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Abstract

In the asymptotic setting of change-point estimation the behavior of the posterior distribution
and of Bayes procedures is studied. The limiting distribution is derived when the prior prob-
abilities converge to geometric probabilities. This distribution is related to the infinite product
of random matrices (or affine transforms of the real line). The situation with partially unknown
pre- and after-change distributions is investigated. A condition for the limiting law of posterior
probabilities to coincide with that for the known pre- and after-change distributions is derived.
(© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction and summary

In this paper we investigate the Bayesian aspects of change-point analysis. The
Bayesian detection of the change moment was started by Chernoff and Zacks (1964)
for a sequence of normal random variables with possibly varying means, and this point
of view was pursued further by Broemling (1974). Smith (1975) extended these results
to multiparameter models; Cobb (1978) demonstrated that for given ancillary statistics
the conditional distribution of the maximum likelihood procedure is approximately the
same as the posterior distribution for the change-point parameter against the uniform
prior. Ibragimov and Hasminskii (1981) studied the continuous version of the problem
(introduced earlier by Shiryaev (1978)) and obtained the exact formulas for the mean
squared errors of the Bayes estimator of the change-point for the uniform prior (Pitman
estimator) and of the maximum likelihood estimator.
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The articles by Zacks (1983) and by Bhattacharya (1994) (especially Section 3) give
a survey of the main results in the estimation of the change-point, and the monographs
by Brodsky and Darkhovsky (1993) and by Csorgo and Horvath (1998) summarize
the facts obtained in the area of the nonparametric change-point analysis.

The limiting behavior of the posterior distribution of an unknown parameter in the
classical situation of a local asymptotically normal experiment is described by the well
known Laplace-Bernstein-von Mises Theorem according to which the limiting law is
normal. This result is important both to frequentist and Bayesian inference as it leads
to approximate confidence (or credible) intervals for the unknown parameter and for
asymptotically normal point estimators of this parameter.

In this paper we study the asymptotic behavior of the posterior distribution of the
change-point parameter. This problem turns out to be quite different from the classical
one. The new limiting law in this situation is shown to be a non-normal distribution
expressed through discounted sums financial mathematics and related to the infinite
product of random matrices (or affine transforms of the real line). The asymptotic
distribution of Bayes estimators in the general framework, including an invariant loss
function and some prior distribution approaching a geometric law, is also given when
the sample size increases, but the pre- and after-change distributions are fixed.

In Sections 3 and 4 the situation when these distributions are partially unknown,
is studied. We explore the asymptotic behavior of the posterior distribution of the
change-point and obtain conditions for the weak convergence of the posterior distri-
bution to the same distribution as before. The possibility of such adaptive behavior is
also investigated for the procedure based on the estimated values of the pre- (post-)
change parameters by only several first (last) observations.

The obtained results are illustrated by the example of normal distributions with both
unknown parameters, which is discussed in Section 5.

2. Asymptotic behavior of the posterior distribution and of the Bayes estimator

The change-point parameter, v, is defined when the series of observations has the
form

X= (xla cees Xy Xy, .. 9-xn)a
where the random sample (xi,...,x,) comes from distribution F, and the second sub-
sample (xy11,...,Xx,) is drawn from distribution G. Here F and G are two different

probability distributions with densities f and g. Throughout the paper we assume that
the information numbers K(F,G) and K(G, F') are positive and finite.

Denote by p,(x)=[]} fG) I 41 9(x;) the corresponding densities, and assume
that the prior distribution of the parameter v is given by positive prior probabilities
)v;") supported by the interval cyo(n) < j < ¢i(n). In other terms we assume firm prior
information about the central region, (co(n),c;(n)], where the change-point occurs.
Thus, if densities f and g are known, the first ¢o(n) + 1 and the last n — c¢{(n)
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observations are ancillary statistics since they have given distributions /' and G, re-
spectively. Note that the possibilities, c¢o(n) =0 and c¢;(n)=n, are not excluded here.

