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Abstract

Mixture models provide a method of modeling a complex probability distribution in terms of
simpler structures. In particular, the method of mixture of regressions has receigd considerable
attention due to its modeling exibility and availability of convenient computa tional algorithms.
While the theoretical justi cation has been successfully worked out from the frequentst point
of view, its Bayesian counterpart has not been fully investigated. This paper ans to contribute
to theoretical justi cation for the mixtures of regression model from the Bayesian perspective.
In particular, we establish strong consistency of posterior distribution and determine how fast
posterior distribution converges to the true value of the parameter in the conext of mixture of
binary regressions, Poisson regressions and Gaussian regressions.
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1 Introduction

The method of mixtures of probability distributions is a pow erful method that allows researchers to
model multiple and complicated phenomena with simpler prolability distribution models. Mixture
models provide a convenient and exible family of distributions for estimating or approximating
distributions which are not well modeled by any standard pamametric family. More importantly,

they give us a parametric approach to non-parametric methodf density estimation, in particular



for a Bayesian approach of using mixture models in density dBnation. See for example [4] and
[17].

In addition to studying mixture models in the context of density estimation problems, mixture
models can be extended to the regression problem setting. Ithe context of regression, mixture
models are also well-known but under di erent names in diverg elds, such asswitching regression
model in the econometric literature, hierarchical mixture-of-experts model (HME) in the machine
learning community [12], and regression with latent mixturesin statistical literature. In particular,
the Bayesian approach to mixtures of regressions has been axined by Viele and Tong [21] and
Hurn et al. [11].

While the theoretical justi cation for the mixture approac h has been successfully worked out
from the frequentist point of view, its Bayesian counterpart has not been fully investigated. From
the Bayesian point of view, given a su cient number of observations, the posterior distribution is
expected to concentrate around the true values of the paranters as the sample size increases, and
this is known as the concept of posterior consistency. Post®r consistency of Bayesian mixture
models has been investigated in the literature and there haseen signi cant progress on the topic
of posterior consistency of normal mixture models [17, 14,2, 2]. Most recently, a theoretical study
of the consistency properties of a Bayesian HME model, Bayésn inference using the mixture
of logistic regression models, is done by Ge and Jiang [5]. @n consistency of the posterior
distribution, one would like to know how fast the posterior distribution converges to the true value
of the parameter, and then compare the obtained convergenceate with the known optimal rate
for point estimators. Ghosal et al. [7] and Shen and Wasserman [18] established general and
related theorems for the convergence rate of posterior disibutions. For density estimation based
on the mixture model, the general result for rates of convergnce for the Gaussian mixture sieve
and Dirichlet mixtures of normal distributions has been corsidered in [6] and [9], respectively.

Consequently, motivated by works of Ge and Jiang [5], Genowse and Wasserman [6] and Ghosal
and Van der Vaart[9], we provide su cient conditions under w hich an in nite number of mixtures
of regressions achieves strong consistency and the apprdgte rate of convergence of the poste-
rior distribution at a true value of the parameter. We then in vestigate these Bayesian asymptotic
properties in three speci ¢ cases of mixtures of regressi@y Binary, Poisson and Gaussian regres-
sions. The rest of the paper is organized as follows. In Secin 2, we describe the general mixture
model for regression problems that we are using and state sucient conditions for obtaining strong
consistency. We also state appropriate rates of convergercof posterior distribution in discrete
mixtures of regressions based on the theorem by Shen and Wasman [18] when the number of

mixing weights goes to in nity as sample sizes increase. In &tion 3, we deal with three di er-



ent examples using mixtures approach: binary, Poisson and &ussian regressions. For each of the
three regressions, we investigate asymptotic propertiesncluding strong consistency and rates of
convergence by verifying su cient conditions of the theorem in Section 2. In Section 4, we discuss

some directions for future work.

2 Bayesian Mixture of Regressions

Let us consider a random responsé&’ corresponding to a single predictorX taking values in a
bounded interval T R. The distribution of Y given X is assumed to be a mixture of linear
regressions, which is a generalization of mixture distribtions by incorporating the predictor in the

mixture framework. That is, an observed quantity y is explained by the relationship of a single
covariate x in the form of regression. For instance, the regression forrmight be a linear regression
ofx asy = x +", where" is a standard normal noise. The main di erence with the ordinary linear

regression is that the slope can get values among a set ok di erent possible values, 1;:::; «,

as a mixture of normal densities.

