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Abstract  The class of tensor product cubic splines is considered in aoptimization process
for two-dimensional polyacrylamide gel electrophoresis ZD-PAGE) image alignment problems
arising in proteomics studies. Numerical results are presged along with comparisons with

previous results based on piecewise a ne and bilinear tranformations.



1 Introduction

Protein image alignment problem is a very important issue inproteomics studies. Proteomics is
the large-scale analysis of complex protein mixtures focliisg on the qualitative and quantitative
variations of protein expression levels [18, 25].

One of the core technologies for obtaining protein mixturesis provided by two-dimensional
polyacrylamide gel electrophoresis (2D-PAGE), which was rst introduced by O'Farrell [17] and
Klose [13] in 1975. Along the rst dimension, proteins are soaed electrophoretically according
to their pH gradient. Each stabilizes at a point where its net charge is zero. Along the other
dimension, proteins, soaked in sodium dodecyl sulphate, parate according to their molecular
weight. Hence, on a 2D gel, two coordinates uniquely charaetize each protein spot: its isoelec-
tric point and its molecular weight. The separated proteins are then stained with uorescent
dyes [2] so that they are detectable for imaging. The resultig images are scanned and stored in
a database. In recent years, 2D-PAGE analysis has became a@gaone of the most active elds
in proteomics studies [3, 5, 24, 25].

Experimental conditions may cause the gels to be distortedyhich results in deformed images
with new spot coordinates, shapes, sizes and intensity vaks. Some possible factors contributing
to such distortions include the structure of the polyacrylamide net, the characteristics of trans-
porting solution, the solvent conditions, and the nature of the electric eld [5]. Unfortunately,
these distortions cannot be avoided. Even under strictly-ontrolled laboratory conditions, re-

peated analysis of the same sample may produce non-identicgels [21, 24]. In order to analyze



variations in the protein gels obtained from di erent group s that account for biological variations
attributable, for example, to a treatment we must rst elimi nate distortions to properly align
images. The image alignment is recognized as a major bottletk in proteomics.

Alignment of a family of gel images can be done by means of geatrical transformations
applied to the coordinate domain of the images [11, 12]. Thigechnique is also known as image
warping [7, 10, 21], or image registration [8, 9, 22, 23]. Thdransformed images should have
no (or very little) geometrical variations, so that only statistical and biological variation are
observed. Most image warping methods rely on some preassiga control points or landmarks,
which are a relatively small group of spots present in all thegels being compared. The landmarks
should be selected so that they are evenly distributed overhe gel image. The number of the
landmarks should be large enough, so that they can carry enah information. However, too
many landmarks will increase computational complexity and may result in over- tting. The
shape and size of the protein spots chosen as landmarks may ryasigni cantly, but for the
purpose of image alignment, only the x-y coordinates of thei centers are considered. In the
remainder of the this paper, we refer to landmarks simply as lhe x-y coordinates of their centers.

In our recent paper [19], we have proposed a combined forwasishverse transformation ap-
proach to align families of gel images without any pre-selded reference gel. The information
contained in the landmarks of the whole family is used to crete an ideal gel. Then we determine
proper transformations that optimally align all the gels of the family to this ideal gel. Using the

approach in [19], we have managed to align very large famil&of gel images. The transformations



used in [19] are piecewise a ne and bilinear transformatiors based on a sequence of hierarchical
grids. Similar hierarchical approach has been used in [21,3} for pair-wise alignment. In the
present paper, we adopt the approach in [19], with the transbrmations replaced by the family
of tensor product cubic splines. We will impose proper constints on the transformation so
that the transformations are globally C?, in the sense that the transformation itself, the rst
derivatives and the second derivatives are continuous.

Tensor product splines have been used for many years [1, 4, @6] for interpolation and
surface tting. However, they has never been used in in conngion to optimization for image
processing. In contrast with traditional interpolation, w here the grid points (vertices) are to
be matched, we consider the grid points as part of the unknows in a large-scale optimization
problem.

In section 2 we present the construction of piecewise polymoial transformations based on
segmentations of the gel images. We then discuss the tensorgauct cubic spline in section 3.
The combined forward-inverse transformation approach is pesented in section 4. In section 5
we evaluate the performance of the method on two protein imag data sets which were also used

in [19]. Some nal conclusions are presented in section 6.