Let m be the marginal density of x;

ci(n)
mx)= > A" pi(x).
J=co(n)+1

We are interested in the asymptotic posterior distribution of the random change-point
parameter N whose distribution is given by probabilities )(”), j=co(n)+1,...,c1(n).
Then the posterior probabilities for the change-point parameter have the form

Pn(X)24)

m(x)
When v, ¢o(n) + 1 < v <ci(n), is the true value of the change-point parameter,
one has

P(N =m|x)= (1)

2
m(x) = p,(x)A" |1+ I i) L=
! co(n)2<:j<1 f T f is )
(n)
f VPG
+ (1) ( )=
v<jz:c|(n) g " /l(n)
Therefore
) —co(n) _ (n) ci(n)—v (n)
Pm(X) A 0 /L ot
P(N =m|x)= 1+ & L - &
| ()™ Z S0 ,; o)
(2)
Here and further Ek and &, k=1,2,..., are mutually independent positive random

variables such that the random variables Ek are distributed as the likelihood ratio
g/f under F, and the distribution of &; is that of f/g under G. Clearly, for all £,
Elogé, = — K(F,G), and Elog & = — K(G,F).

We assume that there exists a positive sequence ¢,, £ =0,+1,£2,... such that as
n— 00, v—co(n) — oo, ci(n) — v — o0;

(n)
v+k
-1
1<kr§cl(n) v | gx )(n) — 0 (3)
and
20
v—k
max —1|—0. 4)
1<k <v—co(n) qfk).gn)
Conditions (3) and (4) hold if for any fixed £ and 7

27

~n k-
(n)
vy
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and this convergence is uniform when |k — /| < ¢1(n) — co(n). Then for any fixed
}f,'lk//lf,") — g, so that qiq; = qi+s, and gz = k for some positive g(=gq).
We also assume that with u=1loggqg

—K(F,G) < u < K(G,F). ®))
Then under density p,, when n — oo, the distributions of both sums in (2) converge.
Indeed, because of (5), the random series Zj ¢ & ---&; converges with probability
one, if u < K(G,F), and the series Zj q‘ffl . E/ converges with probability one,

if 4> — K(F,G). (The convergence of the series above follows from Lemma 1.7 in
Vervaat, 1979.)

Also
er(m—v ;<"> oo
G Gtk PR &gt
=1 /1(”)
ci(n)—v }L(") 00
< X a2 11+ 3 da- g
ki(n) k=ci(n)—v+1

By (3) and because of the mentioned series convergence both terms here tend in
distribution to 0. The same conclusion holds for the first sum in the right-hand side
of (2).

If v—m — my,
pm(x)i(ﬂ) B qlmo\él "'é\’nol mo < 0
pu(x)AM g™ -, mo > 0.

Thus, under conditions (3) and (4) the distribution of the posterior probability, P(N =
m|x), converges. When v is the true value of the change-point parameter, such that
v —m — my, then

q\mo| \ §~1 . ._'f\md — p my < 0
1+Zk:151"'6kq +Zk:161"'§kq
P(N =m|x) — N (6)
quo <~ = E fmg mgy > 0.
L+302 GG + 3002 &Gt

Since, for example, the sum of the form ) _ j<n Evpp-- & ,-zj.”)/)ﬁ,") does not converge
in probability, only the statement about the convergence in distribution can be made.

The dependence of the asymptotic distribution on underlying probability measures F
and G and its fairly complicated structure are in contrast with the asymptotic normal-
ity of the posterior distribution in the classical parametric setting of local asymptotic
normality. Of course, in the latter case the convergence takes place with probability
one (Le Cam (1986), Chapter 17, Section 7).

Similar results can be derived for the Bayes estimators of the change-point parameter.
Consider a non-negative loss function, L(J,v)=L(J — v), such that L(0)=0. When f
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and g are given, the estimate J of v, co(n)+1 < v < ¢1(n), in our situation will be based
only on Xey(n)+1s - - - »Xe,(n)- Since most commonly used loss functions are defined for all
real values of d =6 — v, it is convenient to allow ¢ to take all values in the interval
(co(n),c1(n)] and to assume that L(d) is a continuous function of d, —co < d < co.

Let & denote the expectation obtained from the conditional distribution of x for
fixed v and from the prior distribution of v. The Bayes estimator J, is defined by the
formula

On(x) =arg min E{L(d — v)|x}

d: co(n)<d<ci(n)

=arg CO(HI)IE?@](");L(CJ — ) p(x). (7)

For the sake of concreteness one accepts the usual change-point analysis convention

that, when the minimizer in (7) is not defined uniquely, the smallest value of d is

taken. Then 0, is uniquely defined with probability 1 (which is always true if L is a
strictly convex function).