The following subsection generalizes this idea into a genir form of mixture of regressions, in
particular from Bayesian perspectives, and introduces théasic notations for Bayesian formulations,
similar to what has been discussed by [17] for density estinteon. This Bayesian approach to
mixture of regressions has been studied by, for example, Vie and Tong [21] and Hurnet al. [11]

with various real datasets.

2.1 Notations

k 1 dimensional simplex: Sy = fu = (ug;:::;uk); y; O j =1;::5k; J_k:1 uj = 1g. Let
kK= Rk sk Letmg!1l ask!1l . Dene the family Fy of mixtures of k regression models,

where F is the set of joint conditional densitiesf (yjx;p; ) that have the form

( X
Fi= £% fixps 9= pHp ik [ 5 R2 (D)

wherepjk is a mixing weight and H; is a suitable conditional density function of Y given the covariate

X, parametrized by an unknown [ = ( [;pf). For example, if we model mixtures of regressions



with additive noise distributed as standard normal, the conditional distribution of Y given x will

be a mixture of normal distributions as follows:
Fayixps ) =pf (v SO+ i+pl (v Kx);

where (x) denote a standard normal density. We takeF to be F = Fk. A natural way to

construct priors on F is to consider sieve priors as discussed in [21], [5]kz:rl1d [1& sieve prior has
the following form : = P &:1 ax k; whereay O, P ﬁzl ax =1, and each  is a prior de ned
on F but supported Fy. Note that each Fy is parametrized by nite-dimensional parameters and
k is a induced prior dened on X for f [fg¥., and fpfge, .
Following this framework, we consider three di erent choices ofH; depending on the regression

models under consideration: binary, Poisson, and Gaussiaregressions as below :

Binary logistic regression :

X y 1 ly
H(yjx; )=

1+ ex 1+ ex ;y=0;1L

Poisson regression with log linear link :
e (x)

y! (x)Y; (x)=e*;y=0;1::

H(yix; )=

Gaussian regression :

. 1 1
H (yjx; )=pﬁexp ﬁ(y x)? : 1 <y<1:

For these regression models, we are interested in asymptatbehaviors of the posterior distrib-
ution of unknown parameters for each of mixture of regressio models, particularly their posterior
consistency or posterior convergence rates. For this purpse, we need to deal with suitable neigh-
borhoods of true density function of mixture of regressions Speci cally, we de ne a neighborhood
of true density function in terms of Hellinger distance, dy (fo;f) = R(IO fo P )? 2 and then
we compute the rate at which the posterior distribution converges to 1 almost surely around the
Hellinger neighborhood of the true density function, and identify suitable rates of convergence for

commonly used models for mixtures of regressions.

2.2 Preliminaries : A theorem for posterior convergence for mixtures

As mentioned in Section 1, posterior consistency of mixturanodels has been moderately explored

in the literature. Roeder and Wasserman [17] consider Bayésn density estimation using mixture
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of normals and give some results on the consistency of the mad when the maximum number of
components is allowed to grow with the sample size. By embeddg the problem in the context of
density estimation, Lee [14] shows that the posterior distibution for neural networks is asymptot-
ically consistent. Viele and Tong [21] provide a theoretichdunderpinning for the Bayesian mixture
of normal regressions by demonstrating consistency of postior distribution based on theorems
for posterior consistency in Barronet al. [1]. Further, Carta [2] treats Bayesian semiparametric
inference using normal mixtures and shows that its posteriodistribution is consistent by following
the same approach as [14]. Generally speaking, having no guwentee of posterior consistency will
lead to undesirable consequences [3], and since posteriasnsistency of mixture models has not
been established fully, we need to further investigate its aymptotic behavior to ensure reasonable
Bayesian consistency properties, especially in the contéf the regression problem, under various
mixtures of regression settings such as in [5]. After estaldhing posterior consistency, the next
inherent question is the rate of convergence of the posteriadistribution. The asymptotic behavior
of the Bayesian procedure is quanti ed by its rate of convergnce: given a distanced on the pa-
rameter space, we explore the appropriate sequency which is positive and decreases to zero for
the posterior probability. This is formalized as follows [10] : Suppose that there exits a constant
M> Oand",! O such that

