Some Calculus background you should be familiar with, or review, for Math 404

It will be, for the most part, assumed you have at your fingertips the basics of
(multivariable) functions, calculus, and elementary differential equations. If there has
been too much of a gap since you took those courses, you must spend time reviewing that
material or you will not be successful in learning partial differential equation techniques
as given in Math 404. Below is a brief guide to some needed calculus material, but it is
by no means a complete representation of al relevant material.

Integration and Differentiation

Leibniz Theorem: A handy result we will apply over and over, at least in restrictive cases
b(t)
to the statement here concerns the integral 1(t) = .[ f(x,t)dx.
a(t)
Theorem: if f(x,t) and of /ot are continuous on the rectangle [A,B] x [¢,d], where
[A,B] contains the union of all the intervals [a(t),b(t)], and if a(t) and b(t) are
differentiable on [c,d], then

% - %f:ff f(x,HHdx = f (b(t),t)b'(t) - f (a(t),Ha'(t) + Lm

b(t) Of
—(x,t)dx .
at( )

Exercises:

2
1. Let ()= J‘t Sin(S)dS | First, use the Leibniz theorem to compute df/dt.

Second, integrate the integral directly, then take the derivative to obtain the same
result.

2. Define the two-variable function u(x,t) = I X_+:g(y)dy for an arbitrary integrable

function g(y), and show that u(x,t) is a solution to the partial differential equation
ot oxt

If f="f(x,y,2z) is ascalar function, and F =(F,F,,F,) is a vector function, then the
notation for the gradient of f is given by Vf =grad(f)=(f,,f,,f,), where

f, = of /0x, etc. IN Cartesian coordinates this is sometimes written as

Vi = fxf +f, ]+ lez, where 1, jA,IZ are the unit vectors in the x, y, and z directions,

respectively. Here f has domain in 3-space (that is, in R*), but we have the analogous
formulae in the plane or in n-space. The directional derivative of f at the (vector) point a
f(a+t\{[)— f(a) _v.Vi(a).

in the direction of the vector v is lim, ,,

It follows that the rate of change of a quantity f(X) seen by a moving particle X(t) is
(d/dt) f(x)=Vf -(dx/dt).



The divergence of the vector function F = (F,F,,F,) is given by

) F
dlvF:VonaFl+8F2 oF, )

+
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Therefore, the Laplacian of u is

: o’u o°u odu
AU(X,y,z) = V?u =div(grad(u)) = + n
(X, Y,2) (grad(u)) % e

Also, |Vu = grad(u)[*= (U,)* +(u,)* +(u,)* -

The curl of the vector function F = (F,,F,,F,) is given by
]
_oF, oF OF OF, OR. |0 0 O
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I:1 F2 F3
Theorem: Let F, G be two vector functions such that curl(F), curl(G), div(F),div(G)
exist, and let f be a scalar function such that grad(f) exists. Then
a) curl(F + G) = curl(F) + curl(G)
b) div(F + G) = div(F) + div(G)
c) curl( fF) =fcurl(F) + grad(f)x F
d) div( fF) ="fdiv(F) + grad(f)e F
e) curl(grad(f)) =0
f) div(curl(F))=0
g) curl(curl(F)) = grad(div(F)) - V*F

Q) —»
Q» x>

curlF =VxF = (8F3
oy

If an equation involves a solution needing partial derivatives of second order, then we are
interested in a continuous function on a domain D that has continuous partial derivatives
up to order two, and we say the function is of class C*(D). If the function only needs
continuous partial derivatives of first order, then the function is of class C!(D). For
example, if we are interested in solving the one-dimensional heat equation for u on the
domain a<x<b, 0<t<T,then u should be of class C*((a,b)) in x, C'((0,T)) in t. (The
equation holds in the open domain, i.e. the region not consisting of its boundary because
we can not assume the derivatives of the function hold on the domain’s boundary.)

Now let D be an open, bounded, simply-connected set in the plane (or in 3-space) with
smooth boundary. (By simply-connected we mean D has no holes. By smooth boundary,
which is bounded here, we mean there is a unit normal vector at each boundary point, i.e.,
at each point on the boundary, there is a vector that is perpendicular to the tangent plane
at the point, of unit length.) Call the unit (outward pointing) normal vector fi.

Divergence Theorem: Let g be any continuous scalar function on D and its boundary S,
and continuously differentiable on D, and let F be a continuously differentiable vector
function on D. Then



”D{gdiV(F) +Fegrad(g)ldx = L(gF) e fids .

Exercises:
1. Use the Divergence theorem, with letting F = Vu = grad(u)to

obtain ”D(gvzu +VueVQg)dx = L g(Vu en)ds. This expression is often called
Green’s First ldentity.

2. Take the expression in part 1, interchange g and u, and subtract the two
expressions to obtain ”D uv’g-gviu)dx = L (UVg —gVu)efids. This is
Green’s Second Identity.

I have written the divergence theorem as if it were a planar theorem, but in fact it holds in
higher dimensions. A two-dimension theorem to keep in mind is

Green’s Theorem: Let D be a bounded planar domain with piecewise C' boundary curve
S. (sometimes S is denoted D). (Piecewise C' mean continuously differentiable except
at a finite number of points.) Consider S parameterized such that it is traversed once with
D on the left (traversed counterclockwise). Let p(x,y) and q(x,y) be any C' functions
defined on the closure of D (D + S, i.e. the union of the two sets, i.e. cl(D)). Then

[[. (@ = p,)dxdy = | pdx+qdy .