The argument as above shows that the distribution of J, — v coincides with that of

v—co(n)—1 ~ ~ }En,)k
Ld)+ Y. Ld+k)Eé ---&

ar. min
gd: co(n)—v<d<ci(n)—v k=1 /'{S”)
el —v 2,
+Y U —k)E g (8)
k=1 Ay

Under our convention the expression in brackets in (8) is almost surely a continuous
function of d.
Assume that for a positive polynomial P(d) and some positive o and o
L(d) < P(d)e*? d >0,
L(d) < P(d)e* d <0 9)

and
o — K(F,G) < n<K(G,F)— o. (10)

Then the process

v—co(n)—1 5 () ci(n)—v )L(”)

- s Ay . Ay
Tud)=Ld)+ 3 Lk+d)E - Ggr+ 3 Ld=ha-aq
k=1 Ay k=1 Ly

converges weakly as n — oo to
Y(d)=L(d)+ Y Ld +DE &g + X Ld = é- & (11)
Jj=1 J=1

Notice that the condition (10) guarantees the almost sure convergence of the series
(11). If (10) does not hold, then P,(|, — v| > z) — 1 for any positive z.
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Under additional regularity conditions preventing Y(d) from attaining its minimum
at infinity, J,(x) — v converges in distribution to

V:argm(}n Y(d), (12)
provided that V' is uniquely defined by (12) with probability one.

We formulate these results.

Theorem 1. Under conditions (3), (4), (5) as n — oo, v—co(n) — o0, cj(n)—v — 0
and v —m — my the distribution of the posterior probability tends to the distribution
in (6). Let 0, be the Bayes estimator (7) of the change-point parameter for the loss

function L(d — v) satisfying (9). Under the conditions above with (5) replaced by

(10), the limiting distribution of the sequence o, — v is given by (12), provided that
V is uniquely defined by (12) almost surely.

According to Theorem 1, 3, — v=0p(1). This rate for n — oo is known to hold
in a more general non-parametric setting, see Duembgen (1991), Yao et al. (1994).
Theorem 1 shows that this is indeed the best possible rate. The analogue of Theorem 1
for the Bayes estimators when c¢y(n) =0, c;(n)=n is discussed by Rukhin (1997).

The limiting distribution of ,,—v for the zero-one loss and the uniform prior distribu-
tion has been derived by Hinkley (1970). Notice that for this loss function the processes
Y(d) and Y(d) do not have continuous trajectories. Other settings of the asymptotic
estimation of the change-point with converging pre-change and after-change distribu-
tions have been extensively studied (see Ritov, 1990; Csorgo and Horvath, 1998).

In Section 3 we restrict our attention to the (truncated) geometric prior distributions
with probabilities proportional to ¢/, j=co(n)+1,...,c1(n) for some positive q. These
prior distributions are important because of Theorem 1. Values of ¢ larger than 1
are of interest in problems where the change-point is more likely to happen at the
end of the observation period, as in many quality control type situations. Although
conditions (3) and (4) are rather restrictive and the prior geometric distributions are
not always adequate, without these conditions, for example, under Poisson or binomial
prior distributions, the limiting law for the posterior distribution may not exist at all,
or it may depend on the limiting value of v/n.

A helpful way of looking at the marginal density m(x) is by introducing the sequence
of 2 x 2 independent random matrices of the form

&k Ak—1
()

which can be interpreted as affine transformations of the real line z:z — &z + A¢—1.
One has

1Y, Y,

(&G b Gk (&g m(x) /TT9(x))
B 0 1 B 0 1 '
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Thus under assumptions of Theorem 1 one can derive the limiting behavior of the
ratio m(x)/ ] g(x;) as a corollary of a limit theorem for products of random matrices.
An analysis of the convergence of the series as above can be found in Grenander
(1964) and Vervaat (1979). As a matter of fact, the mentioned result concerning the
divergence of , — v, when (5) is violated, can be deduced from one of these limit
theorems (see for example Grincevicius, 1975).

Let

Hzn(q):kifl G (13)

where ¢;, j=1,2,... are ii.d. positive random variables. Under condition E'log¢; <
— log g, the series defining IT converges with probability one.

The stochastically discounted sums (13) (the so-called perpetuities), which determine
the limiting distribution of posterior distribution and of Bayes rules in the change-point
problem, also appear in problems of life insurance and finance (Dufresne, 1990).
They are important in the study of sequential Shiryaev-type procedures to detect the
change-point, see Shiryaev (1978), Pollak (1985).