2 Segmentation of the Gel Images



in our applications are rectangles. We assume in general thal () is included in the rectangle

O =[ %% [7;"Y1 In contrast with the traditional pair-wise alignment app roach, we want

of geometric transformations T : () I R2 as the solutions obtained from the following

optimization problem.

min ' (2.1)
TO;L,
subject to KTOWLy) Like ™ =210 Ml =1:::0:N;
P
kL & 2 Like | =1;:::;N;

other smoothness constraints

where the objective function' is constructed in such a way as to maximize the smoothness of
the transformations, and " and are some constant parameters. The rst constraint in (2.1)
is used to ensure that the transformed landmarksT ()(L; ) are close enough (within" pixels)
to the ideal landmark L, and the second constraint is used to set the ideal landmark | close
(within  pixels) to the center of the corresponding group of landmark Lj ;i =1;:::;M.

As suggested in [19, 20], in order to avoid the drawbacks andrhitations of global transfor-
mations, we consider piecewise low order polynomial transfmations based on segmentations of

the gel images as follows. Rectangle () is divided into p; ¢ equal sub-rectangles
8 0 1 9
2

R X . L .
j(ll():>V:% XZRZ;SJ-(') X sj('zl;t(k') y tf(21>ij:1;5::; k=106 (2.2)
. y )
with vertices vj(li() = (sj(i);t(ki))T, where
sV= X+(j 1 xD;j=1;mp 41, (2.3)
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On each sub-rectangle j(ll() we de ne a local transformation

0 1

Txy) = B 'f)(x NSNS
Oik (x;y)

We then de ne the global transformation by combining all the local transformations:

0o 10, _ 1
%f(l)(x;y) g-8 P}Oi:l o (I (% y)f(l)(x;y) <.
gV (x;y) L E':l ! "’(x y) g (x:y)

TO(xy) =

where

IAVA "]

. 1if (cy)2 §
1 Qxy) = Ik

Y

0 otherwise

(2.4)

(2.5)

(2.6)

2.7)

In [19, 20], we have managed to use piecewise a ne transformins and piecewise bilinear

transformations to align families of 2D-gels images. The tansformations were constructed in

such a way that they are globally continuous. A question arog naturally - how to obtain classes

of globally C! or even C? transformations? In the following sections, tensor produt cubic

splines will be constructed in such a way that the global trarsformation is C2 with optimized

curvature.



3 Tensor Product Cubic Splines
A general form of tensor product splines is given by

X
Vi Bi(x)Cj (y); (3.8)
i=0 j=0

where Vjj are parameters andB;(x) and C;(y) are base functions. A typical representative
of tensor product splines is the class of tensor product B-dmes where the base function is a
B-spline function [4, 6, 16]. The simplest form of tensor praluct splines is with linear base
functions [4]. This is in fact the piecewise bilinear transbrmation used in [19, 20, 21, 23].
By choosing cubic polynomial base functions in (3.8), we olin tensor product cubic splines.
Although tensor product cubic splines have been used befolld, 16] for interpolation and surface
tting, they have not been used in an optimization process fa image alignment. In the present
section, we aim to construct globally C? tensor product cubic splines by choosing proper cubic
base functions.
A tensor product cubic spline is decided by a set of tensor prduct cubic transformations

through (2.6). On each sub-rectangle, a tensor product culsi transformation can be de ned as

0 0 1
p

1

. f(l)(X,y) 3=0 3=0 aIjk Xy

TR () = @ ’('?) K=0p s Pa ik ' (3.9)
Gk (XY) =0 ‘=0 b XYy

We note there are 16 parameters in the transformation on eachliimension. As suggested in

[19], using these coe cients to de ne the transformation is not e cient. We thus reformulate

the transformation using a unigue set of base functiondgg; ho1; hig; and hy; that satis es the



following conditions.

hoo(0) =1 ; hoo(1) =0; hp(0)=0;
h10(0)=0; hio(1)=1; h3(0)=0;
ho1(0)=0; hoi(1)=0; h;(0)=1;
h11(0)=0; h11(1)=0; h3;(0)=0;
Thatis, for ; ;;; 2 f0;1g, we have
hO() = :
where 8
SR L=
' Z 0 otherwise

hgo(1) =0 ;
h%(1)=0;
h8(1)=0;
hd;(1)=1:

(3.10)

We could use standard polynomial interpolation techniquessuch as divided di erence, to obtain

the base functions:

hoo(x) = 2x3 3x?+1
hio(x) =  2x3+3x%;
hoa(x) = x% 2x2+ x;
hii(x) = x3 x2:

This is in fact the special case of the cubic Hermite basis [4]

We are now ready to re-formulate the tensor product cubic transformation using the above base

functions. We omit the index i for simplicity, and obtain

X Yy Yk

f(xy) = ik (X Y)

j=1 k=1 2f 0;1g

X
fj+ x+ N (Xj+

1 X Yk+1 Yk) ’



Xj h ( y Yk
1 X Yk+1 Yk

X X X X
a(x;y) = ik (6 Y) G ier N G )i
J

j=1 k=1 vy 2f0;1g
wherefj+ K+ o0 2 f 0;1g are 16 free parameters de ning the corresponding tensor pra-
uct cubic transformation, and likewise for G+ ks - Moreover, we note that because the base

functions satisfy condition (3.10), the following relations hold for any value of the parameters

@" f @
@T@y(XﬁJYH )= fih ks @T@%(Xﬁ;ym )= Gy ws 5 s 2f0/1g: (3.11)

Let us now analyze the conditions we need to impose on the pamaeters to ensure globalC?
property for the tensor product cubic spline. Since each tesor product cubic transformation is
C? on the corresponding local rectangular area, it is enough taheck the C? property on the
common edges and vertices of adjacent rectangles. For simgty we consider a typical interior
vertex v=(; ). Let 1, 2, 3,and 4 be the 4 rectangles adjacent tov. Let us denote by
fq, fo, f3, 4 the horizontal component of the local transformations on dened on the rectangles
1, 2, 3, and 4, respectively. Thatis, f; = fj ;i =1;2;3;4: We also denote by j the
common edge of rectangles ; and j, as shown in Figure 3.1.
Let us consider as an example the horizontal common edge 14 in Figure 3.1. We denote by
vP=( ; ) the other end point on 4.
We rst check the C° property on 14. Sincey = is xed on 14, f(X;y) is a polynomial
of order 3 with respect to x. We note that a polynomial of order 3 is completely determinel

by two functions values and two derivative values. At the two end points of 14, the following
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Figure 3.1: a typical interior vertex

equalities always hold

105 )= Fa(o )ifa(c )= fa(s ):@@Xfl(: )=@@Xf4(: ):@@Xfl(: )=@@Xf4(: ):
This implies that
fax; ) fa(x; ); 8 2[; It (3.12)

Therefore, continuity holds on 14, for arbitrary choices of the parametersfj r okt

Let us now consider theC?! property. It follows immediately from (3.12) that
@ @
—f1(x; —f4(x; ); 8x2[; 1:
@Xl(x, ) @X4(x, ); 8x2[; ]

Let us now consider S, We note that on 14, &f (x;y) is a polynomial of order 3 with respect
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to x. At the two end points of 14, we have

@ ., @@ . @é. . ._ @ .
@ .. . @é. . @ ..
@;1( ) )_ @;4( ) )’ @X@f)}( ) ) @X@f)}( ) )
This implies
@ . @ . . L
@)ljl(x, ) @Bf/4(x’ ), 8x2[; I (3.13)

Therefore, the C* property holds on 14, for arbitrary choices of the parametersfj ok

At last we want to obtain C? for the tensor product cubic spline. Again it follows from (3.12)

that

%n(x; ) %h(x; ), 8x2[; It

Moreover, it follows from (3.13) that

@ . @ . . .. o
@x@f;}(x' ) @X@f¢(X, ); 8&2[; I

Therefore it remains to analyze the continuity of @@)ﬁ (x;y). Oncey = is xed, %f (x;y) is

a polynomial of order 3 with respect tox. We thus impose the following constraints:

@, .. @, . &., . @&, 6 ..
0711 )= g3t )i gahili )= gafaCi ) (3.14)
and
@ .. @@ . @ .. @ .
a7arC )T @gantC ) @gant )T @gantt ) (3.15)

The C? property is therefore enforced on 14.
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A similar analysis can be done to retrieve the conditions neged to ensure theC?2 property on
a vertical common edge between two adjacent horizontal reengles.
Let us summarize the necessary constraints to enforce th€2 property globally. According to

(3.14), constraints

@9f1( v) = @?M( V), @?fz( v) = @?fs(v) (3.16)

are to be enforced on 14 and 3, respectively. We note that the corresponding equalities bld

automatically on 1o and 34, i.e.,

@ @ @

?fl()‘ 9f2(V) @3 @f4(V)

f3(V) = @9,

hold for any arbitrary choices of parameters. Therefore, istead of (3.16), it is enough to impose

only

@

@9 @ ——f4(Vv): (3.17)

—fq(v) =
It follows from (3.15) that we have to impose also the followng constraints to ensure the conti-

nuity of f (V).

