =1,2,...,

Cov (x¥, xP0)=- ¥ ( men ) PiPi (1)

m m+n+1"
0<m<i, 0<n<j (Pk + pe)

Also
(2)

Cov(U®, U]@)) = - < vt ) Pibs

it ) (pe+pe) it

The most striking form of (2) happens when K = 2 and p; + p; = 1.
According to (2), Cov(Ui(l), ;2
1 successes in ¢ + j trials,

)) is merely negative binomial probability of

i .
COV(Ui(l),U]@) = — ( ! ; J >p1(1 -p).
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An alternative expression for (1) (which can be used to prove Proposition
1) is
Cov (X, x{")
A A
1 plpi!
=——[ipl_n_(i,7) + jpel_s_(j,)] + N/ B
Pk [pe sy ) ¥ Il () (Px + pe) 71 B(1, )
Here I,(i, j) denotes the incomplete beta-function.
According to (2), the correlation coefficient of duration times between
successive occurrences of outcomes £ and ¢ has the form

o irl G+l
corr(U.(k), U(e)) = — ( ! -‘._] > pk“pf .
L (P + pe)Hi+1\/(1 — pi) (1 — pe)

When py, = 1/K, the formula (3) shows that

¢ 2m 1
Cov (X,,(.f), ,,(n)) = -mK |:]_ — ( m 22—m 5

so that as m — oo

(3)

corr (lef), Xff)) ~ —ﬁ. (4)

2 Relationship to Classical Probability and
An Application

The interest in the covariance of duration periods between successive occur-
rences of two different outcomes in multinomial trials arises in the study of
the restricted randomization designs for clinical trials involving several treat-
ments. A survey of these designs and their comparative merits is given in
Rosenberger and Lachin (2002). According to a classical truncated multi-
nomial design, the allocation process starts with the uniform distribution,
until a treatment receives the prescribed number m of patients, after which
this uniform distribution switches to the remaining treatments, and so on. If
K denotes the number of treatments, then for independent K-nomial trials
with uniform probabilities,



is the random moment at which the first treatment receives the given number
m of patients.

Clearly, the distribution of 7 is related to that of the maximal coordinate
of a multinomial vector as

P (1 > x) = P( after x trials frequencies of all outcomes < m).

Levin (1981) had suggested an efficient algorithm for the numerical evaluation
of these probabilities. The generating function for this distribution can be
found in Riordan (1958), ex 6. Ch 5. It is also used by David and Barton
(1962) in Ch 6 to derive the combinatorial extreme value distribution of
the largest cell frequency. Our proof of Proposition is also based on the
probability generating function in Lemmas 2 and 3.
When K = 2, the stopping rule 7 has the probability distribution

m+z—1 ) 1

T W, x=0,1,...,m—1,

P(r=m+z)= (
derived first by Blackwell and Hodges (1957). This is merely the probability
of m — 1 successes in m + z — 1 symmetric Bernoulli trials.

The random variable 7 is closely related to the classical Banach match-
box problem as described in Feller, 1968, p 166, or in Blom, Holst, and
Sandell (1994), pp 9-11 and p 125. Let B denote the random variable equal
to the number of matches remaining in one match box when another box is
emptied. Then 7 = 2m — B, given that the original number of matches in
each box is m. An extension of this distribution for unequal probabilities of
choosing the boxes is given by Uppuluri and Blot (1970).

According to (4) for K = 2, the correlation coefficient between x4

and Xg), tends to —1 as m — oo. As the limiting joint distribution of

(Xr(,i), X},?) is normal, it must be concentrated on the line z; = —z,. Thus,
(1 —2m)/(2m)*/? = (min(XT(,P,Xff)) - 2m> /(2m)*/? is seen to be asymp-
totically distributed as min(Z, —Z) = —|Z| with Z denoting the standard

normal random variable.