3. Asymptotic behavior of the posterior distribution with the unknown parameters:
finite nuisance parameter case

In this section a situation, when distributions F and G are known only up to a
nuisance parameter, is considered. To start, we look at the asymptotic behavior of the
posterior distribution of the change-point parameter when the pre-change distribution
belongs to a finite family {Fp, f=1,...,B}, and the after-change distribution is a
member of the family

{G,, y=1,...,T'}. The estimation problem of the parameter y was described by
Nikiforov (1995) as the isolation problem for the change-point parameter.

We assume that the nuisance parameters f and y are independent and have positive
prior probabilities ng and t,. Let

p(x)= [Z g1 fl?(xj)] [Z 7 11 gv(xj)l
B 1 7 vt
be the conditional likelihood function of x for given v. Then for geometric prior prob-
abilities
rh(x) oc 324" pi(x)
is the marginal density of x, and the posterior distribution is defined by the formula

POV = mfx) = LLnX), (14)
m(x)
Our goal is to find the limiting distribution of (14) for a fixed pair (fo,y¢) of true

nuisance parameter values. In particular it is of interest to determine conditions under
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1 which it coincides with that of (6) with distributions of ¢ and ¢ evaluated under these
parametric values. We will assume that for all y and all f;

2
El [log (X)} <oo, Ej [log Jf’f (X)} < (15)
/o Po
2 f 2
ES [ } <oo, ES [log B(X)} < . (16)

3 Also assume that

vei(n) — co(n) o (a7

min[cy(n),n — co(n)]

and
min[co(n),n — cy(n)] — oo. (18)

5 Let v be the true value of the change-point parameter, so that
D(x)= 1;[ S po(x)) 1_[1 G (X))-
v+

Then m(x)/[¢" p,(x)] has the distribution of

19
P XCS) - A (19)

I+

7  To derive the asymptotic distribution of the first sum in (19) we study the behavior of

Py (X) Py (X)) po(X) pri(X) _ Pyg(X) pu(X) 2 gy (X))

— = 20
50 k() 5) BX)  pra(X) By Tn) (20)

for 1 <k <v — ¢co(n). The distribution of the last factor in the right-hand side of
9  (20) is that of the product 51 ~-~f~k, with the distribution of c_:j ; now being that of the
likelihood ratio g,,/fg, under F,. Thus we need to determine the asymptotic behavior
11 of two Bayes factors p,_x(x)/p,_,(x) and p,(x)/p,(x) for Hy: f=Po, y="0.
One has

s

L)y 1% )

bl v+1

Py(x)
() Zﬂ: mp H

= Zﬂ: g eXp {zl:log f;(xj)} Z‘c}, exp {Z log «(xj)}

v+1

13 By the law of large numbers for f # fo;

v

21: log ‘];f(xj) — —00
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as v — oo, andfory#yo as n — v — 00;

Elo

v+1

) — —00.

Therefore, under the density p,(x) as n — o0;

(X)) pu(X) = 7p, Ty (21)

For v—k — oo,

ProiX) _ > mpexp {‘Z log =~ Sy (x;) } ZT“} exp { f log ggy(xf)}

pv—k(X) p f Po v—k+1 70

v g,
= [ng, +op(1)] >ty exp { > log == (x; )}
b v—k+1 gVo v+1 )0

Since, for v < j, observations x; have density g,,, the Central Limit Theorem shows
that for any y;éyo because of (16)

)= —(n—Vv)K(G,,,G;) + Op(v/n—v).

v+1
When v —k + 1 < j < v, observations x; have density fp,, so that for kX — oo;

> o ) =kEj, log I (xy+ 47,
v—k+1 g,o Y0

where maxlgkgv_CO(n)k’l/zA};:Op(l), as the maximum of normalized partial sums
converges in distribution by (15). It follows that

maxi <k <v—co(n) A;/{ = OP( VA cO(”))'
Thus for 1 <k <v—co(n);

zv: log (xj) + Z log —(xj) kEF0 log 54()() - (n—v)K(G,,G,)

v—k+1 Yo v+l 9y 70
+0p(1/v — co(m)) + Op(v/n — V).
Because of (21), one has the following representation for the distribution of p,_,(x)
P(X)/[Pv—k(X) P, (X)];

1+ Z — exp {kEﬁo log —- 9 (X)} exp{—(n — v)K(G,,, G,)
baal) Tl() g:

+O0p(y/v — co(n)) + Op(v/n — )} [1 + op(1)].

