
16 Convergence of Fourier Series

16.1 Pointwise convergence of Fourier series

Definition: Piecewise smooth functions
For f defined on interval [a, b], f is piecewise smooth on [a, b] if there is a
partition of [a, b], {xj}pj=0, a = x0 < x1 < . . . < xp = b, such that f is
continuously differentiable on each subinterval (xj, xj+1), and at each xj, f
or its derivative f ′ has at most a jump discontinuity.

Example: Let

f(x) =

{
2x 0 ≤ x ≤ 1/2
1/2 1/2 < x ≤ 1 .

This f is piecewise smooth on [0, 1], but is not continuous on [0, 1]. However,
f(x) = |x|1/2 is continuous on [−1, 1], but is not piecewise smooth on [−1, 1].
Why?

Now we give some convergence results, scaling l to unity.

Theorem 1: Convergence of Fourier sine and cosine series
If f is piecewise smooth on closed interval [0, 1], and continuous on (0, 1),
then the Fourier sine and cosine series converge for all x in [0, 1], and has
sum f(x) in (0, 1).

Remark: If f is continuous on [0, 1], then these two series also converge to
f(x) at x = 0, 1.

(Note that for example 11, where f(x) ≡ R, this is not met.)

Theorem 2: Convergence of the full Fourier series
If f is piecewise smooth on [−1, 1], continuous on (−1, 1), then the Fourier
series converges for all x ∈ [−1, 1], and has sum

f(x+) + f(x−)

2
where f(x±) = limε↓0f(x± ε) .

1All references to numbered examples in this section refer to examples presented in the
last section.
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Figure 1: From the sine series example 2, graph on the left side, a, shows the
function extended to the symmetric interval as an odd function. The graph
on the right side, b, shows the extended function as a 2-periodic function on
the real line.

In the pde problems that we have solved that employed either Dirichlet
or Neumann b.c.s, we either arrived at writing f(x) =

∑
n≥1 bn sin(nπx),

or f(x) = a0
2

+
∑

n≥1 an cos(nπx) (assuming without loss of generality the
interval has been scaled to (0, 1)). We made no claim to convergence, so we
should have written f(x) ∼

∑
n≥1 bn sin(nπx), etc. Keep in mind that what

series we end up with is entirely determined by what b.c.s are imposed. We
will generally state pde problems where initial/ boundary data are continuous
on the open interval making up the spatial domain, and dispense with the
‘tilde’ notation.

The issue here is that the convergence we have been discussing is point-
wise convergence.

Another comment is that when we obtain the Fourier series for the data,
for example, in examples 1-4, the trig series on the right side actually are
defined for all x ∈ R, while the function on the left side, f , comes from the
original statement of the problem and is only defined on (0, 1) (or (0, l) or
(−l, l)). So what function does the series converge to on the real line?

For a function f defined on the (0, l), we must first extend it to (−l, l),
then extend it to the whole real line as a 2l-periodic function. If the series is
a sine series, this represents a series of odd functions, so f must be extended
to (−l, l) as an odd function (mirror the graph of f about the y-axis, then
‘flip’ if down, i.e. mirror it about the negative x-axis).

Example: f(x) ∼
∑∞

n=1 bn sin(nπx), where f(x) = x on (0, 1).
Then extend it to (−1, 1) as an odd function (see figure 3, left side graph).
Then extend it to the real line as a 2-periodic function. Now, from the the-
orem on the convergence of the full series, the series converges to f(x) for
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Figure 2: From the cosine series example, graph on the left side, a, shows the
function extended to the symmetric interval as an even function. The graph
on the right side, b, shows the extended function as a 2-periodic function on
the real line.

x ∈ (−1, 1) (and actually for x ∈ (2n − 1, 2n + 1), for all integers n), but
converges to 0, the average jump at each discontinuity at every other integer
(see figure 1, right side graph).

Example: f(x) ∼ a0
2

+
∑∞

n=1 an cos(nπx), where f(x) = x on (0, 1).

The sum is a sum of even functions, so f is extended to (−1, 1) as an even
function (mirror the graph of f about the y-axis). Then extend the func-
tion to the real line as a 2-periodic function (see figure 2). Note now that
the extended function is continuous for all x ∈ R and so the Fourier series
converges everywhere to the extended function on the line (figure 2). Put
another way, we have continuity of f at the endpoints x = ±1, so the Fourier
series converges everywhere to f(x). Observe that this extended function,
call it f̂(x), is piecewise smooth on R because it has its derivative having
simple jump discontinuities at the odd integers; otherwise it is continuously
differentiable.

