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ABSTRACT

This note examines certain properties of the truncated binomial randomization scheme
for clinical trials. In particular, we derive the degree to which the scheme is susceptible
to accidental bias and discuss the large sample properties of standard nonparametric

permutation tests under a randomization model.
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1. INTRODUCTION

In forcing balance in a clinical trial of n = 2m patients and two treatments (A and

B), two randomization schemes arise naturally. The first is the random allocation rule,

2m
which randomly selects one of the permutations of exactly m As and m Bs.

m
The other is the truncated binomial design (Blackwell and Hodges, 1957), which flips

a fair coin (A if heads, B if tails) until either m As are assigned or m Bs are assigned,
and then fills out the sequence (deterministically) with all remaining patients on the
appropriate treatment. The degree to which the two designs are susceptible to selection
bias has been well-studied (e.g., Blackwell and Hodges, 1957; Stigler, 1969; Wei, 1978).
In this paper, we explore other properties of the truncated binomial design.

Equal allocation to both treatments has become fairly standard practice in clinical
trials today. Even if the trial is not designed for exactly n (known in advance) patients,
randomization is often blocked or stratified with known block or strata sizes. Unfor-
tunately, most medical journals and protocols often use imprecise statements, such as
“a randomization sequence was generated”. Then it is largely impossible to determine
exactly what randomization scheme was used used in the clinical trial. But it can be
assumed that, at least within blocks in blocked randomization, if not in general, either
the random allocation rule or the truncated binomial design would be used to ensure
equal sample sizes within blocks. In fact, a programmer with the task of randomly
generating a sequence of 50 As and 50 Bs will likely use a truncated binomial design.
The nonchalance with which the act of randomization is often treated in clinical trials
is deeply disturbing to those who understand the possibilities for subtle biases, such as
selection bias and accidental bias, and also to those who promote randomization as a
basis for inference.

In this paper, we explore the truncated binomial design further. In Section 2,
we describe distributional properties of this design. In Section 3 its accidental bias
is determined. In Section 4, we derive the asymptotic distribution of the standard

permutation test from a randomization-based analysis.



2. THE TRUNCATED BINOMIAL DESIGN

Let Xy, X, ... represent independent Bernoulli random variables with probability
1/2 of assignment to treatment A and probability 1/2 of assignment to treatment B.
For a given number n = 2m of trials, denote by 7 the stopping rule of the form

J J
T:min{j:ZXkZm or Z(l—Xk)Zm}. (1)
k=1 k=1

Note that

T = min [y, 7]
with _
j
T1 :min{j : ZXk > m},
k=1

J

T = min {j : Z(l - Xi) > m}.

k=1
Clearly both 71 and 75 have a negative binomial distribution with the parameter m.

The probability distribution of the random variable 7 has the form

m+x—1 1

PT(T:m+$): W, X

=0,1,...,m—1, (2)
X

(Blackwell and Hodges, 1957). The moment generating function of 7, for example, can
be obtained from Proposition 2.1.1 of Uppuluri and Blot (1970). With I,(k, ¢) denoting

the incomplete beta-function, one has for s < log?2

Be’™ =2 ( ¢ )m (1= Lo jo(m, m)] . (3)

2—ef
The following lemma, whose proof easily follows from (3) and Stirling formula, gives

the asymptotic distribution of 7.

LEMMA 1. For m — oo, 7/n — 1 in probability, and the distribution of (7 —
2m)/(2m)'/? converges weakly to that of —|Z| with Z denoting the standard normal

random variable. With the standard normal density ¢,

Pr(r=m+z)~ \/;_mgo (”\Z;_H;C)
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Lemma 1 also can be derived from the fact that both 74 and 7 are asymptoti-
cally normal and corr(m,7) — —1, so that the limiting normal joint distribution of

(11 = 2m)/(2m)*/2, (15 — 2m)/(2m)"/?) is concentrated on the line z; = —z,.
3. ACCIDENTAL BIAS

Using the notation of Section 1, define for i =1,...,n

T, = 2X;,—1,ifi <
= -1, ifr=my;

= 1, ifT=7’2.

Let T = (T3, ..., T,,)" Then E(T) = 0, and denote Var(T) = X.

Efron (1971) introduced the concept of accidental bias which is a measure of the
expected bias of the treatment effect from a standard linear model when important
covariates are ignored. Let e = (1,...,1)T, and let z be a vector of (deterministic)
covariates left out of the model such that z'e = 0, 272 = 1. The degree to which one
is subject to accidental bias is given by the term F(27T)? = 275z.