It follows that the distribution of the first sum in (19) has the limiting law Y |° ¢
gk, provided that for any 7y vy,

g ¢ fkexp{kEﬂolog (X)}

1<k <v—co(n)
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and

exp{—(n — v)K(G,,, G,) + Op(1/v — co(n)) + Op(v/n — v)} — 0.
The former condition holds if

9y

—p— K(F,,Gy,) + Ef; log y “(X)=— u—K(Fg,,G,) <0,
7o

and the second condition follows from (17) as

Vv —co(n) < Ve(n) — co(n) o

n—v n—cy(n)

(22)

Thus under condition (22), the desired convergence in distribution of the first sum in

(19) takes place.

We consider now the second sum in (19) which corresponds to &k, 1 <k < c¢j(n)—v.

To determine the limiting behavior of

ﬁ\v+k(X) o ﬁv—}—k(x) Pv(X) vl-t[k f/fo

Dy(X)  pesk(x) Dy(X) 51 Gy )

it suffices to look only at

Dyi(X) 5 vk fp "oy,
=2 m [I 6>t [T =)
Pvrk(X) B ! i B ! 7 vk+1 9o ’

_ v+k 1 fﬁ n i g,
=Y mprexp q > log -(x;) + Y log=(x;) ¢ -
By 1 J Bo vk+1 0
As before, one obtains as according to (18) n —v—k = n — c;(n) — oo,
max . log gi(xj) — —00
P70 vkt I

and for a fixed f# fy as n — oo;

v+k y .
S log f/f(x_/) = —VK(Fp,,Fg) + kES log /{/f(X)
1 0 J po

+O0p(\/v) + Op(\/c1(n) — V).

Because of (17)
Vam —v _ Jam —am

v = co(n)

and the limiting distribution of >, _;, . (,)—, 4 (Pyix)/ Py(x) is that of Y77 ¢F&;
provided that for any f # fo

Ji
p — K(Gyy, Fg,) + ES log Tf()() — 1 — K(G,,, Fg) < 0.
J Po

g

(23)
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As in Section 2, after dividing the numerator and the denominator of (14) by ¢* p,(x)
one obtains when, say, v —m — mg > 0
9" Pu(X)/ Py(X)
1+ Zcu(n)<j<v ﬁj(X)/ﬁv(X)q/_" + Zv<]<c’1(n) ﬁf(x)/ﬁ"(x)qj_v

P(N =m|x)=

0 ~ ~ x !
—>q_m°51"'gm0 ;q_kél"'ék"_zl:qkél"'ék (24)

provided that the inequalities (22) and (23) hold for all values 5,7 of the pre- and
post-change parameters, i.e. if

—r%inK(Fp,Gy) <u< nl}inK(GT,Fp). (25)
2y 3

Thus, we have established the following result.

Theorem 2. The posterior probabilities (14) against geometric prior distribution under
conditions (15), (16), (17) and (25) converge in distribution to (24).

An analogue of Theorem 2 is also true for the profile likelihood function
P\(x)=max H Jp(xj) max l_[1 9y (x;)-
-,

Under the natural analogue of the condition (10) which takes into account the con-
stants oy, 0, the process Y,, in (19) weakly converges to the process Y(d) defined
in (11). Also then 6, — v converges in distribution to (12). The same is true for the
Bayes estimator based on the maximum likelihood elimination of the nuisance param-
eters, which is a traditional method.

4. Asymptotic behavior of posterior distribution with the unknown parameters:
continuous nuisance parameters

It is of some interest to investigate richer distributions families. Assume a regular
parametric family { f(x, f), f € B} with B being an open subset of R” as the model for
possible pre-change distributions, and let the family {g(x,y), y€ T, I C R?} describe
all possible after-change distributions. Here regularity is understood in terms of Section
1.7 of Ibragimov and Hasminskii (1981) or Section 2.2 of Roussas (1972). More
general conditions can be found in Section 16.3 of Le Cam (1986).

Assuming that 3y, 7o are true values of the nuisance parameters, let /1 =1;(fo) :E/’;O
X ¢o(X )y (X) = —{E}; 0*/(0B;0px ) log f(X, fo)} denote the Fisher information matrix
for the family {f(., f)}. Here ¢o(x)=(8/0p)log f(x, fo) is the gradient of log f. Sim-
ilarly with y(x) = (0/0y)1og g(X, 7o) I = (o) = Eg (X W5 (X ) = — {E5;0°/(07:07)
x log g(X, 7o)} is the Fisher information matrix for the second family. Also we denote
pr 12 Z/f Yo(X)), @F =1, 12 Z/f $o(X;) with independent random variables X;
having distribution Fp,, and Y’f:]{m Z[f Yo(X)), @,?:1;1/2 le‘ ¢o(X;), have a
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similar meaning. As k — oo both @1/ Vk and e/ vk have asymptotic standard normal
distributions.

