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Abstract

The Mizuno–Todd–Ye predictor–corrector method based on two neighborhoods DðaÞ � DðaÞ of the central path of

a monotone homogeneous linear complementarity problem is analyzed, where DðaÞ is composed of all feasible points

with d-proximity to the central path less than or equal to a. The largest allowable value for a is �1.76. For a specific

choice of a and a a lower bound of vn=
ffiffiffi
n
p

is obtained for the stepsize along the affine-scaling direction, where vn has an

asymptotic value greater than 1.08. For nP 400 it is shown that vn > 1:05. The algorithm has Oð ffiffiffi
n
p

LÞ-iteration
complexity under general conditions and quadratic convergence under the strict complementarity assumption.

� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The Mizuno–Todd–Ye predictor–corrector
method (MTY) is one of the most remarkable in-
terior-point methods for linear programming (LP),
quadratic programming (QP) and linear comple-
mentarity problems (LCP). It is based on a very
simple and elegant idea that is used in various
other fields of computational mathematics such
as the numerical solution of differential equations
[4] and continuation methods [13]. The general
problem is to find a numerical approximation of a
curve C in a finite dimensional space. This curve
may represent the central path of an LCP, the
solution of a system of differential equations, the

set of solutions of a family of static equilibrium
problems that depends on a parameter of interest,
and so on. A predictor–corrector method produces
a sequence of points zk 2N, where N is a
neighborhood of the curve C. At a typical iteration
of a predictor–corrector method one is given a
point z 2N that approximates a point zs on the
curve C, where the scalar s parameterizes the
curve, and one has to compute a new value curve
sþ of this parameter and a new point zþ 2N that
approximates zsþ . A certain procedure, called
predictor, is used to compute a rough approxi-
mation z 2N of zsþ 2 C, where N is a larger
neighborhood of C. Then another procedure,
called corrector, is used to improve this approxi-
mation by producing a point zþ 2N. For example
some of the most efficient software packages for
solving systems of differential equations use the
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Adams–Bashford scheme for predictor and the
Adams–Moulton scheme for corrector. The im-
portance of appropriately choosing the new value
sþ of the parameter s cannot be overestimated.
For example variable stepsize differential equa-
tions solvers, where sþ is chosen dynamically at
each step, are far superior to their fixed stepsize
counterparts that had been used in the past. The
same observation applies to the MTY. In the
predictor step of MTY one takes z ¼ zðhÞ and
sþ ¼ ð1	 hÞs with zðhÞ ¼ zþ hw, where w is the
affine scaling direction and h is the largest value of
h 2 ð0; 1Þ such that zðhÞ 2N. This adaptive way
of choosing sþ accounts for most of the success of
MTY. While the path following methods consid-
ered prior to MTY used a fixed h, and therefore
their practical performance was about the same
as their worst case computational complexity
bounds, the practical performance of MTY is
much better than its worst case computational
complexity bounds would indicate. In the origi-
nal paper [9] it is shown that if N ¼N0:25

and N ¼N0:5, where Na is an l2 neighborhood
of the central path with radius a (see (2.22) in
Section 2), then the parameter h, computed as
described above, satisfies the inequality hP v̂v=

ffiffiffi
n
p

,
where

v̂v ¼ 1ffiffiffi
84
p �¼ 0:5946:

This implies that the sequence fskg convergence to
zero with a linear rate at least 1	 v̂v=

ffiffiffi
n
p

, i.e.,

skþ1 6 ð1	 v̂v=
ffiffiffi
n
p
Þsk; k ¼ 1; 2; . . . : ð1:1Þ

Using the above inequality it is easily proved that
MTY has Oð ffiffiffi

n
p

LÞ-iteration complexity. The fixed
stepsize path following methods considered prior
to MTY satisfy a relation similar to (1.1) and have
the same iteration complexity. The difference is
that the sequence fskg produced by MTY con-
verges much faster than indicated by (1.1). Thus,
Ye et al. [16] proved the surprising fact that the
sequence fskg converges quadratically to zero in
the sense that

skþ1 6rs2k ; k ¼ 1; 2 . . . ; for some constant r > 0:

ð1:2Þ

For large values of k, for example when rsk � 1,
(1.2) indicates a much faster decrease of skþ1 than
indicated by (1.1). Paper [16] answered a question
that had been open for a while: are there interior
point methods for LP that have both polynomial
complexity and superlinear convergence? MTY
was the first algorithm for which both properties
were proved to hold. MTY was generalized to
(monotone) LCP in [7] and the resulting algorithm
was proved to have Oð ffiffiffi

n
p

LÞ iteration complexity
under general conditions and superlinear conver-
gence under the assumption that the LCP has a
strictly complementary condition and the iteration
sequence converges. From [2] it follows that the
latter assumption holds under general conditions.
Subsequently Ye and Anstreicher [15] proved that
MTY converges quadratically assuming only that
the LCP has a strictly complementary solution.
The strict complementarity assumption is not re-
strictive, since according to [10] a large class of
interior point methods, which contains MTY, can
have only linear convergence if this assumption is
violated.

A natural question arises: can we take a larger
neighborhood of the central path and still have
one predictor followed by just one corrector and
retain the Oð ffiffiffi

n
p

LÞ iteration complexity and qua-
dratic convergence of the original MTY? We will
show that this is possible by replacing the l2-
neighborhoods, by d-neighborhoods, where d is
the proximity measure introduced in [5] (see also
[14]). We mention that a predictor–corrector
method for LP using d-neighborhoods is analyzed
in [14]. We will improve on the results in [14] by
analyzing the algorithm for LCP and by consid-
ering slightly larger d-neighborhoods. Our version
of the MTY uses two neighborhoods DðaÞ � DðaÞ
of the central path of a monotone homogeneous
LCP, whereDðaÞ is composed of all feasible points
with d-proximity to the central path less than or
equal to a. We will show that a can be chosen as
close to ð

ffiffiffiffiffi
17
p

	 1Þ1=2 � 1:767 as desired. For
a ¼ 1=4 and a ¼ 5=6 we will obtain a lower bound
of vn=

ffiffiffi
n
p

for the stepsize h along the affine-scaling
direction, where vn "

ffiffiffiffiffi
24
p

=ð33þ
ffiffiffiffiffi
65
p
Þ � 1:081.

We will show that vn > 1:05 for all nP 400 and
that vn > 1:075 for all nP 9000. These are the
largest guaranteed lower bounds for the stepsize
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along the affine-scaling direction that we know of
in the interior point literature. Our predictor–
corrector algorithm has Oð

ffiffiffi
n
p

LÞ-iteration com-
plexity under general conditions and quadratic
convergence under the strict complementarity as-
sumption.

Conventions: We denote by N the set of all
nonnegative integers. R, Rþ, Rþþ denote the set of
real, nonnegative real, and positive real numbers
respectively. For any real number c, dce denotes
the smallest integer greater or equal to c. Given a
vector x, the corresponding upper case symbol
denotes as usual the diagonal matrix X defined by
the vector. The symbol e represents the vector of
all ones, with dimension given by the context.

We denote component-wise operations on vec-
tors by the usual notations for real numbers. Thus,
given two vectors u, v of the same dimension, uv,
u=v, etc. will denote the vectors with components
uivi, ui=vi, etc. This notation is consistent as long as
component-wise operations always have prece-
dence in relation to matrix operations. Note that
uv � Uv. If A is a matrix then Auv � AUv, but in
general Auv 6¼ ðAuÞv. Also if f is a scalar function
and v is a vector, then f ðvÞ denotes the vector with
components f ðviÞ. For example if v 2 Rn

þ, then
ffiffiffi
v
p

denotes the vector with components
ffiffiffiffi
vi
p

, and 1	 v
denotes the vector with components 1	 vi. Tra-
ditionally the vector 1	 v is written as e	 v, where
e is the vector of all ones. Inequalities are to be
understood in a similar fashion. For example if
v 2 Rn then vP 3 means that vi P 3, i ¼ 1; . . . ; n.
Traditionally this is written as vP 3e. If k � k is a
vector norm on Rn and A is a matrix then the
operator norm induced by k � k is defined by
kAk ¼ maxfkAxk; kxk ¼ 1g. As a particular case
we note that if U is the diagonal matrix defined by
the vector u, then kUk2 ¼ kuk1.

We frequently use the Oð�Þ and Xð�Þ notation to
express the relationship between functions. Our
most common usage will be associated with a se-
quence fxkg of vectors and a sequence fskg of
positive real numbers. In this case xk ¼ OðskÞ
means that there is a constant K (dependent on
problem data) such that for every k 2 N, kxkk6
Ksk. Similarly, if xk > 0, xk ¼ XðskÞ means that
ðxkÞ	1 ¼ Oð1=skÞ.