Example 4 revisited: We have f(x) = x(1− x), and the case of a sine series,
so extend f as an odd function on (−1, 1) (see figure 5, left side graph).
So, extended to the whole real line we have what is pictured in figure 5,
right side graph. In this case the extended function and its derivative are
continuous everywhere on R. How is this reflected in the Fourier series? From
example 2, with the extended function being piecewise continuous (see page
5 of the last section) the Fourier coefficients decay like 1/n as n→∞. From
example 3, the extended function is continuous (and its derivative is piecewise
continuous) on R, and its coefficients decay like 1/n2 as n → ∞. However,
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Figure 3: Graphs showing the extension of the function f(x) = x(1− x) for
example 4, showing first extending to (−1, 1) as an odd function, then to the
whole real line.

from example 4, page 7 of the last section, the extended function and its
derivative are both continuous on R, and its Fourier coefficients decay like
1/n3 as n→∞. Through the Riemann-Lebesque lemma and other analytic
results one can characterize the decay rate of Fourier coefficients (and hence
the rate of convergence of the infinite series) through piecewise smoothness
conditions on f(x), but we will not pursue the matter further in these Notes.

Nothing we have said so far addresses what to expect when we have jump
discontinuities, how good of an approximation we can make, and how we can
verify that the series we compute actually can be checked to see that it is a
solution to our problem.

16.2 Wilbraham-Gibbs phenomenon

Even though the Fourier series for a function that has an isolated jump
discontinuity at x = x0 with converge to the left- and right-hand limits at
x0, we always have to approximate the function with a finite series of the
partial sums. It has been known since the mid-19th century that the finite
series approximation will have persistent oscillations in a neighborhood of
the jump discontinuity. That is, there will be and overshoot/undershoot of
the series at the discontinuity, no matter how many terms are included in
the finite Fourier series. As a typical example let

f(x) =


−1

2
−π < x < 0

1
2

0 < x < π

which has the Fourier series f(x) ∼ 2
π

∑∞
k=1

sin[(2k−1)x]
2k−1 . You can see the

overshoot behavior of this example in figure 4. This behavior is called the

4



Figure 4: For the function f(x) = −1/2 if −π < x < 0, and is 1/2 for
0 < x < π, the graphs are of the sequence of partial sums for N = 10, 20, 40
(shown in blue, with f shown in black). The overshoots are about 9% of the
length of the discontinuity.

Wilbraham-Gibbs phenomenon2. The overshoot is sometimes referred to as
ringing by those in electrical engineering and signal processing. There are
ways of mitigating the effect, but we will not go into the phenomenon further
in these Notes.

16.3 Uniform convergence of Fourier series

We only mention this important result in this subsection because we develop
it further in Appendix G, which you should read through next.

Let f be piecewise smooth on (−1, 1), continuous on [−1, 1], with f(−1) =
f(1). Thus, when f is considered extended to the whole real line, it is contin-
uous everywhere, and is a 2-periodic function on R. Then its Fourier series
converges everywhere (pointwise) to f . Also assume f ′ is square-integrable;

that is,
∫ 1

−1(f
′(x))2dx <∞. Let

SN(x) =
a0
2

+
N∑
n=1

{an cos(nπx) + bn sin(nπx)} ,

where {an, bn} are the Fourier coefficients for f : an

bn

 =

∫ 1

−1
f(x)

 cos(nπx)

sin(nπx)

 dx .

2Often referred to as the Gibbs phenomenon because Josiah Willard Gibbs, America’s
best (mathematical) physicist at the end of the 19th century, wrote a paper on it in 1899.
However, a Cambridge mathematician, Henry Wilbraham, had discovered the phenomenon
in 1848. By the way, Gibbs received the first doctorate in engineering in the US (1863,
Yale University).
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Recall that the sequence of partial sums {SN}N≥1 is a Cauchy sequence if,
for any ε > 0, there is an N∗ such that for any N,M > N∗, |SN(x)−SM(x)| <
ε for all x ∈ (−1, 1). With the conditions above, it is a relatively short
calculation to uniform convergence. See Appendix G.

Theorem 3: The sequence of partial sums {SN}N≥1 is a Cauchy sequence,
which implies the Fourier series for f converges uniformly to f .

Summary: The main points to be remembered in this section are what it
means for a function to be piecewise smooth on an interval, when to expect
pointwise convergence, and when to have uniform convergence, as well as
knowing the meaning of these convergence notions. Also be aware of the
Wilbraham-Gibbs phenomena when a function has a jump discontinuity.
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