We establish now a result similar to the one used in Theorem 2 for the posterior
distribution (14) when with some positive prior densities n(f) and ©(y);

(x)= / TT/5C)n(B)dp | T1 g5 dy.
B 1 I v+1

The first proposition deals with the asymptotic behavior of the distribution of Bayes
factors p,_i(x)/p,_,(x) and p,(x)/p,(x) for the null hypothesis =y, y="o.

Proposition 1. Assume that

c1(n) — co(n)
minte (0 — com] (26)

Then for a fixed k, k <v — co(n), one has the following representation of distri-

butions p,_(x) py(X)/[ pr—(X)p,()] and () p(X)/[ pr—i(X) p,(X)]. With inde-
pendent p-dimensional standard normal vector Z; and g-dimensional standard normal
vector Z,,

. Pyv—(X) py(x)
Pv—k(X) p,(X)
p 1 . - k

i

£ (yr oyl 2w _ (7,7
2()’!7V+k)< k> k>+ I17V<2’ k> 2(H7V+k)< 25 2>
k vVv—k 1
—(Z1,2)) — ——(Z;,dF) — —(DF, &F
+2v< 1 1> v < 1 k> 2v< k> k>

‘o, (ﬁk) o (ﬁ) vor () vor ().

Similarly for a fixed k, k < ci(n) —v

Pui(X) pu(x)
pv+k(x) [A)V(X)

d 1 G G Vv—k ., & k .
=5 o \O ) 2L O ) s {2, 2
2(n—v+k)<k’ k>+n—v+k< b k>+2(n—v+k)< A
k Vv 1
Y gy N Gy wG w6
2(V+k)< 29 2> V+k< 25 k> 2(}’17V+k)< k> k>

+0p (%) +Op (\ﬁ) +0p (\/n—lvﬁ) +Op (\%)

where Z{ and Z} have the same meaning as above.
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Proof. We look only at the case 1 <k <v — co(n). To determine the asymptotic
behavior of the first Bayes factor we write it as

lﬁ[ g(x;,7)

Py i(X) / S P)
d y)dy
ey 7o o)™ PP e AL 0 70
— k f(xjvﬁ) 1 g(xjay) 3 dgd
// CXP{ b Z % ix., yo)} n(B)e(y) df dy.
Let [)"  denote the maximum likelihood estimator of § on the basis of xi,...,x,_.

Then

IS¢ ,,ﬁ)} I £ €7 1Y)
frow A5 FR "(ﬂ)dﬁ‘e"p{?‘)g £ o) }”(ﬁ“

/B exp {—”;km(ﬁ ~ BB~ ﬂl_n} dpLL + op(1)].

The proof of Theorem 8.1, Chapter 1 in Ibragimov and Hasminskii (1981) gives

S f(x],[)" k) v—k | !

1 ik v—k .
BECET) <11 PILICHDY ¢o<xj)> 0y (m) |

The same argument with k£ =0 shows that

FOB) L !
o, 11 72 98 =3, (1500532 o) 00 ().

By combining these results one obtains the following expression for the distribution of
the logarithm of the first factor of p,_,(x)py(X)/p,(X)py—i(X),

£ 1) B 6. B)
/ TG oy P4~ Lo /Hf(],ﬂo) m(h)dp

k ik -
RETCIS) <1 Xl) bo(x;), ZII c/)o(xj)>

1 v—k v
-3 <1_1Z¢o(xj), > ¢o(xj)>
1 v—k+1

L 1
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By the Central Limit Theorem, the distribution above is of the form

%(zl,zﬁ - ‘/vv_ik<zl,q>,f> — %(qb,f;p,f) + Op (?) + Op (\/‘}17]() :

Now we turn to the second factor corresponding to max, ., , L1 10gg,/gy,(x;) —
max, > +1 l0gg,/gy,(x;). The maximum likelihood estimator 7, , , =argmax,
I +19(x;,7), based on the last n — v + k observations, can be interpreted as an
M-estimator of the parameter y, when the true distribution is the mixture of densities
f(x,Bo) and ¢g(x,70). The first density corresponding to xy_4+1,...,X, has the weight