1d(5 o) > M nj(Ye Xa)s i (Yns Xa) PO 2)
in P ,-probability or almost surely [P ,]. In other words, (2) means that the posterior mass around
the true value of the parameter is still captured even if the decreasing sequence, of neighborhood
of ¢ goes to zero as the sample size increases. If (2) holds, we shgt the rate of convergence is
n. In nite dimensional problems, it is well known that the pos terior distribution converges at a
rate of n 172 in the Hellinger distance. See [13] for instance. However, uth less is known on the
behavior of posterior distributions for the nonparametric Bayesian model, i.e. the case of in nite
dimensional parameter space.

Shen and Wasserman [18] provided theorems that gave generabnditions for achieving the rate
at which the posterior distribution concentrates around the true parameter value. The rates that
they computed are derived by the bracketing entropy based orHellinger distance and the rates
that the prior probability assigns to the small ball around t he true parameters. Ghosalet al. [7]
also did independent work on the same topic and gave generaksults on the rate of convergence
of the posterior distribution based on metric entropy and rea rmed the usefulness of the approach
based on testing.

In terms of mixtures of normal densities, Ghosal and Van der \Aart [9] studied the rates of

convergence of the maximum likelihood estimator and postdor distribution in density estimation

5



problems where the densities are mixtures of normal distrilntions. They provided a general theorem
for rates of convergence of posterior distributions that calld be applied to the case of normal mixture
density estimation problems. The similar theorems for calalating convergence rates of posterior
distribution under the Gaussian mixture sieve are also foud in [6].

In this subsection, we provide an analogous theorem for comyiing rates of convergence for
mixtures of regressions that includes three examples in th@revious section, and works not only
for normal mixtures but also general mixtures under easily eri able assumptions. We present
Theorem 2.1 below and we verify the conditions in three mixtues of regression problems in the
next section.

To make the posterior probability converge to 0, or investicate the rate of convergence, we
will make assumptions about the true density function and the structure of parameter space with
respect to prior distributions and bracketing entropy.

Assumption (i)  The true conditional density, fo(yjx) is the general mixture of H (yjx; ) with

respect to the true probability distribution function of , Fg as follows.
Z,
fo(yix) = . H (yjx; )dFo( ):

Also, suppose that the covariatex is xed in advance on a bounded interval T. Without loss of
generality, we will assume thatT =[0; 1] for the remainder of this paper.

Assumption (i) Let m be a positive constant and deneM = ff(jx; ); jj mg. Let
N;j(;B;dy) denote the -covering number of a setB with respect to the Hellinger metric dy,
which is de ned as the smallest number of -balls that are necessary to cover the seB [19]. Then,

we assume there exists a positivéy such that for every 0<" < 1,

" bh m
Npi("Msdy)  ——
Assumption (i) ~ The prior for Fy is such that *  N(0; 2); j = 1;:::;k and p¥
Dirichlet( 1;:::; ).
Note that

1. Assumption (i) is used for the basic requiriment of posteior consistency [10] that prior dis-
tribution assigns positive probability to a Kullback-Leibl er neighborhood of the true density.
To de ne a Kullback-Leibler neighborhood of the true density function, we need to specify
the true density function. The assumption of true density taking the form of general mixture

was also made in [6] and [9].



2. Assumption (ii) is originally based on Theorem 1 in [22], vhich was also used in Lemma 5
in [6] and assumption (4.2) of Theorem 3 in [18] so that their esults can be applied here.
This assumption enables us to state an upper bound for the numrator of likelihood ratio in

(3) when the posterior probability of A® given Z" and the prior , where A be a Hellinger

is expressed as
R Qn r@i) g
( ASzM) = Ac_ =1 To(zi] o) .
] RO, [z g )"

i=1 fo(Zij o)

3)

3. The prior distribution described in assumption (iii) is a natural and reasonable speci cation
of prior for mixture models, commonly used in density estimdion and regression for practical
implementation as well as theoretical investigation [17, 9 11, 21]. Assumption (iii) is also
needed for showing that the prior probability of F§ is exponentially small asn!1  for the

proof of Theorem 2.1.

Now we have the following theorem for posterior consistencyand convergence rates under the

mixture of regression setup.