@ G @
@y = @)’ @yex

avai2V = Gogfs): (3.18)

@y@

However, the corresponding equalities hold automaticallyon 1, and 34. This is because

@ @ . .
@T@)}(Z) @T@);(Z)’ 822 15;

and

@ @ _ .
@X @fi(Z) @T@ﬁ(Z) y 82 2 34 -
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We thus have

@ (v) = @ (v); @
@jax’ @@ @y@x

@
fa(v) = @70 fa(v):
Therefore, instead of (3.18), it is enough to impose only

@

@9,@ fl(v) =

@
9w (3.19)

A similar analysis can be done for@@gf (v). We need to impose the following constraints to

ensure the continuity of @@gf (v) on all four edges.

G nwm= (3.20)
@Cf@ fa(v) = @(f@fz(v) (3:21)

From the above argument, it follows that

f; @1 of. @ @ of (3.22)

@% @y @R’ @Y’ @x@y

are well de ned and continuous on the four edges if we imposegeiality constraints (3.17), (3.19),

(3.20), (3.21). Moreover, it also follows that all functions in (3.22) have the same value at the
vertex v, which implies they are continuous atv. Therefore, we claim that we only need to
impose constraints (3.17), (3.19), (3.20), (3.21), at any mterior vertex v.

We next consider the constraints needed to be imposed on a viexx on the boundary. By using

a similar analysis, it turns out that we need to impose constaints the (3.17), (3.19) for each
vertex on a vertical boundary, where in this case,f1 and f4 in (3.17) and (3.19) stand for the

transformations from the two (vertically) adjacent rectan gles, and the constraints (3.20), (3.21)

13



for each vertex on a horizontal boundary, where in this casef; and f, in (3.20) and (3.21) stand
for the transformations from the two (horizontally) adjace nt rectangles.

The exact analysis can be performed org(x;y). In summary, the tensor product cubic spline
is C1 automatically due our selection of the base functions. In oder to achieve C?, we need to
impose constraints the (3.17), (3.19), (3.20), and (3.21)jf applicable (that is, depending on the

location of the vertex). Altogether we need to impose

2(4ei D@ DD+22(p 1D+2(g 1)) =8(pa 1)

equality constraints in order to have a C? tensor product cubic spline T ().

If we considerT() in (2.1) de ned by tensor product cubic splines we obtain

NSl G , @ . @ _
min = fvih2+ =52+ f (viD)2 3.23
Ll;fjgik) ;gj(;L) 21 =1 kel @% ( Jk) @y ( Jk) @X@y( Jk) ( )
|
@ . @ . @ . . L
+ @g(vj(;())Z + @_?g(vj(;())Z + @T@%VJ(IL))Z + W(f (VJ(II()) V](IL))Z
s.t. constraints (3:17); (3:19); (3:20); (3:21);
kT(i()i;l); an(Li)  Like % =10 M =1500N
kLi o MiLike | =1;::5;N;

where ( (i;1); (i;1)) is the index of the rectangle that L; lies in:

o) .
L2 s

and w is a constant parameter. The last term in the objective function measures the di erence

between T() and an identical transformation. The rest of the terms in the objective function
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are squared second order derivative information of the trasformations at the vertices, which
is a good measurement of the curvature of the transformation We note that these second
order derivatives, along with the constraints, can be written as linear function of the unknowns
fj(L) K+ ;gj(i+) k+ andL,. Therefore, (3.23) is a valid Quadratic Program (QP).

Let us now analyze the feasibility of the above QP. In our appications we takep; = g = p, SO
that we have 8M (p+ 1) %2 unknowns. There are & (p?> 1) linear equality constraints to ensure
the C2 property, and 2MN +2N equality constraints when" = = 0. A solution in this case is
clearly a feasible point for the QP with " 0, 0. In order to ensure feasibility, it su ces to
have 1&Mp +16M 2MN +2N. In all our applications 16M 2N, so that the QP (3.23) is

always feasible ifp N=8. For instance, for a set of gel images that have about 20 landarks

on each, a 3 3 grid is enough to ensure feasibility.