A completely equivalent formulation of Green’s theorem is obtained by substituting p =
-g and q = +f. If F=(f,g) is any C' vector field in cI(D), then

”D (f, +g,)dxdy = L (—gdx+ fdy). If A is the unit outward-pointing normal vector on

S, then A = (+dy/ds, -dx/ds). Hence, Green’s theorem takes the form
”DV e Fdxdy = LF -nds, where Ve F =div(F)=f, +g, is the divergence of F.

Trigonometric and Hyperbolic Functions

Addition formulas (trig):

sin(A+ B) =sin Acos B = cos Asin B

cos(A+ B) =cos Acos B Fsin Asin B
So, for instance, cos(2x) = cos*(x) — sin*(x) = 1 — 2sin’(x) = 2cos*(x) — 1; thus, for
example, sin’(x) = (1 — cos(2x))/2 .

Exercises: using the addition formulas, show the following integrals are true:
1. For arbitrary positive integers n and m,
0 m=n

1
in(mzx) sin(nzx)dx =
J:) sin( )sin(nzx) {1/2 men

jol cos(mzx)sin(nzx)dx = 0 for all nand m .



2. Sketch a graph of tan(x) for x > 0 and superimpose on the graph the graph of the
function x/2. Numerically approximate the first 5 solutions to the transcendental
equation tan(x) = x/2.

3. Show that sin(112x)cos(107x) = %{sin(217zx) +sin(zx) }

Hyperbolic functions: sinh(x) = (¢* — €™)/2, cosh(x) = (¢* + €™)/2, tanh(x) =
sinh(x)/cosh(x), , etc.

isinh(x) = cosh(X), icosh(x) = sinh(X), etc.
dx dx

sinh(X £ y) = sinh(X) cosh(y) £ cosh(x)sinh(y)
cosh(X £ y) = cosh(X) cosh(y) £ sinh(X) sinh(y)

Exercises
1. Show that sinh(x), tanh(x) are odd functions and sketch a graph of each. Then
show cosh(x) and sech(x) are even functions and sketch a graph of each.

2. Show that sinh(ax) and cosh(ax) form a fundamental set of solutions for the
2

u
—a’u=0.

differential equation —
X

Sequences and Series of Functions

We are going to be dealing with series of functions (Fourier series), so you should recall
a few things about sequences and series.

Definition: convergence of a series of (real) numbers: Z::I a,=a, +a,+--- converges
if the tail end can be made arbitrarily small; i.e. given any tolerance € > 0, there is an M
> 1 such that for m > M, |Zw a,l<e.

n=m

Definition: absolute convergence of a series: Z:O a, converges absolutely if Zﬂ a, |

converges.

Remark: the Comparison Test: If | a, |< b, for all n, and if Z:Zl b, converges, then
z::l a, converges absolutely. The contrapositive necessarily follows: If Z::1| a, |
diverges, so does ZL b, . The limit comparison test states that if a, >0,b, >0, if

lim,, a,/b, =L,where 0<L <o,andif Z:;l b, converges, then so does Z:;l a,



Remark: the ratio test: the series Z a, converges absolutely if ‘| et | < p<1 for
a

|
n
some constant o , and for n> N >1.(We don’t care if the inequality is not met for the

first N terms.)

w 1 a 1 .
Examples: For E 1(—)” ,s0 a, =1/2", hence % =5 P so series is absolutely
n= a,

P

n
convergent. For Z ,

—— — 1. Hence, there is no upper bound less than

T+l 1 |
la,| n+l1
1, so the ratio test falls, i.e. give no information. This series actually diverges. The ratio

. . © 1 .
test also fails for the series Zl — , but the series converges to 7% /6. In fact, the p-
n

series z:o%p converges for p > 1, and diverges (is infinite) for p <1.

Definition: uniform convergence of sequence of functions: assume the sequence
{fa(X)}n=12,... of functions is defined on an interval | of the real numbers. Then {f,}
converges uniformly on | to f(x) if for any tolerance € > 0, there is an M such that for
m>M, |[f(x)—f(x)|<e forall xin I.

Definition: uniform convergence of a series of functions: with f, ‘s defined on interval
I, z:o f,(X) converges uniformly on | to f(x) if the sequence of partial sums

{SNIN=12,.., Sy = ZN (X), converges uniformly to f(x) on I.

n=l N

Comparison Test: If | f (X)|<c, forall nand for all a<x<b, where the c,’s are

constants, and if chn converges, then ZT f,(X) converges uniformly in the interval

[a,b], as well as absolutely.

Convergence Theorem: If z:o f,(X) converges uniformly to f(X) in [a,b] and if all the

functions f,(x) are continuous in [a,b], then the sum f(x) is also continuous in [a,b] and

w (b b
> L f (x)dx = L f(x)dx .
The last statement is called term-by-term integration.

Convergence of Derivatives: If all the functions f,(x) are differentiable in [a,b] and if
the series z:o f,(C) converges for some C, and if the series of derivatives z:o f' (%)

converges uniformly in [a,b], then ZT f,(X) converges uniformly to a function f(x) and

Dt 0= f'(x).