Theorem 2.1 Let ky = O n?3=(logn) andr, = (log n)* )=6=n1"6 for some > 0. Consider
Fk,

function. Let N be a positive sequence such th#d,!1 asn!l

as de ned in (1) with my, = O(k,) for some > 0. Let fo be the true conditional density

Suppose that assumptions (i){(iii) hold.
(a) Assume that there exist positive sequenct, such that such that

f No oK fofNn <ty V foif N0 <thg be 2N

n (0]

Noo | Let",=max r,;t¥2 .

Nn..... caNn Nnp.
LIRSS " p

Then for su ciently large M, if n"ﬁ 1 asn!l , we have that
nff ody(foif)  M"nj(XaY1)i:ii(XnsYa)g ! G
almost surely, with respect to the true probability ofPg.
(b) For every "> 0, if the prior assigns the positive probability in the folloving set:

f NoooK fofNe <" v o fofN0 <"g> 0;



then
nff o dy(foif)  "j(XuYe);:ioi(XnsYn)g! O

almost surely, with respect toPg, which stands for the joint distribution of f (Xi; Yi)gt,; when

fo is the true density.

Proof To prove Theorem 2.1, we can simply adapt Theorems 3 and 4 of 81 under the mix-

ture framework based on assumptions (i){(ii). Let AS = ff : dy(fo;f) M"ngand Z" =

Then, the posterior probability of our interest shown below,
nff odu(foif)  M"nj(X1; Y1) (Xn; Ya)g

can be written as

R Qn @i Qn  t@i)
A\ w071 oG d O )Y an ¢ s i ()
Qn 1@

i=1 fozj 04 ( )

10 (Z") N l2n(Z"M) .

Ian(ZM)  Tan(Z7)

Note that, from assumption (i)and Theorem 2 in [6], we have that N ;("n; Fk,;dn) (m&?:"n)?’k“ .

n(ARIZ")

In addition, from the proof of Theorem 3 in [6], it follows that there are positive constantscs and
a positive sequence, such that
ZP 2r

"%:2; H[l]zz(u=03; Fk,;dn)du pﬁrﬁ;
where H 1("; M ;d) is the bracketing entropy of M de ned by log N[ ;(; M ;d). This sati es the
condition, (4.3) of Theorem 4 in [18]. Further, note that the condition, (4.4) of Theorem 4 in [18]
is easily veri ed under assumption (iii), using Mill's rati o.

Therefore, by applying Theorems 3 and 4 of [18] with assumptins (1){(3) and two conditions
in Theorem 2.1, it follows that with probability 1, there exi st positive constants K1 and K> such

that
[1n(Z™)
I3n(ZM)
respectively. Hence, it completes the proof.

[on(ZM)
[3n(ZM)

exp nK;"2 and exp nKjy'2 ;

3 Convergence of Posterior

In this section, we investigate the asymptotic properties d posterior distributions from di erent
types of mixtures of regressions. Speci cally, we considethree regression models: logistic regres-

sion, Poisson regression, and Gaussian regression. We chaterize asymptotic properties of the
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three regression models and discuss how to achieve postariconsistency and further obtain the
convergence rate of posterior distributions, comparable @ the rate of convergence known to the
literature [6] with appropriate conditions.

For each model, we examine the bracketing entropy of assumpin (2) and the rate that a prior
probability shrinks as we consider a decreasing sequence Kitillback-Leibler neighborhoods of the

true conditional density.

3.1 Mixture of logistic regressions

For a random binary responseyY , the response probability functionp(x) = Pr( Y = 1jx) is estimated
based on a suitable link function ofx. Speci cally, we consider a logit link function with a linear
combination of x and an unknown coe cient , known as logistic regression. The logistic regressions

can be incorporated into mixture of regressions, that is, mxtures of logistic regressions:

X exp( fx)
Pr(Y = 1jx;p%; )= pX J
=1 "1+exp( {x)

More generally, the following probability mass function for a random binary responseY is given

for the mixture of logistic regressions,

| |
X gy Y 1y
Pr(Y = yixpt M= pl PO - :
=1 T 1+exp( [fx) 1+exp( {x)

The Bayesian mixture of logistic regression models was coitered in [11] for implementation and
applications to real data. In addition, this mixture model w as also used for binary classi cation
and pattern recognition [16].