Finally introduce a less standard notation. If x,
s 2 Rn then the vector z 2 R2n obtained by con-
catenating x and s will be denoted by dx; sc, i.e.,

z ¼ dx; sc ¼ x
s

� �
¼ xT; sT

� �T
: ð1:3Þ

Throughout this paper the mean value of xs will be
denoted by

lðzÞ ¼ xTs
n

: ð1:4Þ

2. The Mizuno–Todd–Ye predictor–corrector

method

Given two matrices Q;R 2 Rn�n and a vector
b 2 Rn, the horizontal LCP (HLCP) consists in
finding a pair of vectors ðx; sÞ such that

xs ¼ 0;

Qxþ Rs ¼ b;

x; sP 0:

ð2:1Þ

The standard (monotone) LCP is obtained by
taking R ¼ 	I and Q positive semidefinite. There
are other formulations of the LCPs as well, but as
shown in [1] all popular formulations are equiva-
lent and the behaviour of a large class of interior
point methods is identical on those formulations,
so that it is sufficient to prove results only for one
of the formulations. We have chosen HLCP be-
cause of its symmetry. The LP problem and the QP
can be formulated as an HLCP. Therefore HLCP
provides a convenient and general framework for
studying interior point methods.

Throughout this paper we assume that the
HLCP (2.1) is monotone in the sense that

Quþ Rv ¼ 0 implies uTvP 0; for any u; v 2 Rn:

ð2:2Þ

This condition is satisfied if the HLCP is a refor-
mulation of a QP and for many other interesting
classes of problems (see the excellent monograph
[3]). If the HLCP is a reformulation of an LP then
the following stronger condition holds:
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Quþ Rv ¼ 0 implies uTv ¼ 0;

for any u; v 2 Rn: ð2:3Þ

In this case we say that the HLCP is skew-sym-
metric. Since in the skew-symmetric case we can
often obtain sharper estimates we are going to
consider this particular case as well in this paper.
Let us denote the set of all feasible points of HLCP
by

F ¼ fz ¼ dx; sc 2 R2n
þ : Qxþ Rs ¼ bg; ð2:4Þ

and the solution set (or the optimal face) of HLCP
by

F� ¼ fz� ¼ dx�; s�c 2F : x�s� ¼ 0g: ð2:5Þ

The relative interior of F,

F0 ¼F
\

R2n
þþ; ð2:6Þ

will be called the set of strictly feasible points, or
the set of interior points. It is known (see [8]) that
if F0 is nonempty then for any parameter s > 0
the nonlinear system

xs ¼ se;

Qxþ Rs ¼ b
ð2:7Þ

has a unique positive solution. The set of all such
solutions defines the central path C of the HLCP.
By denoting

z ¼ dx; sc ð2:8Þ
and considering the quadratic mapping Fs :
R2n ! R2n,

FsðzÞ ¼
xs	 se

Qxþ Rs	 b

� �
; ð2:9Þ

we can write

C ¼ fðz; sÞ 2 R2n
þþ � Rþþ : FsðzÞ ¼ 0g: ð2:10Þ

In this paper we will consider neighborhoods of C
of the form

DðaÞ ¼ fðz; sÞ 2F0 � Rþþ : dðz; sÞ6 ag; ð2:11Þ
where d is the proximity measure

dðz; sÞ :¼
ffiffiffiffiffi
s
xs

r���� 	
ffiffiffiffiffi
xs
s

r ����
2

ð2:12Þ

considered in [5] (see also [14]).

Let a and a be two positive numbers such that

0 < a < a6
2

ffiffiffi
a
pffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ 24
p : ð2:13Þ

At a typical iteration of MTY a point z ¼ dx;
sc 2F0 has already been computed. Let zðhÞ be
defined via a damped Newton step of the form

zðhÞ ¼ zþ hw; ð2:14Þ
where

w ¼ du; vc ¼ 	F 00ðzÞ
	1F0ðzÞ ð2:15Þ

is the Newton direction of F0 at z. This direction is
called the affine scaling direction and it can be
computed as the solution of the linear system

suþ xv ¼ 	xs;
Quþ Rv ¼ 0:

ð2:16Þ

The predictor step of MTY computes an optimal
damping parameter

h ¼ maxf�hh 2 ½0; 1� : zðhÞ 2 DðaÞ; 8h 2 ½0; �hh�g
ð2:17Þ

and obtains the predicted point ðz; sÞ 2 DðaÞ as

z ¼ zðhÞ; s ¼ ð1	 hÞs: ð2:18Þ
The corrector step produces ðzþ; sþÞ 2 DðaÞ via

zþ ¼ zþ w; sþ ¼ ð1	 hÞs; ð2:19Þ
where

w ¼ dx; sc ¼ 	F 0sðzÞ
	1FsðzÞ ð2:20Þ

is the Newton direction of Fs at z. This direction is
called the centering direction and it can be com-
puted as the solution of the following linear sys-
tem:

suþ xv ¼ s	 xs;

Quþ Rv ¼ 0:
ð2:21Þ

We can now define the whole algorithm by the
following pseudo-code:

Algorithm 1 (MTY).
Given a, a satisfying (2.13) and z0 2F0 with
ðz0; lðz0ÞÞ 2 DðaÞ:
Set k  0 and s0  lðz0Þ;
repeat
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(predictor step)
Set ðz; sÞ  ðzk; skÞ;
Compute affine scaling direction (2.15) by
solving (2.16);
Compute damping parameter (2.17);
Compute ðz; sÞ from (2.18);
Set ðzk; skÞ  ðz; sÞ;
(corrector step)
Compute centering direction (2.20) by solv-
ing (2.21);
Compute ðzþ; sþÞ from (2.19);
Set ðzkþ1; skþ1Þ  ðzþ; sþÞ; k  k þ 1;

until some stopping criterion is satisfied.

In Section 4 we will prove that the parameter h
computed in the predictor step is bounded below
by a quantity of the form v=

ffiffiffi
n
p

, where v is a
positive quantity depending only on a and a. This
implies that Algorithm 1 has Oð

ffiffiffiffiffiffi
nL
p
Þ-iteration

complexity.
We note that the original MTY algorithm co-

incides with Algorithm 1 with the exception of the
fact that there the neighborhoods DðaÞ and DðaÞ,
are replaced by N(0.25) and N(0.5), where NðaÞ
is an l2-neighborhood of C of the form:

NðaÞ ¼ fðz; sÞ 2F0 � Rþþ : dKðz; sÞ6 ag;
ð2:22Þ

and dK is the well known l2-proximity measure

dKðz; sÞ :¼
1

s
kse	 xsk2: ð2:23Þ

We note that

NðaÞ � D
affiffiffiffiffiffiffiffiffiffiffi
1	 a
p

	 


for any a 2 ð0; 1Þ. For example we have

Nð0:5Þ � Dð0:71Þ:
The neighborhoods DðaÞ and Dða) considered in
the present paper can be slightly larger. Indeed if
we take a and a such that

0 < a <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17
p

	 1

q
;

ffiffiffi
2
p

a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16	 a4
p 6 a < a; ð2:24Þ

then (2.13) is satisfied. Therefore we can take a as
close as we want to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17
p

	 1
p

� 1:767.

3. Some technical results

In this section we present some simple in-
equalities that will be used in the proof of our main
result. First we bound the size of the solution of
the following linear system:

suþ xv ¼ a;

Quþ Rv ¼ 0;
ð3:1Þ

where z ¼ dx; sc 2 R2n
þþ and a 2 Rn are given vec-

tors. We associate the following index sets with the
solution w ¼ du; vc of this system:

IþðwÞ ¼ fi 2 f1; . . . ; ng : uivi > 0g;
I	ðwÞ ¼ fi 2 f1; . . . ; ng : uivi < 0g: ð3:2Þ

The next result is well known in the interior point
literature, but we give a simple proof for the sake
of completeness.

Lemma 3.1. The solution w ¼ du; vc of (3.1) sat-
isfies the following inequalities:X
i2Iþ

uivi 6
1

4
kðxsÞ	1=2ak22; ð3:3Þ

kuvk16
1

4
kðxsÞ	1=2ak22; ð3:4Þ

kuvk1 6
1

2
kðxsÞ	1=2ak22; ð3:5Þ

kuvk2 6
1ffiffiffi
8
p kðxsÞ	1=2ak22: ð3:6Þ

Proof. Since our HLCP is monotone we haveX
i2Iþ

uivi P 	
X
i2I	

uivi;

so that

kuvk16

X
i2Iþ

uivi;

kuvk1 6 2
X
i2Iþ

uivi:

Hence (3.3) implies (3.4) and (3.5). On the other
hand (3.4) and (3.5) imply (3.6). Therefore we only
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have to prove (3.3). By dividing the first equation
in (3.1) with

ffiffiffiffiffi
xs
p

we obtain:

Duþ D	1v ¼ a=
ffiffiffiffiffi
xs
p

;

where D is the diagonal matrix given by

D ¼ X	1=2S1=2:

From the above relation we obtain

0 < 4uivi 6
a2i
xisi

8i 2 Iþ

and summing up over i 2 Iþ we get (3.3). The
proof is complete. �

The following relation between dðz; sÞ and dðz;
lðzÞÞ can be easily proved (see [12]).

Lemma 3.2. For any z 2 R2n
þþ and any s > 0 we

have

d2ðz; sÞ ¼ s
lðzÞ d

2ðz;lðzÞÞ þ ðs	 lðzÞÞ2

slðzÞ n:

Corollary 3.3. For any ðz; sÞ 2 R2nþ1
þþ with d2ðz;

sÞ6 2g there holds

1

1þ g=nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g=nþ g2=n2

p 6
lðzÞ
s

6 1þ g=nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g=nþ g2=n2

p
: ð3:7Þ

Proof. Let us denote t ¼ l=s where l ¼ lðzÞ. From
Lemma 3.2 we deduce that

2g=nP
ðs	 lÞ2

sl
¼ t	1 	 2þ t ¼ t2 	 2t þ 1

t

and the corollary follows from the quadratic in-
equality

t2 	 2ð1þ g=nÞt þ 16 0: �

In the following lemma we obtain bounds on the
elements of xs in terms of the proximity dðz; lðzÞÞ.
The result follows from Lemma 3.2 in [6], but we
give a simple proof for the sake of completeness.

Lemma 3.4. If d2ðz; sÞ6 2g then

1

1þ gþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gþ g2

p 6
xs
s
6 1þ gþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gþ g2

p
:

Proof. Let l ¼ lðzÞ and let us denote by v an ar-
bitrary entry of s=ðxsÞ. Without loss of generality
we assume m ¼ sðx1s1Þ. Let us denote by �xx and �yy the
n	 1 dimensional vectors formed with the last
n	 1 components of the vectors x and s and let
�zz ¼ d�xx; �ssc. We have

2g P d2ðz; sÞ ¼ mþ
Xn

i¼2

s
xisi
	 2ðn	 1Þ 	 2þ 1

m

þ
Xn

i¼2

xisi
s

P m	 2þ 1

m
þ dð�zz; sÞ

P m	 2þ 1

m
:

It follows that m satisfies the following quadratic
inequality:

m2 	 2ð1þ gÞnmþ 16 0:

Hence m must lie between the roots of the corre-
sponding quadratic equation, i.e.,

1þ g	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gþ g2

p
6 m6 1þ gþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gþ g2

p
;

and the proof is complete by noticing that the
lower bound above is equal to the inverse of the
upper bound. �

4. Polynomial complexity

In this section we return to Algorithm 1 and
prove that it is globally convergent for any choice
of parameters a and a satisfying (2.13) (which is
equivalent (2.24)). More precisely we will show
that at each iteration the steplength h computed by
Algorithm 1 is bounded below by v=

ffiffiffi
n
p

where v is
a constant depending only on a and a. By a stan-
dard argument this implies that Algorithm 1 has
Oð ffiffiffi

n
p

LÞ iteration complexity.
First we obtain a convenient representation for

d2ðzðhÞÞ, where zðhÞ is defined by (2.14) and (2.15).
By denoting

xðhÞ ¼ xþ hu; sðhÞ ¼ sþ hv;

sðhÞ ¼ ð1	 hðsÞÞ ð4:1Þ

and

u ¼ h2

1	 h
; ð4:2Þ
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we can write

d2ðzðhÞ; sðhÞÞ ¼
Xn

i¼1

sðhÞ
xiðhÞsiðhÞ

	 2nþ
Xn

i¼1

xiðhÞsiðhÞ
sðhÞ

¼
Xn

i¼1

ð1	 hÞs
ð1	 hÞxisi þ h2uivi

	 2n

þ
Xn

i¼1

ð1	 hÞxisi þ h2uivi
ð1	 hÞs

¼
Xn

i¼1

s
xisi þ uuivi

	 2n

þ
Xn

i¼1

xisi þ uuivi
s

¼
Xn

i¼1

s
xisi
	 2nþ

Xn

i¼1

xisi
s

	
Xn

i¼1

suuivi
xisiðxisi þ uuiviÞ

þ
Xn

i¼1

uuivi
s

:

It follows that

d2ðzðhÞ; sðhÞÞ ¼ d2ðz; sÞ þ f ðuÞ; ð4:3Þ
where

f ðuÞ ¼ ueTq	
Xn

i¼1

uqi
piðpi þ uqiÞ

; ð4:4Þ

and

p ¼ xs=s; q ¼ uv=s: ð4:5Þ
We take as domain of definition of f the interval

U ¼ ½0; ûuÞ; ûu ¼ min
pi
jqij

: i 2 I	

� �
: ð4:6Þ

It is easily verified that

f 00ðuÞ ¼
Xn

i¼1

2q2i
ðpi þ uqiÞ3

:

It follows that f is convex on U. Since

f ð0Þ ¼ 0; lim
u!ûu

f ðuÞ ¼ 1

we deduce that the equation

f ðuÞ ¼ a2 	 a2 ð4:7Þ

has a unique solution u in U. Using the relation
(4.2) we get the following result.

Lemma 4.1. The steplength h defined in (2.17) is
given by

h ¼ 2u

uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ 4u

p ;

where u is the unique solution of the Eq. (4.7) in the
interval U.

Proof. From (4.3) it follows that

dðzðhÞ; ð1	 hsÞÞ6 a; 8h 2 ð0; h�; ð4:8Þ
where h is defined in our lemma. In order to prove
that this is the same as the original definition (2.17)
we still have to prove that zðhÞ is strictly feasible
for any h 2 ð0; h�. It is easily verified that QxðhÞþ
RsðhÞ ¼ b. We are left to prove that xðhÞ > 0,
sðhÞ > 0, 8h 2 ð0; h�. Assume by contradiction that
there is h0 2 ð0; h� such that xðh0Þsðh0Þ ¼ 0. In this
case limh!h0 dðzðhÞ; ð1	 hÞsÞ ¼ 1 which contra-
dicts (4.8). �

We note that u can be computed to any given
accuracy by applying Newton’s method to (4.7).
For a hybrid procedure that is guaranteed to
produce an �-approximation of u with at most
Oðlog log �Þ function evaluations see [11]. In what
follows we will obtain a lower bound ûu for u. For
our complexity analysis we need only a rough es-
timate. Therefore we will restrict the domain of f
to

06u6u1 :¼
3min p
8kqk1

: ð4:9Þ

Let us note that since ðz; sÞ 2 DðaÞ we can apply
Lemma 3.4 to obtain the following bounds on the
elements of p

1

mðaÞ 6 min p6 kpk16mðaÞ; ð4:10Þ

where

mðaÞ ¼ 1þ a2=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ a4=4

p
: ð4:11Þ

We will use this result to find a lower bound of u
in terms of the following quantity:

hðaÞ ¼ 8ðm2ðaÞ þ 1Þð8m2ðaÞ 	 5Þ
0:15þ 40m2ðaÞ:

ð4:12Þ
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Proposition 4.2. For any u satisfying (4.9) we have

f ðuÞ6uhðaÞ
X
i2Iþ

qi;

where hðaÞ is given by (4.12).

Proof. Using the definition of f we can write

f ðuÞ ¼
Xn

i¼1
uqi 1

	
	 1

piðpi þ uqiÞ




¼
X
i2Iþ

uqi 1

	
	 1

piðpi þ uqiÞ




�
X
i2I	

uqi 1

	
	 1

piðpi þ uqiÞ




6

X
i2Iþ

uqi 1

	
	 1

kpk1ðkpk1 þ ukqk1Þ




	
X
i2I	

ujqij 1

	
	 1

min pðmin p 	 ukqk1Þ



:

Since our HCLP is monotone we haveX
i2Iþ

qi P
X
i2I	
jqij

so that by using (4.9) we obtain

f ðuÞ6
X
i2Iþ

uqi
1

minpðminp	ukqk1Þ

	

	 1

kpk1ðkpk1 þukqk1Þ



6u

1

5=8ðminpÞ2

"

	 1

kpk1ðkpk1 þ 3=8minpÞ

#X
i2Iþ

qi;

and the desired bound follows by applying
(4.10). �

Corollary 4.3. The unique solution u of Eq. (4.7) in
the interval U satisfies the inequality

uP ûu :¼ min
a2 	 a2

hðaÞ
P

i2Iþ qi
;

3

8mðaÞkqk1

( )
:

In order to obtain a lower bound for h we need the
following result, which follows immediately from
(4.2) and the above corollary.