In order to find a randomization scheme which would minimize the accidental bias,
Efron proposed a minimax strategy. Since 2’ ¥z cannot exceed the maximum eigen-
value of 3, he suggested that the maximum eigenvalue A\, be examined to determine
the degree of susceptibility to accidental bias. Smith (1984) argued that this minimax

solution may not be satisfactory, and suggested using

T
2t Yz

AB = max -
z:zTe=0 2" 2

To investigate the accidental bias for the truncated binomial design, we derive first

the form of the covariance matrix .
LEMMA 2. For i < j, cov(T;, T;) = Pr(r < i).

PROOF. It is more convenient to work with ¥; = (T; + 1)/2 as these variables take

values 0 and 1 only. Condition first on 7 = 1. For i < 7,

E (v,

r=n)=PrYi= 1Y, =1/ =n) = 1/4Ps(r > jir = 7).
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Similarly, given that 7 = 75, we obtain

Unconditioning, we see that

f 7'=7'2) =1/4Pr(1 > jlr =1)+1/2Pr(i < 7 < j|T = 1) + Pr(7 < i|T = 7).

E(Y}Y;) = 1/4Pr(r > j)+1/4Pr(i <7< j)+1/2Pr(r <13)
= 1/441/4Pr(1 < i).

Consequently,
cov(T;, T;) = Pr(r < 4). O

Let, for k =1,...,m,py = Pr(t = m+k—1), as given by (2), and H(k) = Zlepg.
As cov(T;,T;) = 0 if ¢ < 'm, the matrix ¥ has the block structure

I 0
0 C

where C' is an m x m matrix with elements (1 — ;) H (i A j) + d;;.

LEMMA 3. We have the following results:

“ 1
2
;pi V2rm’
zpz L~ Hi)l = ¢

and

2—12
o

,1/221_[ V1—H ]_)2/()°°[2(I)(u)_1][1_¢>(u)]du:

PRrOOF. The local limit theorem for the probabilities (2) in Lemma 1 shows that for

0<z<m,

2 (m—x)
Pz \/ngo V2am '
Also

2 —u?
E D ~ e du= .
— T™/2m Jo V2mm

(3



As for u > 0, H(m — v2mu) — 2 [ ¢(t) dt,

i_ilpiH(i)[l _H()] > /Ooo (1) (/too (1) du) (/Otgp(v) dv) dt = é

A similar argument proves the last formula of Lemma 3. [

It is clear that AB cannot exceed the largest eigenvalue A, of matrix C'. We show

now that both A\, and AB are of order m!/2.

PROPOSITION 1. Both Ap.. and AB are of order m'/2.

ProOOF. Let p = (p1 —m~ L, ..., pm — m™1)T. Then the vector z = p p? —m~!
7

has unit norm, ze” = 0, and by Lemma 3

imlpi —m H@[ - H@] | v2mm

2
T
2Cz=1+
Z;’ilpf—m_l 3

Therefore, for sufficiently large m

V2mm

The fact that

can be derived from the Cholesky decomposition, C = RT R with the upper diagonal

matrix R,
rr ™m - N
0 Tog =-- T2
R =
0 0 - Tom

Here 1y = 1,1y = /p1 = 2= D2 po i =2 ... omand r,i = 2,...,m — 1 are

determined from recursive relations

and



In particular,
m—1
Z 7“]2- + rfnm =1.
j=1

With ||C||; denoting the maximum column sum matrix norm, one has

m—1

Amax < [Clly < |RT[LIIRIL = (1+ (m = D)p1) (Y 75 + Toum)

=1

s 2 m—1
< vVm(l+ (m—1)py) (Z 7“]2- + T?nm) =m (1 + 1 ) )

and the conclusion of Proposition 1 follows. [J

We can conclude that the truncated binomial design can be susceptible to a high
degree of accidental bias. In contrast, the maximal eigenvalue for the random allocation

rule is
1

)\mx:]- —
2 +n—1

which tends to one.
4. AsYyMPTOTIC DISTRIBUTION OF PERMUTATION TESTS

Because patients from clinical trials are not randomly sampled from a population,
standard inference procedures on population parameters may be inappropriate. A ran-
domization test or permutation test (e.g., Lehmann, 1975; Lachin, 1988) assumes that
the sequence of patient responses is deterministic and only the sequence of treatment
assignments is random. If a;, is a (deterministic) score function of some outcome vari-
able measured for patient j out of n patients, the basic form of the permutation test
is 3, ajnTj, where the a;,s are centered. A randomization p-value is then determined
with respect to the reference set of all possible randomization sequences 71, ..., 7T, and
their attendant probabilities of realization. Typical score functions include the simple
ranks and van der Waerden scores. The asymptotic distribution of such permutation
tests have been derived for various specialized randomization schemes (e.g., Smythe

and Wei, 1983; Wei, Smythe, and Smith, 1986; Smythe, 1988; Rosenberger, 1993).