In terms of Bayesian asymptotic theory, Ge and Jiang [5] studed the consistency properties of
Bayesian inference using a hierarchical mixture of expert pproach under an almost identical model
structure to what we describe here. However, our theoretichinvestigation is somewhat di erent
from the approach by Ge and Jiang [5] in dealing with Hellinge metrics and more systematic.
Moreover, we examine and identify the rate of convergence oposterior distribution of logistic
mixture regressions. For this purpose, we apply Theorem 2.10 the mixture of logistic regressions
and verify assumptions (1){(3) and conditions in Theorem 21 to attain consistency and suitable
convergence rates of posterior distribution under mixtureof logistic regression models.

For simplicity, let H (x; ) denote a Bernoulli probability mass function with logisti ¢ transfor-

mation of , namely,
e Y 1 1Y
l+e l+e

H(y; )=



Consider the following setM as described in assumption (2) :
M =fH(; )i ] mg:

Now, we measure the size ol using bracketing entropy in Lemma 3.1. This lemma is comparhle
to what is described in Lemma 1 of Genovese and Wasserman [&Jhose result is for the Gaussian

mixture sieve while our sieve is for the Bernoulli mixture.
Lemma 3.1 Let m be a positive constant and de ne
M =fH(; ); ] mg:

Then, for 0<"< 1,
am
||2 .

Np (" M 5dw)

1+e 1+e
and g( )= e =(1+ e ) is Lipschitz continuous, it is clear that dﬁ Fyi 0:flyi 2) kflyj v

Proof We have f (yj ) = with y = 0;1. Since Pﬁ loq)2 ip g
f(yj 2)k1 2 1 o). Letr = 22> 0, let| = dn=reand letu; = ir fori = 1;:::;0;::::1,
where dae denotes the smallest integer greater than or equal t@a. Note that[ m;m] [ IrlIr ].
Consider a set of pairs [1;u1);:::;(Im;uUm) such that I; = f(y;(i 1r) and u; = f(y;ir), i =
1;:::;m. Then, itis obvious that da (Ii;uj)  2r = ". Finally we count the number of boxesN. The
number of boxes is less than or equal to=r. Thus, we see thatN N ]( ;S d) sz = 4—?
Now, we see that assumption (2) holds under the Bernoulli miture for . Note that, in general,
when the binary data has a Bernoulli distribution with a para meter p, and the Bernoulli probability
is explained with the link function g( ) parametrized by , we can conclude that the assumption
(2) is satis ed if g( ) is Lipschitz continuous with respect to . Here, our speci ¢ choice ofg( ) is
a logit link, but, in fact, we can apply any Lipschitz continu ous link function such as probit link to

the result of Lemma 3.1.

Next, we will explore the prior positive conditions stated in Theorem 2.1. Recall that the true
conditional density, fo(yjx) is the general mixture of H (yjx; ) with respect to the true probability

distribution function of |, Fg as follows.
Z 1
fo(yjx) = . H (yjx; )dFo( ); (4)

whereH (y =1jx; ) =exp( x )=(1+exp( x)).

10



Lemma 3.2 For a given positive integerN, Denote
N N..... N.N..... N N : X\l N v Ny.
=( 1ty onsprsiinpy) and fR(yix) = p H(yix: ):
i=1
Then, for every " > 0, we have

pﬁ N

N s okfo Nk S K(forfN) " & V(forfN)

Proof Note that, sinceH (y =1jx; )=1 H(y =0jx; )andFqis a probability measure for , itis
P
obviousthat H(y=1jx; )dFo( )=1 H(y =0jx; )dFg( ); and further, since szl P =1,

X X X
it follows that pH(Y =1jx ) = p 1 Hy=0jx ) =1 pH(y =0jx; M)
]:1 J:]_ J:l
Thus, we could use Lemma 1 of Ghosal and Roy [8] to bounHl (fo;f) and V (fo; f) by the squared
Z
supremum of  H(yjx; )dPo( ) ij H(yjx; N), with respect to y. Hence, we have
j=1
Nk fNk, P N K(@(FofN) " & V(forf) "

From the above lemma, in order to verify the prior positive condition in Theorem 2.1, it is
su cent to calculate prior probability of suitable neighbo rhood of f o with respect to sup norm, as

in the lemma below.