Corollary 4.4. The steplength h computed in the
predictor step of Algorithm 1 satisfies the inequality

h P gðûuÞ
ffiffiffiffî
uu

p
;

where

gðuÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
uþ 4
p

	 ffiffiffiffi
u
p

2

is a decreasing function on ½0;1Þ.

The above results will be used to prove that
h P vn=

ffiffiffi
n
p

, where

vn :¼ 2

ffiffiffiffi
c
cn

r
g

4c
ncn

	 

; ð4:13Þ

c :¼ min
a2 	 a2

hðaÞ ;
3

8mðaÞ

� �
; ð4:14Þ

cn :¼
mða=nÞ; if HLCP is monotone;
1 if HLCP is skew-symmetric:

�
ð4:15Þ

We note that sequence fvng is increasing and

lim
n!1

vn ¼ 2
ffiffiffi
c
p

: ð4:16Þ

We are now ready to prove the main result of this
section.

Theorem 4.5. Algorithm 1 is well defined for any
parameters a and a satisfying (2.13) or (2.24) and
the following relations hold for k ¼ 0; 1; . . .:

(i) ðzk; skÞ 2 DðaÞ; ðzk; skþ1Þ 2 DðaÞ;
(ii) skþ1 ¼ ð1	 hkÞsk;
(iii) 16 lðzkÞ

sk
6 cn;

(iv) hk P vnffiffi
n
p ; v1 6 v2 6 v3 6 � � � 6 vn ! 2

ffiffiffi
c
p

.

Proof. We drop the superscript k, and use the
notation introduced in this section and in Algo-
rithm 1. We assume that ðz; sÞ 2 DðaÞ.

(i) From Lemma 4.1 it follows that ðz; sÞ 2
DðaÞ. Let us denote

q ¼ uv ¼ ½u1v1; . . . ; unvn�T; Iþ	 ¼ Iþ	ðwÞ;
where Iþ	 are given by (3.2) and w ¼ ½u; v�. We
will prove now that the corrector step produces
ðzþ; sþÞ 2 DðaÞ. Using (2.13) and (2.21), sþ ¼ s
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and the monotony of our HLCP (which impliesP
i2Iþ qi P

P
i2I	 jqij) we can write

d2ðzþ; sþÞ ¼
Xn

i¼1

s
xþi s

þ
i
	 2nþ

Xn

i¼1

xþi s
þ
i

s

¼
Xn

i¼1

s
sþ uivi

	 2nþ
Xn

i¼1

sþ uivi
s

¼
Xn

i¼1

s
sþ uivi

	
	 1



þ
Xn

i¼1

uivi
s

¼
Xn

i¼1

	uivi
sþ uivi

þ
Xn

i¼1

uivi
s

¼
Xn

i¼1

ðuiviÞ2

sðsþ uiviÞ
¼

Xn

i¼1

q2i
1þ qi

¼
X
i2Iþ

q2i
1þ qi

þ
X
i2I	

q2i
1	 jqij

6

X
i2Iþ

kqk1qi
1þ kqk1

þ
X
i2I	

kqk1jqij
1	 kqk1

6
2kqk1

1	 kqk21

X
i2Iþ

qi:

Applying Lemma 3.1 with w and s	 xs instead of
w and a and using (2.24) we obtain

d2ðzþ; sþÞ6
2d4ðz; sÞ

16	 d4ðz; sÞ
6

2a4

16	 a4
6 a2:

An argument similar to the one used in the proof
of Lemma 4.1 shows that zþ is strictly feasible.
Hence ðzþ; sþÞ 2 DðaÞ.

(ii) Is trivially satisfied since Algorithm 1 com-
putes sþ ¼ s ¼ ð1	 hÞs.

(iii) In the skew-symmetric case we have
uTv ¼ uTv ¼ 0, so that by using (2.16) and (2.21)
we have

lðzÞ ¼ ð1	 hÞlðzÞ þ h
2
uTv=n ¼ ð1	 hÞlðzÞ;

lðzþÞ ¼ lðzÞ þ uTv=n ¼ lðzÞ:

In the monotone case the result follows from
Corollary 3.3.

