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Abstract�A low-order model (LOM) of biological neural
networks, which is biologically plausible, is herein reported.
LOM is a recurrent hierarchical network composed of novel
models of dendritic trees for encoding information, spiking
neurons for computing subjective probability distributions
and generating spikes, nonspiking neurons for transmitting
inhibitory graded signals to modulate their neighboring spik-
ing neurons, unsupervised and supervised covariance learning
and accumulation learning mechanisms, synapses, a maximal
generalization scheme, and feedback connections with different
delay durations. An LOM with a main network that learns
without supervision and clusters similar patterns, and offshoot
structures that learn with supervision and assign labels to
clusters formed in the main network is proposed as a learning
machine that learns and retrieves easily, generalizes maximally
on corrupted, distorted and occluded temporal and spatial pat-
terns, and utilizes fully the spatially and temporally associated
information.

I. INTRODUCTION

A functional model of biological neural networks, called
temporal hierarchical probabilistic associative memory (TH-
PAM), was recently proposed [6], [7]. THPAM is a learn-
ing machine with many desirable properties for clustering,
detecting and recognizing temporal or hierarchical patterns
or causes. The goal to achieve in constructing THPAM
was to develop a learning machine that learns and retrieves
temporal or hierarchical information easily without differen-
tiation, optimization or iteration; and generalizes maximally
on corrupted, distorted and occluded patterns. In the process
to achieve the goal, mathematical necessity took precedence
over biological plausibility. This top-down approach focused
on minimum mathematical structures and operations that are
required for an effective learning machine with the mentioned
properties.
To develop a model of biological neural networks that

is more biologically plausible, the component models of
THPAM have been identi�ed with the corresponding com-
ponents of biological neural networks and changed, if nec-
essary, to biologically plausible models of the same. This
effort has resulted in a biologically plausible low-order model
(LOM) of biological neural networks. LOM is a recurrent
hierarchical network of processing units (PUs), each com-
prising models of dendritic nodes; dendritic encoders; learn-
ing synapses; a non-spiking neuron; spiking neurons; unsu-
pervised covariance learning, supervised covariance learning
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and unsupervised accumulation learning mechanisms; and
feedback connections with different delay durations.
Although these component models in the proposed LOM

are worth looking at in their own right, the main contribution
of the LOM is the integration of these component models into
one single biologically plausible model of neural networks
that is a learning machine with numerous features that
other models such as the recurrent multilayer perceptron,
associative memories, spiking neural networks, and cortical
circuit models, regardless of biological plausibility, do not
have.
As a learning machine, LOM has advantages over TH-

PAM. The most important one is that LOM's PUs that learn
without supervision are capable of preventing clusters from
overgrowing. In fact the maximum average size of clusters
can be controlled. This will be discussed in Section VII-D.
To make make a good use of those unique features in

an LOM as a learning machine, we propose, in this paper,
an LOM that comprises a main network of PUs that learn
without supervision and offshoots from the main network that
consists of PUs or layers of PUs learning with supervision.
Such an LOM has the following capabilities:
� PUs in the main network learn without supervision by
a Hebb-type rule. Each PU that learns without supervi-
sion is thus a clustering algorithm that clusters spatial
and temporal data by similarity. The main network can
learn of�ine or online constantly.

� Whenever a label of an input to a PU in the offshoots is
available, the PU learns with supervision by a Hebb-
type rule. Actually, the cluster containing the input
or its slight variant is assigned with the same label.

� Each PU has a �photographical memory�. Both unsu-
pervised and supervised learning are performed of�ine
or online easily without differentiation, optimization or
iteration.

� Each PU has a forgetting factor that keeps the memory
size bounded and suppresses noises and rare patterns
gradually in learned data.

� The receptive �elds of PUs in a lower layer integrate
into larger receptive �elds of PUs in a higher layer. The
causes to be recognized by PUs in a lower layer are
subcauses to be recognized by PUs in a higher layer.
In this manner, a hierarchy of causes are learned
and recognized by the LOM. Detection and recognition
performance of a high-layer PU can tolerate gracefully
missing causes in lower layers.

� Each PU in both the main network and offshoots of the



LOM can generalize maximally on corrupted, dis-
torted and occluded data. Consequently, the THPAM
can generalize maximally for temporal and hierarchical
data.

� Each PU can learn to detect and recognize rotated,
translated and scaled data.

� Each PU can learn with less data preprocessing such
as segmentation and noise �ltering than most existing
pattern recognition methods.

� As a classi�er, a PU does not require data for two
classes to de�ne a decision boundary. A PU's decision
bounday for a class is de�ned by the data for the class
alone. This is advantageous when there are a large
number of classes of causes to be recognized and classes
of �confusers� to be ignored.