4  Algorithm

We now describe the algorithm. We use the combined forwardriverse transformation approach
from [19]. A forward tensor product cubic spline is constru¢ed based on a relatively sparse
segmentation of the image. As a result of the forward phase, aet of ideal landmarksL,; | =

1;:::;N, along with the approximate size of the ideal gel =] *;~*] [ Y;”Y], are obtained
from QP (3.23). In the second phase of our algorithm, we constict an inverse tensor product
cubic spline for every pair ofl and | (). That is, for each source imagel (), we construct a

tensor product cubic splineT® : 111 () as the solution of an optimization problem similar to
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(3.23). For simplicity, we omit the index i and describe this process below.

The rectangle is divided into p q equal sub-rectangles

8 0 1 9
>

2 =
X
jk:>Z=%yX2R2;Sj X S+t Y teag s =1iiinprk=1500,

with vertices vk = (sj;tk)", where

si= *+(] 1) xj=1;:5p+1; (4.24)
ty= Y+(k 1) y;k=1;:::;9+1; (4.25)
and
AX X ny y
X = : y= (4.26)
p q
We construct a tensor product cubic splineT : 111 () based on this segmentation. Following

the ideas from section 3, we impose the following inequalitis
KTmaynay(L1)  Li ke ;1 =1;:0N; (4.27)
where (m(1); n(l)) are the indices of the rectangle containingL:

Li2 mano:

The objective function and the constraints keep as before ath we obtain the following QP for
pair-wise alignment betweenl and | ().

B N U D" R
e @R T gy (T g (4.28)
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+ %Q(ij )%+ @g;g(vjk )%+ @%@fwk )2+ w(f (vik)  Vvik)?
s.t. constraints (3:17); (3:19); (3:20); (3:21);
KTmaynay(L1)  Like % I =1;:::;N;

We adopt the multi-resolution approach [19, 20] in the inverse transformation phase: We
construct a sequence of increasingly ner partitionst);Pg);:::on the ideal gell . Partition p®
consists in dividing! into p;  g. rectangles where;.1;pi.2; ;P ;iirandG1; G20 i
are two increasing sequences of positive integers. At iteteon , we construct an inverse tensor
product cubic spline based on partition PO If the stopping criteria, such as the accuracy or
smoothness requirements, are not met, we proceed to the nexteration. For instance, in our
application we take pi. +1 =2p;. , G. +1 = 2G; , SO that if the stopping criteria are not met, we
divide each rectangle into 4 equal sub-rectangles and repethe construction.

Using this combined forward-inverse transformations with the multi-resolution approach in
the inverse transformation phase has certain advantages irassigning the intensity values for

the transformed images and decreasing the computational <. For a complete analysis of this

approach, we refer to [19]. Our algorithm can be described afollows.

Algorithm

Given source geld () with landmarks Lj,
(forward transformations)

compute ideal landmarksL, and

estimate the size of ideal reference gell from (3.23);

17



(inverse transformations)

start with partition Po: p q,
repeat
Compute s; and ti from (4.24) and (4.25),
Obtain T from the solution of (4.28);
if some stopping criterion is satis ed or
the maximum number of iterations is exceeded
Return ;
else
Re ne the grid by setting p=2p, g=2¢;

compute (O = TO().

5 Numerical Experiments

Our data sets were taken from a gel image database made avdike to public by Peter Lemkin
from National Cancer Institute ( http://binkley.ncifcrf.gov/users/lemkin ).
Data set 1 is the Molt-4 data

(http://www.lecb.ncifcrf.gov/2DgelDataSets/index.htm 1# MOLT-4).
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It contains 4 gel images (512 512 pixels, 8-bit, 250 microns/pixel). 22 landmarks are piked
on each gel.
Data set 2 is the Human leukemias data
(http://mwww.lecb.ncifcrf.gov/2DgelDataSets/index.htm |# HEME-MALIG ).
It contains 170 gel images (512 512 pixels, 8-bit, 250 microns/pixel). For more details on tis
data see [14, 15]. We choose only the gel images that contair?2 2andmarks on each. There are
123 such gel images in this data set. The above two data sets % been used also in [19].

We adopt the similarity measure used in [19] to measure the qality of the alignment. The

normalized l,-norm di erence between two imagesl and J is given by
S p
P
g (g J5)%
MN ’

SM =

(5.29)

whereljj stands for the intensity value of the pixel (i;j ) on image | , and likewise for Jj; .