This result was originally proven by Blackwell and Hodges (1957). Holst
(1989) studied the match-box problem in the case when the demand for the
matches is described by a Poisson process. He has shown that even in this
general case, for m — oo the distribution of (2m — 7)/(2m)'/? converges
weakly to that of |Z]. Note that in the continuous time case the analogs of
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the variables X ](-k) are independent as they correspond to independent Poisson
processes describing demands for matches in each pocket.

3 Proofs

LEMMA 1. For k #/ and i < z < y,
_ (k) _ © _ .\ _ r—1
pwy_P(Xi =1z, X; —y)—z<i_1 ” y3>

y—xz—1 itp1, g v3tu
1—mp, — 3ths 5
< 0 i s )pk (1 — pr — pe) (5)

where the summation is taken with regard to indices vy, v3, pi1, tig, i3 such
that vo + o =73 — 1, vy+vs=x—t,and py + o+ s =y —x — 1.

Proof Introduce new trinomial trials where the first outcome corresponds
to the outcome £ in the original trials, the second outcome is the outcome
£ in the original trials, and the remaining outcome is the union of all other
outcomes in the original trials.

The event defining the probability p,, can be described in the following
way. In the trinomial trials, the trial x results in the first outcome, and the
trial y results in the second outcome. In the first £ — 1 trinomial trials, the
first outcome occurs exactly 7 — 1 times, the second outcome occurs, say, v
times, so that the last, third outcome happens 3 = x —7— vy times. Between
trials x and y, these outcomes occur pq, us and p3 times respectively, while
the total number of the second outcome is j.

Our event is the disjoint union of events corresponding to these indices.
The multinomial probabilities of these events give (5). H

A similar formula for the probabilities p,, holds when j <y < z.

LeEMMA 2. With p,, denoting the probabilities in (5), one has for any
positive z and v,

Z y Zimgv(_yv__x_— - zkffq(lj'—(;? 1_)! exp{—2zpr + (z+v)(1 —py)}. (6)

<y

Proof According to Lemma 1, the sum in the left-hand side of (6) can be
written as
ZU2+U3UM1+M2+MS

Z (7, - 1)!V2!1/3!/1,1!/,LQ!/1,3!

P (1 — pp — pe)"a e,
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where the summation is taken over vy + puy = j — 1.

By summing first over vy and o, and then over vs, uy, 3, one obtains
(6). B

LEMMA 3. For any positive u and s,

v Py
2Pt = )

<y

// exp —z[i—l—i-pk]—w[é—l-l—pg]}ile_ldzdw. (7)
0<z<w<oo

Proof Multiplying (6) by 2"~ exp{—z/t — v/s} and integrating over pos-
itive z,v, one obtains after transformation of variables, w = z 4+ v,

p 1y T — p}cpé
S p. _
< (i =D —1)!

// exp { —z(1/t—1/s+pp) —w(l/s—1 —l—pg)}zi_le_l dz dw.
0<z<w<o0
Putting ¢ = us, gives (7). B

Proof of Proposition Differentiate (7) with respect to u and s, and put

u=3s=1to get
> wypay
<y

pip} -1
= — app — —1
) //0<z<w<oo exp { 2Pk wpg} 2w ™ (w ) dz dw.

By combining this formula with the one corresponding to y < z, one

obtains "
Ex®x(0 — Pl
L =G -

X[// ziwj_l(w—l)exp{ —zpk—wpg} dz dw
0<z<w<oo

+ / /0<Z<w<oo iji_l(w —1)exp { — Zpp — wpk} dz dw].




Repeated application of the well known formula

j [e§] ) Jj-1 k
af)'/ efaww]fl dw = e % Z (CLZ) . a>0,
~Jz

k=0

G -1 k!
leads to the identity
Ex®x©O _ Y 3 ( m+n ) pr ot
Y pepe m (px + pe)mtntt’?

0<m<i, 0<n<j

which is equivalent to (1). Formula (2) easily follows from the definition of
v m
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