� The LOM with a deep architecture is a deep learning
machine without a training problem.

Many results on modeling by LOM and its biological
plausibility are described in more detail in a paper entitled
�A Low-Order Model of Biological Neural Networks�, which
will soon appear in the journal, Neural Computation, the MIT
Press. The emphasis in the present paper is LOM as a learn-
ing machine. For example, the capability of unsupervised
covariance learning to control the cluster sizes and prevent
clusters from overgrowing is discussed in Subsection VII-D,
but not in the other paper.

II. DENDRITIC ENCODERS

Dendritic trees uses more than 60% of the energy con-
sumed by the brain, occupy more than 99% of the surface
of some neurons, and are the largest component of neural
tissue in volume. It was discovered in 1980's and 1990's that
dendrites are capable of performing information processing
tasks. Logic-networks and low-order polynomials were found
in computations performed in dendritic trees (See the papers
in the above lists). XOR (exclusive-OR) gates were found
in biological dendritic trees by Zador, Clairborne and Brown
[13] and modeled by Fromherz and Gaede [1]. Two-layer
models including the clusteron [9] were proposed to describe
the computing operations in dendritic trees.
However, dendritic trees are missing or only input devices

that collect and transmit signals in well-known arti�cial
neural networks, associative memories, spiking neural net-
works, and models of cortical circuits, overlooking compu-
tation performed by a large percentage of the neural circuit.
The front end of a dendritic tree (the upper part of a

tree), that is the part leading into learning synapses, consists
of dendritic encoders for encoding inputs to the dendritic
encoder. In dendritic encoders, the model dendritic node is
the hyperbolic polynomial:

� (v; u) = �2vu+ v + u (1)

This polynomial is an exclusive-OR (XOR) function for
binary values of v and u, and acts like or approximately like
an XOR for nonbinary inputs. � (v; u) is an algebraic binary
operation, which is commutative and associative. Hence, we

can de�ne a symmetric function �k by applying the binary
operation repeatedly as follows:

�k (v1; v2; :::; vk) = � (� � �� (� (v1; v2) ; v3) ; � � � ; vk)

where �1 (vi) = vi and �2 (vi; vj) = � (vi; vj).
If there arem inputs, v1, v2, ..., vm, to a dendritic encoder,

then the input set has 2m subsets. On each of these subsets,
say {vk1 , vk2 , ..., vki}, an output of the dendritic encoder
is de�ned to be �i (vk1 ; vk2 ; :::; vki). For example, if the
input set is fv1; v2; v3g, then the subsets are �, fv1g, fv2g,
fv2; v1g, fv3g, fv3; v1g, fv3; v2g, fv3; v2; v1g, where � is
the empty set. The outputs of the corresponding dendritic
encoders are �0 (�), �1 (v1), �1 (v2), �2 (v2; v1), �1 (v3),
�2 (v3; v1), �2 (v3; v2), �3 (v3; v2; v1). Here �0 is de�ned to
be 0. �i (vk1 ; :::; vki) can be evaluated by binary operations
in more than one way if i > 2. Therefore, the structure
of the dendritic encoders for more than 2 inputs is not
unique. However, there exactly 2m different functions that
can be generated by the binary operation � (v; u) on the
input set {v1, v2, ..., vm}. Hence, a dendritic encoder with
m inputs has at most 2m different outputs. Since 2m grows
exponentially, the number m of inputs to a dendritic encoder
cannot be too large. If a neuron receives information from
a large number of parent neurons, a number of dendritic
encoders each with a reasonably small number of inputs
are formed. Their input sets are randomly selected and
possibly overlapped. Each dendritic encoder is what is called
a �compartment� or �subunit� in the literature (See Koch and
Poggio 1982, 1986; Rall and Sergev 1987; Borg-Graham and
Grzywacz 1992, Mel 1992a, 1992b, 1993, from the reference
list of [9]).
The output vectors of a dendritic encoder in response to

different input vectors have an orthogonality property. To
be speci�c, we organize the output vector of the dendritic
encoder in the following way: For a scalar u and a vector
v =

�
v1 v2 � � � vk

�
, we de�ne an operation � (u; v)

by

� (u; v) =
�
� (u; v1) � (u; v2) � � � � (u; vk)

�
Given a vector v =

�
v1 v2 � � � vm

�0, we construct a
2m-dimensional column vector �v by recursively generating
row vectors �v (1; � � � ; k), for k = 1, 2, ..., m, as follows:

�v (1) =
�
0 v1

�
(2)

�v (1; 2) =
�
�v (1) � (v2; �v (1))

�
�v (1; � � � ; k + 1) =

�
�v (1; � � � ; k) � (vk+1; �v (1; � � � ; k))

�
(3)

�v = �v0 (1; � � � ;m) (4)

It can be proven that given two m-dimensional vectors, v
and u, input to a dendritic encoder, if they are binary vectors,
then the output vectors, �v and �u, satisfy�
�v � 1

2
I

�0�
�u� 1

2
I

�
= 2m�2 if u = v; and = 0 if u 6= v

(5)
where I =

�
1 1 � � � 1

�0.