The main computational tools we used is Matlab on a personal eamputer P4 24 Hz with

768VIB of RAM. The QP problems are solved by the state-of-the-art sdtware Mosek using
interior-point methods. Experimental results for data set 1 are shown in table 5.1, along with
the alignment results by using piecewise a ne and bilinear transformations [19]. In order to have
comparable results, the gray level of each image is scaled tbe interval [0; 255] before computing
the similarity measure. The forward transformations are castructed based on a 16 16 grid
for the piecewise a ne and bilinear transformations, and a 12 12 grid for the tensor product
cubic spline. Then the inverse transformations are constrated based on a re ned grid (32 32

grid and 24 24 grid, respectively). We can see that the piecewise tens@roduct cubic spline
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Comparison Images

made for lvs. 2| 1vs. 3| 1vs. 4

Source Images|| 41.17 49.72 34.30
Ane 32 32grid 16.77 33.27 20.88
Bilinear || 32 32 grid 19.06 34.36 21.55
Cubic 24 24 grid 12.64 30.78 19.22

Table 5.1: A sample comparison of the similarity measures gen by (5.29), for the molt-4 data.

is clearly the best choice among the three, even on a smalleized grid. The e ects of alignment
are illustrated as superimposition of gel images 1 and 2 in ure 5.2.

An important question to ask is how good is the similarity measure (5.29)? Does this measure
properly re ect the quality of the alignment? Unfortunatel y the answer is no. Let us illustrate
this in Figure 5.3. Both pictures are from the same alignmentexperiments, only with di erent
pairs of images. Although the similarity between images 1 ad 2 (left gure, SM = 12.64) is
much smaller than the similarity between images 1 and 4 (righ gure, SM = 19.22), we could
not say that the alignment between images 1 and 4 is worse. Iratct, we would prefer to have an
alignment result like this becauseit is the variation that we want to observe. It seems that the
di erence shown in Figure 5.3 is is due to some biological vaation. However, it is impossible
for to tell how good the alignment result is just by looking at the similarity measure (5.29).
We still need human intervention to make this kind of judgement calls. Development of a good

measure of the alignment is a major challenge to address in der to fully automize the image
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Figure 5.2: The superimposition of images 1 and 2 in the molt dta. The upper left gure shows
the superimposition of the original images; the upper right gure shows the superimposition of
the images after a ne transformations; the lower left gure shows the superimposition of the
images after bilinear transformations; the lower right gure shows the superimposition of the

images after cubic transformations.
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Figure 5.3: Alignment result of a pair of images in the MOLT-4 data, using tensor product cubic
spline. Left gure shows the superimposition of transformed images 1 and 2. Right gure shows

the the superimposition of transformed images 1 and 4.

alignment process.

There are 123 gel images in data set 2. We have managed to alighis large collection
of gel images by using a combined forward-inverse tensor pduct cubic spline approach. As
a simple example, we show in table 5.1 a sample result of aligmy image 1 (gel-HM-001.gif)
and image 3 (gel-HM-003.gif), along with the alignment reslts by using piecewise a ne and
bilinear transformations. It is not very clear in this example that the tensor product cubic
spline is better than the other methods. However, as suggest in [19], there may not be enough
accurate landmarks to cover all over the gel images, so thatraaccurate alignment cannot be

made in certain areas of the image.
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Original || Inv. 32 32 grid || Inv. 32 32 grid || Inv. 24 24 grid

Images Ane Bilinear Cubic

Similarity Measure 23.04 13.42 13.65 13.59

Table 5.2: A sample comparison of the similarity measures ofmages 1 and 3 in the human

leukemia data.

6 Conclusion

In the present paper, we have presented a methodology for @hning families of 2D gels that
does not rely on choosing one of the gels as reference, but abructs an ideal gel and the
corresponding warping transformations from the solution d a quadratic programming problem.
We have used a combined forward-inverse tensor product cubisplines approach to align very
large collections of gel images. By choosing proper base fations and constraints, the resulting
tensor product cubic splines are globallyC? with optimized curvature.

However, there are still open questions such as choosing ampriate similarity measure and
performing image alignment without any pre-assigned landnarks. We will address these concerns
in our future research.

This application shows the importance of optimization techniques in the eld of proteomics.
The development of interior-point softwares in recent yeas makes it possible this type of large-

scale proteomics studies.
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