__k _v—co(m)
T n—v+k  n—con)

and the second density corresponding to x,.1,...,x, has the weight 1 —w. Since under
condition (26) w < [c1(n) — co(n)]/[n— co(n)] — 0, one obtains as before for a fixed k&

max > logg(x;,7) — > logg(x;,70)
Joyv—k+1 v—k+1
n—v+k

1
Ay — 0Pk — 70) + Op | e ) .
2 (A, vk = 70)s vk — V0) P (m>

In this formula

/1:(1 — W)[g — W[]z,

where
52
I 1 X,
{ b G og y( Vo)}
so that
A7 Yl 10

According to stochastic expansion of M-estimators,

A 1 ¢ 1
V= v+ kA, — 0] = ——= > Wo(x;)+ Op (nv+lc) '

n—v+k, I

(see for example Bednarski et al., 1991). Thus for any fixed k;

< (), 7) 90, 7)
max Y log —2 —max Y log —2"~
7wl 9(X500) 7o 9(x,70)

T 2(n—v+k) v

1 _ 1
“g (7 B S or (7).

! <A [ Z lpO(x/)+2:l//0(xj‘| i 'ﬁo(xj)Jerﬂo(X; >
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The Central Limit Theorem shows that this distribution has the form

Vv—k

n—v+k

1

F F
vk Tt

(22, 9%)

k 1
20,2) +0p | ——— | +Op | —= | .
(2.2) P(n_v+k> P( ;k)
This leads to the first formula of the Proposition 1.
The remaining proof for the case, 1 <k < ¢i(n) — v, is quite similar.
Now we can establish the convergence to (6) if

C2n—v+k)

Ep logyo(X)=0;  ES log do(X)=0. (27)
The range of the change-point values, described by conditions (28) below, is satisfied
by sequences co(n),ci(n), such that for some p, 0 < p <1

co(n)=pn+eo(n), ci(n)=pn+&(n),
with &(n)=o0(n"?), i=0,1. When (27) does not hold, the range of possible change-

point values becomes narrower.

Theorem 3. In the situation of Proposition 1 if (26) and (27) are satisfied, then the
asymptotic distribution of (14) is that of (6). The same conclusion holds without
assuming (27) if

(c1(n) — co(m))?

min[c;(n),n — co(n)]

(28)

Proof. Proposition 1 shows that when the condition (27) is satisfied, both p,_, (x) py(X)/

[P—k(xX)p,(x)] and p, . (x)py(X)/[ pyrk(X)Pp,(X)] tend to 1. The argument as in
Theorem 2 shows that the convergence of the posterior distribution to (6) takes place.
Indeed under (27) both normalized sums, ®Y/ Vk and v/ vk, have asymptotic nor-
mal distributions with zero means, and, for example, max1<k<‘,_co(,,)'{’f / \/I;:Op(l),

so that maxlgk@_m(m‘l’{ =0p(y/v — co(n)). Then because of (26)
(PE, pry Op(ch(n)>—>0.

I<k<veeomyn—v+k n— co(n)

A similar conclusion holds for other terms in the formula for the distribution of

Py (X) pu(X)/[py(x) p,(x)] in Proposition 1.
Under condition (28)

2 F 2
e o, (" 1E5, Tog (X)) ) o

1<k<v—cu(n)n—v+k: n—v+k

along with other terms in the last formula of Proposition 1.
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As in Section 2, the same result holds for the profile likelihood function
Py(x) = max] [ f(x;) max 1}1 9y(x;).

The set (co(n),c1(n)] of the values of the change point under the conditions (26)
and (27) (or only (28)) can be described as the adaptation region. Indeed for any such
parametric value v the asymptotic posterior distribution is the same as (8) (which uses
the knowledge of fy and yg). In this situation the Bayes estimator ¥ exhibits adaptive
behavior, i.e. if f and y are viewed as nuisance parameters, it is performing in an
asymptotically optimal way for any unknown (but fixed) values of these nuisance
parameters. A similar result for the zero-one loss and densities f(x,f) and g(x,7y)
belonging to the same exponential family was obtained by Hu and Rukhin (1995).