Lemma 3.3 Assume that the true conditional density of random binary reponsey is the general

mixture as in (4). Let "> 0, N, be a positive integer, and let Nn = Jln;:oc; Noopiins o e 2

Wn
No. DenotefMNn = pNvH(yjx; ).
j=1
Then, under the mixture of logistic regression models, we hee

No oK foifNe <™ v ffNe < e P2

Proof Suppose thatj ;™ l'(\'”j > 2" for all j 6 k. For a given N, > 0, and each" > 0, we

consider 8 9
< Z %n =

Bi()=. M i H(yix; )dFo( ) prrH QX ) <t

: - :
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Following the similar approach to the proof of Lemma 5.1 in [, rst, we have

Z h
H (yix; )dFo( ) pNH (v )
j=1

Z Wn Z

o Hix )dRo( ) + . dH@ ) Hysx )idRFo( )
A E: j=0 0 M

Rn
+OHEX ) Fol o T

j=1

Since H (yjx; ) is uniformly bounded with respect to y and the logit transformation is Lipschitz

continuous, we have that H(jx; ) H(jx ") ", wherek ki is the sup norm
with respect to y. Thus, we have
Z Rn
H (yix; )dFo( ) P H (v )
j=1 1
Xn Z
Fo( ;i ri>"s8)+2 ) [rjdFo()
j=1 1 M
+ %n H v Nn F Nn ", Nn + " Nn .
;% ") O[j D ] B
j=1
In addition, it is easy to see that
Kn h |
FO : an >"; 8J FO an "; an + " ijn :
j=1
Then, we have
( )
Nnos K(foifN) < v (forf Ny <
g z n 2
No H(yix; )dFo( ) pNTH (i ™)
: =1 . ;
8 9
< Wn =
N R et g M k> 28] 8k j =152 Ny,
j=1 !
n 0
Now,deneB-= Nn= Jojooo; e o Noo Neo> 2086k j=1;::5;Ny . Then,

by conditioning on B , we have
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8 _ 9

< Wn h I
Pr Fo jn % Mmooy 0 > 20868k | =152 Ny,
=1 !
8’ 9
< %n h | =
= Pr_ Fo j» % M+ p'" " B Pr(B)
- ;
Since ( i\‘” N N:) has a multivariate normal distribution with nonsingular ¢ ovariance matrix,

it is obvious that there exists a positive constant by independent of" such that Pr(B-) > bs. In
addition, from Lemma 6.1 in [7], we obtain that there exist paositive constants ¢ and C such that
for" 1=Nj,

0o
Il ©

1
Pr Fo 0 " M+ p'" " B Cexp cNylogs

Hence, using the previous lemma and the same argument as in,[p. 1253], we verify the prior
positive conditions in Theorem 2.1 and consequently we obta that there exist positive constants,

¢4 and cs such that
( )
Nooo K(foifNn) <tn; V(o) <tn  caexp  csnt? ;

wheret, can be suitably chosen, e.gt, = (log n)=p n as discussed in [9].

On the other hand, ry in Theorem 2.1 was chosen as (Iog)(l+ )¥6=n1"6 for some > 0 as
discussed in [6]. Therefore, if we considef, = max rn;t%:2 , we obtain the nal results in
Theorem 2.1 for mixture of logistic regression models.

The last thing to consider is to make ( Flfn) exponentially small, that is we need to make sure

that there exists a positive constantd > 0 such that
(FE) exp din:

This is easily veri able from the Mill's ratio since we assigned an independent normal prior on

as also brie y mentioned in the proof of Theorem 2.1.

3.2 Mixture of Poisson regressions

In this subsection, we consider mixtures of Poisson regregss as follows:

X
Pr(Y = yjx;pls )= pPoi expfx® g ;
i=1
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where the parameter is explained by the regression model. Adiscussed in [11], the mixtures of
Poisson regressions can be used for describing investmertiaices based on socio-economic covari-
ates, for instance. In addition, Viallefont et al. [20] dealt with a Bayesian analysis of Poisson
mixtures for rare events. They developed a hierarchical Bagsian approach based on an MCMC
algorithm. We study its asymptotic property by verifying as sumptions listed in Section 2, step
by step. Our asymptotic investigation provides theoreticd justi cation not only in the context of
regression [11] but also in the general Poisson mixtures [20

First, we verify assumption (2) about bracketing entropy for Poisson mixtures. Let H(x; )
y
denote a Poisson probability mass function with parameter , namely, H(y; ) = —e Y. Let us

measure the size oM for the Poisson case, de ned in Lemma 3.4 below, using brackeg entropy.