(iv) Lemma 3.1 gives

X
i2Iþ

uivi 6
1

4
k

ffiffiffiffiffi
xs
p
k22 ¼

nlðzÞ
4

;

and by using (iii) we deduce thatX
i2Iþ

qi 6
ncn
4

:

Similarly we can prove that

kqk16
ncn
4

;

and by using Corollary 4.3 we obtain

ûuP
4

ncn
min

a2 	 a2

hðaÞ ;
3

8mðaÞ

� �
¼ 4c

ncn
:

The desired result follows by applying Corollary
4.4. �

To have an idea about the quality of the bound
obtained in point (iv) of the above theorem let us
take for example

a ¼ 1

4
; a ¼ 5

6
: ð4:17Þ

It is easily seen that conditions (2.13) or (2.24) are
satisfied and for this values we have

c ¼ 12

33þ
ffiffiffiffiffi
65
p : ð4:18Þ

This shows that for large values of n we will have

vn � 2
ffiffiffi
c
p

> 1:08: ð4:19Þ
For n ¼ 2 we obtain v2 > 0:74 in the skew-sym-
metric case and v2 > 0:71 in the monotone case.
For larger values of n we obtain larger bounds.
Thus it is easily checked that

vn > 1:05; 8nP 400;

and

vn > 1:075; 8nP 9000;

both in the skew-symmetric case and the mono-
tone case. These are the largest guaranteed lower
bounds for the stepsize along the affine scaling
direction in the interior point literature that we
know of.

5. Quadratic convergence

In this section we show that if the HLCP has a
strictly complementary solution then for large k
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the steplength hk is much larger than indicated by
the lower bounds obtained in Theorem 4.5. In fact
we will prove that limk!1 hk ¼ 1, or more precisely
that

hk ¼ 1	OðskÞ; ð5:1Þ

which implies that the sequences fskg and flðzkÞg
are quadratically convergent to zero in the sense
that

skþ1 ¼ Oðs2kÞ; lðzkþ1Þ ¼ OðlðzkÞ2Þ: ð5:2Þ

Let us denote by

F# :¼ fz� ¼ dx�; s�c 2F� : x� þ s� > 0g; ð5:3Þ

the set of all strictly complementary solutions of
our HLCP. In what follows we will assume that
F# is nonempty. As mentioned in the introduction
this assumption is not restrictive, since according
to [10] strict complementarity is a necessary con-
dition for superlinear convergence for a large class
of interior point methods.

The following result was first proved for the
standard monotone LCP in [15]. Its extension for
the HCLP is immediate, using for example the
equivalences proved in [1] (see also [2]).

Lemma 5.1. If F# 6¼ ; then the solution w ¼ du; vc
of (2.16) satisfies

juivij ¼ Oðl2Þ; 8i 2 f1; 2; . . . ; ng;
where l ¼ lðzÞ is given by (1.4).

Theorem 5.2. If the HLCP has a strictly comple-
mentary solution, then the sequences fzkg and fzkg
generated by Algorithm 1 converge to the analytic
center of the solution set F�. Moreover the se-
quences fskg and flðzkÞg converge quadratically to
zero in the sense that (5.2) is satisfied.

Proof. We use the same notation as in the proof of
Theorem 4.5. In particular, we will drop whenever
possible the subscripts and superscripts k. The
convergence of the sequences fzkg and fzkg follows
from the results of [2]. Lemma 5.1 and point (iii) of
Theorem 4.5 imply qk ¼ OðsÞ, so that according to
Corollary 4.3 we have ûu ¼ Xð1=sÞ. Using Corol-
lary 4.4 we deduce that

06 1	 h6 1	 2
ffiffiffiffî
uu
pffiffiffiffiffiffiffiffiffiffiffiffi

ûuþ 4
p

þ
ffiffiffiffî
uu
p ¼ 4

ð
ffiffiffiffiffiffiffiffiffiffiffiffi
ûuþ 4
p

þ
ffiffiffiffî
uu
p
Þ2

¼ OðsÞ:

According to point (iii) of Theorem 4.5 this implies
skþ1 ¼ Oðs2kÞ, which in turn implies lðzkþ1Þ ¼
OðlðzkÞ2Þ, by virtue of point (ii) of Theorem 4.5.
The proof is complete. �
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