The asymptotic normality of the permutation test, when a random allocation rule
is used, follows from Héjek (1969, Theorem 4a) under a Lindeberg-type condition (4)
on the scores. We now derive the asymptotic distribution of a permutation test when
the truncated binomial design is used.

Let aj,,j = 1,...,n, denote the score coefficients, such that Zj ajn = 0. Our goal
is to study the behavior of the test statistic

[Zam + na’ }1/2 Za]n

[Za +na }_1/2

where the sign + corresponds to the case when 7 = 75 and the sign — arises when

Zajn(QXj -1+ Z ajn] ;
j=1

j=7+1

7 = 711. In other terms,

[Za +na ]_1/2 liam 2X —1) — sign(r — 1) Z a]n].

Jj=7+1

PROPOSITION 2. Assume that when n — oo

maxa /Za]n—>0 (4)

1<j<n

1 n
EZCL%—)U% > 0, (5)
7j=1

and with some o, for any positive ¢

lim max |aj, — 02| = 0. (6)
n=00 jij>n—dy/n

Then the limiting distribution of S,, is standard normal.

PRrROOF. We use the asymptotic normality of the random vector

.
~1/2
n~Y (E ajnTj,Tl—n,Tg—n>,
1

whose first coordinate is asymptotically independent of two other coordinates. Indeed,

for a fixed 5, 7 = 73, the distribution of 71 — 75 is negative binomial with the parameter



n — Ty, as under this condition, Z;il X; = 7 —m, so that ) X; =2m — 1.

j=To+1

Also, under this condition, 7y — 75 is independent of 77, ...,7,, and

E ((7’1 —n) ZajnTj To, T = TQ)

1

T2
(11 — 72) (Zam 7'2,’7':’7'2) + F ((Tg—n)ZajnI} 7'2,7':7'2) ,
1

so that
E (7—1 — n) Za,]njy T = 7'2>
1
1 1
) E ((TL_T)ZCLJRJ—; T :7‘2> .
1
Similarly,
(=Sl =) = (1= Y aunfr=n).
1 1
and

E(r, —n) (Zajn ) = 0.

Thus, the first component is uncorrelated with two other coordinates.

Anscombe’s Theorem (see Woodroofe, 1982), implies convergence in distribution,
! i T, — 014
— Ajndj 0141.
vn 4

Indeed, under assumptions (4) and (5), the sequence a;, 7} is uniformly continuous in
probability, and 7/n — 1 in probability.
Condition (6) implies that

g
Z Qjn ~ % — 03| Zs].
] =7+1

Here Z; and Z; are two independent standard normal random variables. Also

sign(m, — 1) = sign((1 — n) — (12 — n))/V/n) — sign(Z,),



so that one obtains the following convergence in distribution:

n

.
n~? Zajn (2X; — 1) — sign(m — 7») Z Ujn | = 0121 — 09Z5. O
j=1 j=T+1
In practice, aj, is a function of the integer ranks s;, of the primary outcome of
patient j. Let a;, = h(sjn/(n + 1)) be the scores defined by a continuous function h.
For instance, if A is the identity function, then the centered score function a;, will lead
to a randomization-based Wilcoxon rank-sum test. If A is the probit function, then the
a;ns are the van der Waerden scores, and the resulting test is asymptotically equivalent
to the normal scores test. Condition (6) holds if for some constant p,0 < p < 1, for all

positive ¢
Sjn

n+1

lim max
n—00 jij>n-—dy/n

- p‘ = 0.
Then oy = h(p). Heuristically, this condition means that the relative ranks of the last
dy/n patients are approximately equal.

One can replace condition (6), by a more general one:

lim max |an_jn/tn — 02| =0
n—001<j<Cy/n

for some sequence t,. However, then the limiting variance of Z?Zl a;nT; behaves like
> i1 a3, +tano, and the limiting distribution may be determined by just one of the
terms.

Clearly, conditions (4) and (5), do not guarantee that Y7 a;,7; has a limiting

distribution, as )" | a;n, does not need to converge at all. For example, if

aj, = lwhenn=2k,j>korn=2k+1,j <k,

= —1 otherwise,

the normalized sum, n™'/2 37" | a;n, converges weakly to [Z,| for n = 2k, and the

limit is —|Z5|, when n = 2k + 1.



5. CONCLUSIONS

In this note, we have shown that the truncated binomial design can lead to a
high potential for accidental bias, and we have also demonstrated difficulties with
implementation of the large sample permutation test. Some care should be taken in
selecting a randomization scheme to force balance, and particular care should be used

in randomization-based inference following truncated binomial randomization.
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