Lemma 3.4 Let m°be a positive constant and deneM = H(; ):jj m° : Then, for 0<

4m0
"< 1, N[](; M ;dy) e

Proof If f(y)= H(y; 1) and g(y) = H(y; 2), then

h3 x 1=2 x 122 2 1+ 2 P—
di(f,9) = e o e -2 =2 2exp st 12
y:
P— p—zz!! P— P—2
=2 1 _ 22— =
exp > >
P— P—2 .
= 1 2 ] 1 2]
Letr = > 0, letl = dn%reand letu; = ir fori = 1;:::;0;:::;1, where dae denotes the

smallest integer greater than or equal toa. Note that] m®m9 [ Ir;Ir ]. Consider a set of pairs
(I;up); 22 (Imo;umo) such that I; = H(x; (i 1)r)) and uj = H(x;ir),i=1;:::;m°
Then, it is obvious that d (li;ui) r?= 2. Finally we count the number of boxesN. The

number of boxes is less than or equal to%r. Thus, we see that

2m® _ 4m0

N NH("Midw) —= 5

Note that M is constructed via not but and thus,
jj m® = :jj logm° : (5)
Thus, m®needs to be selected as and logm®becomes log, which is the role of m in assumption

(ii ).
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Now, we consider the prior positivity condition in Theorem 2.1 for Poisson mixture regression
models. Here, for simplicity, we only consider the case thaprior distribution assigns a positive
probability to the Kullback-Leibler neighborhood of true density rather than determing its rate.
Note that regarding the positivity itself, by the continuit y of probability mass function of Poisson
distribution with respect to and assumption (2), it is easy to see that the prior distribution
assigns positive probability to every Kullback-Leibler neighborhood of true conditional density and
satis es the condition in (b) of Theorem 2.1. For the sake of chnical rigorousness, we introduce
a reasonable assumption regarding the true density functin, which also has been considered in
[17, 21, 2].

De ne F to be the closure ofF, whereF = [ §:1 Fk, as follows.
F= f :forevery"> 0; 9g2F such that K (f;g) <"

Then, assume thatfo 2 F. Now, we can consider two possible cases, eithég 2 F orfg2 F ¢\ F.
For the former, it is obvious from assumption (3) and the latter is easily veri ed because of continuity
of probability mass function of Poisson distribution with r espect to .

Once again, the last thing to be veried is that ( Flfn) is exponentially small. Compared to
the case of logistic mixture regression models, we need to bmreful since the Poisson regression
model is based on a logarithmic link function ofx for , thatis log( ) = x . Recall the equation

(5). The following lemma serves to complete our veri cation

Lemma 3.5 Under assumption (iii), let k, = O(n%3=logn) asn!1 , then there exist a positive

constant vq such that ( )
Pr ik” > logn exp( vin)
i=1
Proof Since ;i =1;:::;k, are assumed to i.i.d with N (0; 2) and k, = O(n?==logn), we
have, by Mill's ratio,
8 9
< P(n " = Xn
Pr i > logn, Pr(jZzj> logn); Z N(O; 2
i=1 =
" (log n)?'
k —exp 2* ex gIo n (logn)®
n logn P39 2 2
Consider the exponent,
2 (logn)? _ (logn)2  2logn
3logn 2z - " onz 3Tq
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Then, it is clear that there exists a positive constant such hat

(logn)®  2logn
2n 2 3 n

Vi,
for su ciently large n.

This completes the veri cation of all conditions for posterior consistency, @) in Theorem 2.1.

Hence, we conclude that the posterior consistency is achied for mixtures of Poisson regressions.
For mixtures of Poisson regressions, we have not probed intoates of convergence of posterior
distributions. The main challenging part for posterior convergence rates is to nd a rate that a
prior probability shrinks as we consider a decreasing sequee of Kullback-Leibler neighborhoods.
By assuming additional conditions, it seems possible to callate the rate but we leave it for further

discussion in Section 4.