An alternative procedure estimates the parameter f§ by the maximum likelihood (or
by the Bayes) estimator /;(xl,...,xc()(n)) using observations xi,...,X¢, ) only; similarly
the parameter y is estimated from observations xc (n)+1,--.,Xn by P(xc,(m)+15--->%n)-
These estimated parametric values are used in the formula (14) to obtain

ci(n)

p(x)= H f(xpﬁ)l_[g(xp“/)

co(n)+1

and 1(x) = Y ¢* B (x).

Theorem 4. Under conditions of Theorem 2 the estimated posterior probabilities
9" Pw(X)
ni(x)

converge in distribution to (6).

PN =m|x)="—2"—=

Proof. As before, one obtains the formula for the distribution of m(x)/[¢" p,(x)]

1 —i—‘ ‘%’? ! 131 $(X) _k C'(i):_v 132+k(x) k.
1 \,(X) 1 py(x)
When 1 <k <v—co(n),
P g(g, ) 2 9 7) S, Bo)
X)) S S B) vk 9052 Bo) f(xg B
To demonstrate the weak convergence of the first sum in (29) notice that for example

co(”) 1
f—Bo= ( Ed’o(x;)-f—OP( e )>

(29)

so that

Y f( Jaﬁ) u N 1
1 . _ -
2 8 By <\,_kz+1¢°(x’)’ﬁ ﬁ°>+0”<¢co<7))

has the distribution of

ot 2 + o, (1241
v/ co(n) ' co(n)



11

13

15

17

19

21

23

JSPI1 1936

ARTICLE IN PRESS

A.L. Rukhin!Journal of Statistical Planning and Inference 111 (1111) 111111 17

with p-dimensional independent standard normal vector Z; independent of @F. Now
convergence follows as in the proof of Theorem 3.
The estimator

Sn(x)=arg min S L(d —v)q' p,(x)

d: co(n)y<d<c|(n) "~

is adaptive in a wider region of possible change-point parameter values than (14).

5. Example

In this section we illustrate the results by the change-point detection problem when

both the pre-change and after-change data are normal, i.e. x| =(xy,...,x,) iS a nor-
mal random vector whose components are independent and have a normal distribu-
tion N(0p, af;), and the components of the vector x; =(xy41,...,X,) are also normal
N (:u“/aK;%)

Under the default non-informative (uniform) prior for all nuisance parameters the
conditional density of x for given v, min[v,n — v] > 2, takes the form

//exp{ Zl(xj—(?)z/%z}

P00 = G

exp{~ X0y, (y — W?/2K°}  di
x// d

K"V K

G

20O ((v = 1)/2)I((n — v — D/2)
@y 2=y /v(n = )i~y
Here 5 = (x) + - - +xp)/k Tymp = (st + -+ +x,)/(n — k), 57= 3 (xj — %)? and
o= (= Eai)
The profile likelihood function has the form
exp{— 2‘1 (xj 7= )Ev)z/2s%/v - E:H (xj - )En_“)z/Zs%iv/(n - V)}
@my 2 (s3/v) (55 /(n — )=

p(x)=

efn/Z

= (27‘E)”/Z(S%/V)”/z(sg,‘,/(n _ v))("—v)/Z'

These posterior distributions have been used in the change-point detection in the
problem of weight differences measurements made at the National Institute of Standards
and Technology (NIST) between 1975 and 1988 (see Pollak et al., 1993).

In this data set obtained from the mass calibration at NIST with » =217, a change in
the measuring process was surmised to occur during this time period and its detection
was of importance. This data suggests not only the change in the mean, but also the
change in the variance. As a matter of fact, the latter is more pronounced than the
means change. Indeed for 1 < ¢y <20, ¢; =217 — ¢ the ratio of the estimates of
standard deviations obtained from “training” samples of the first ¢y and the last ¢
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Fig. 1. The NIST weight differences measurements data.
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Fig. 2. The posterior probabilities obtained from non-informative prior distributions (line marked by +), and
from the profile likelihood function (line marked by ).

observations is about 1.5 whereas the standardized difference between the means is
only about 0.8.

The posterior mean and the posterior mode for both distributions lead to the same
conclusion (v=151) as reached by Pollak et al. (1993), who used sequential surveil-
lance scheme of Shiryaev-Roberts. Actually the posterior probability of this value cal-
culated from non-informative prior distributions is about 0.5049.., while for the profile
likelihood based posterior this probability is 0.5191... For ¢ =1 both posterior distribu-
tions are depicted in Fig. 2. This picture says more eloquently than numbers what are
the chances for the change-point to occur anywhere in the observation period especially
when compared with raw data in Fig. 1.
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