3.3 Mixture of normal regressions

The mixture of normal regressions is a well-known mixture regession model that has been com-

monly used in the literature. See, for instance, [15] and refrences therein.

This model is based on the simple linear regression modey, = x + ", assuming" has a

standard normal distribution with known. Then, we consider the general mixture of normal

distributions, assuming the true conditional distributio n is
Z

. 1 X
fo(yix)= - Y

dFo( )

and modeling the conditional distribution of y given x is a discrete mixture of normal distributions

kK Y 1X

T (yixipk )= o L

sioepl TS (6)

where (x) denotes a standard normal density.

This approach to density estimation and regression has beefairly well studied in the literature,
not only from a methodological aspect but also from a theoreical aspect [17, 6, 9, 21, 2, 11].

Regarding the theoretical investigation of discrete mixtures of normal regressions that we con-
sider in this section, bracketing entropy has been already &culated in detail by Genovese and
Wasserman [6] even with being treated unknown, which was our original motivation for working
on this problem. By Theorem 1 of [6], we can easily see that thenixture of normal regressions,
i.e. Gaussian mixtures, satis es the bracketing entropy cadition in assumption (2). In addition,

to calculate the rate that prior probability assigns to shrinking balls of true conditional density, we
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could use Lemma 4.1 of [9]. Similar approaches have been maite[21] and [2]. In fact, Lemma 4.1
of [9], which was based on Theorem 5 of [22], requires two coitidns on the underlying measure of
mixing distributions, which needs to be modi ed in our discrete mixture framework. It is stated in

the following lemma.

R
Lemma 3.6 Let fg = (yix; )dFo( ) and let N and B each be a positive constant. Denote

X 1 y Ny

- ij - i
j=1

some constantt’> 0, for "< 1=2 and j J-Nj B; 8 =1;:::;N. Then,

fN as in (6). Suppose thatFg satis es that Fo(z : jzj >t) e b for

K fo;fN "2Iog%
2
V fo:fN "?log 1

Proof Note that if | j’\'j B; 8 =1;:::;N,

jyj+ B 1 jyj+B

N

N _X\I N 1
Ny =" P >

j=1 j=1
P
since’ [L; pN =1and jxj 1.

Therefore, following the same argument as in the proof of Leima 4.1 in [9], the proof is complete.

Since has an independent normal prior distribution, it is clear that the prior has a positive
probability that each jN lies in [ B;B] for some positive constantB. By conditioning the set

where all of J-N 's liein [ B;B], similarly as in the proof of Lemma 3.3 in Section 3.1, we can

obtain suitable rates, (e.g. Iogn=IO n), for prior positivity condition.

Hence, combining the bracketing entropy results in [6] and he previous lemma for the rate of
prior positivity as in the statement of Theorem 2.1, we conclide that the same convergence rates

as in [6] is achieved for the posterior distribution under miture of Gaussian regression models.

4 Concluding Remarks

We have examined asymptotic results for posterior distribuions in mixtures of the following three

regressions: mixture of logistic, mixture of Poisson, and rixture of Gaussian regressions. For the
mixture of logistic regression models, we have obtained anpper bound on the posterior convergence
rate and identi ed that we are able to achieve the same rate atained for Gaussian mixtures as

in[6]. In addition, posterior convergence rate directly implies the posterior consistency in mixture
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of logistic regression models, which is comparable to the seilt of posterior consistency by Ge and
Jiang [5]. For mixture of Poisson regression models, we havestablished posterior consistency
and this result has not been studied in the literature and we lope to investigate the convergence
rate in future work by considering an appropriate sieve for he Poisson mixture. In addition, we
mentioned posterior convergence rate of mixture of Gaussiaregressions, which turned out to be
rather simple from the previous results, studied in the literature. Although we have not treated
the case of multidimensional covariates, we see that the erhsion would be straghtforward based
on our result as long as we assume the compactness for the rangf covariates.

Finally, we believe that similar results as above can be obtaed for more general mixture of
regressions such as exponential regression or gamma regries as well as the case where there are
additional hyperparameters to be estimated in the mixing weaghts such as cases with either an
unknown number of weights or a hierarchical mixture-of expets model that has been investigated
by Ge and Jiang [5].
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