III. LEARNING BY SYNAPSES ON A DENDRITIC
ENCODER

Three learning rules are described in this section. Two are
essentially Sejnowski's covariance rule [11], [5]. However,
the two rules do not build up the covariance between the
outputs of the presynaptic and postsynaptic neurons. While
one builds up the covariance between the outputs of the
dendritic encoder and the postsynaptic neuron, the other the
covariance between the outputs of the dendritic encoder and a
neuron that is not directly connected to the dendritic encoder,
but acts as a teacher. The former is unsupervised learning,
and the latter supervised learning. Both are variants of what
are commonly known as Hebb learning rules. The third
learning rule described here simply accumulates deviations
of the dendritic encoder outputs from their averages over a
certain time window.

A. Unsupervised Covariance Rule
There are two types of neuron, D-neurons and C-neurons,

in LOM. A D-neuron generates a spike train, and a C-neuron
outputs a graded signal that is transmitted to its neighboring
D-neurons. Computations performed in D-neurons and C-
neurons are described in Section VII.
Each of the 2m outputs, �vt1, �vt2, ..., �vt2m , from the

dendritic encoder passes through a synapse to reach each
of a number of postsynaptic D-neurons, say R D-neurons,
and a postsynaptic C-neuron.
The covariance rule that updates the strength Dij of the

synapse receiving �vtj and connecting to D-neuron i with
output uti follows:

Dij  �Dij + �(uti � hutii) (�vtj � h�vtji) (6)

where � is a proportion constant, � is a forgetting factor
that is a positive number less than one, and h�vtji and hutii
denote, respectively, the average activities of the presynaptic
dendritic node j and postsynaptic D-neuron i over usually
different time intervals.
The outputs uti, i = 1; : : : ; R; of the R D-neurons can be

assembled into a vector, ut =
�
ut1 ut2 � � � utR

�0, and
the strengths Dij into a R � 2m matrix D whose i � j-th
entry is Dij . This matrix D is called an expansion covariance
matrix. Using these notations, the unsupervised covariance
rule can be expressed as follows:

D  �D + �(ut � huti) (�vt � h�vti)0 (7)

If the pairs, (vs; us), s = 1; :::; t, have been learned by the
2mR synapses, their expansion covariance matrix D is

D = �
tX

s=1

�t�s (us � husi) (�vs � h�vsi)0 (8)

In addition to the biological plausibility of Sejnowski's
covariance rule [11], [5], which is shared by the unsupervised
covariance rule (6), this rule (6) makes LOM more fault-
tolerant and ef�cient than THPAM [7]:
1) If the D-neuron outputing uti or the dendritic node
outputing �vtj is out of order causing uti or �vtj = 0 or

1 or any constant for too long, then uti � hutii = 0 or
vti � hvtii = 0, whence Dij  �Dij and Dij shrinks
to zero, eliminating the effect of the faulty D-neuron
or dendritic node.

2) If �vtj takes on 1 (or 0) signi�cantly more often than 0
(or 1), then h�vtji is closer to 1 (or 0), �vtj � h�vtji is
smaller for �vtj = 1 (or 0) than for �vtj = 0 (or 1), and
D learns �vtj with less intensity. The same happens if
uti takes on 1 (or 0) signi�cantly more often than 0
(or 1). This automatically balances out the number of
additions (to store 1's) to and subtractions (to store 0's)
from D to help avoid memory saturation at a synapse.

These advantages of the unsupervised covariance rule
are valid also for the supervised covariance rule and the
unsupervised accumulation rule to be described below. A
more important advantage is the control of cluster sizes to
be discussed in Section VII-D.

B. Supervised Covariance Rule
In supervised learning by a synapse, the output wti from a

D-neuron that does not receive information from the synapse
is used as the learning signal. For example, a synapse in the
visual cortex may receive learning signals from a D-neuron
from the auditory cortex and vice versa. The D-neuron from
elsewhere is thus called a teaching D-neuron.
Assume that there are R teaching D-neurons outputting

R spike trains wti, t = 1, 2, ...; i = 1, ..., R. A supervised
covariance rule that updates the strength Dij of a synapse
receiving �vtj from dendritic node j is the following:

Dij  �Dij + �(wti � hwtii) (�vtj � h�vtji) (9)

for i = 1; :::; 2m and j = 1; :::; R; where � and � are a
proportion constant and a forgetting factor as before, and
h�vtji and hwtii denote, respectively, the average activities
of the presynaptic dendritic node j and teaching D-neuron i
over some suitable time intervals.
The outputs wti of the R D-neurons can be assembled into

a vector, wt =
�
wt1 wt2 � � � wtR

�0, and the synaptic
strengths Dij into a R�2m matrix D whose i�j-th entry is
Dij . This matrix D is again called an expansion covariance
matrix. Using these notations, the supervised covariance rule
can be expressed as follows:

D  �D + �(wt � hwti) (�vt � h�vti)0 (10)

If the pairs, (vs; ws), s = 1; :::; t, have been learned by the
R (2m) synapses, their expansion correlation matrix D is

D = �
tX

s=1

�t�s (ws � hwsi) (�vs � h�vsi)0 (11)

C. Unsupervised Accumulation Rule
The 2m synapses between the outputs �vtj of the dendritic

encoder and a C-neuron are updated at t by

C  �C +
�

2
(�vt � h�vti)0 (12)



which is a 2m-dimensional row vector after learning at t:

C =
�

2

tX
s=1

�t�s (�vs � h�vsi)0

IV. RETRIEVING INFORMATION FROM SYNAPSES
Once a vector v� is received by a dendritic encoder, v� is

encoded by the dendritic encoder into �v� , whose components
are made available to synapses for learning as well as
retrieving of an estimate of a label of the input v� , denoted by
r� . Recall that learned information is stored in the expansion
covariance matrices, D and C. Upon the arrival of �v� , the
following products, d� and c� , are obtained:

d� = D (�v� � h�v� i) (13)
c� = C (�v� � h�v� i) (14)

where d� is an R-dimensional vector and c� is a scalar.
To gain some intuitive understanding of the meanings of

d� and c� , let us assume that � is equal to 1, and that the
averages, hrsi, h�vsi and h�v� i, are all equal to I/2, where rs is
us or ws in unsupervised or supervised learning respectively
and is an R-dimensional bipolar binary vector; noting that
these time averages of spike trains are usually close to 1/2
and that the forgetting factor � is normally very close to 1
(fortunately). We call this assumption Assumption 1. Here,
I =

�
1 1 � � � 1

�0, which we note is not the identity
matrix I . Under Assumption 1,

d� = �

tX
s=1

�
rs �

1

2
I

��
�vs �

1

2
I

�0�
�v� �

1

2
I

�

c� =
�

2

tX
s=1

�
�vs �

1

2
I

�0�
�v� �

1

2
I

�
Under the assumption, called Assumption 2, that vs

and v� are binary vectors; by (5), if vs 6= v� , then�
�vs � 1

2I
�0 �
�v� � 1

2I
�

= 0, and if vs = v� , then�
�vs � 1

2I
�0 �
�v� � 1

2I
�
= 2m�2. Therefore, under Assump-

tions 1 and 2, for j = 1; : : : ; R,

d�j = 2
m�3� jfvsjvs = v� ; rsj = 1; s 2 f1; : : : ; tggj

� 2m�3� jfvsjvs = v� ; rsj = 0; s 2 f1; : : : ; tggj

and

c� = 2
m�3� jfvsjvs = v� ; rsj = 0 or 1; s 2 f1; : : : ; tggj

Denoting (c� + d�j) =2 by a�j ,

a�j
c�

=
jfvsjvs = v� ; rsj = 1; s 2 f1; : : : ; tggj

jfvsjvs = v� ; rsj = 0 or 1; s 2 f1; : : : ; tggj
This is the relative frequency that rsj = 1 has been learned for
vs = v� . This relative frequency is also called the subjective
probability that rsj = 1 for the dendritic encoder input vector
vs = v� . Let a� = [a�1 a�2 � � � a�R]'. Then a�=c� is a
subjective conditional probability distribution of r� given v� .

Since v� may be shared by more than one cause (or
pattern) or may contain parts from more than one cause, and
may contain corruption, distortion, occlusion caused directly
or indirectly by the sensor measurements (e.g., image pixels,
sound recordings); the label r� of v� can be completely
described or represented only by a probability distribution
or a membership function.

V. MAXIMAL GENERALIZATION IN INFORMATION
RETRIEVAL

Let a vector v� , that deviates from each of the vectors vs
stored in the synapses on a dendritic encoder due to cor-
ruption, distortion or occlusion, be presented to the dendritic
encoder. The dendritic encoder and its synapses are said to
have a maximal generalization capability in their retrieval of
information, if they are able to automatically �nd the largest
subvector of v� that matches at least one subvector among
the vectors vs stored in the synapses and to generate the
subjective probability distribution of the label of said largest
subvector. This maximal capability is achieved by the use
of a masking matrix described in this section. A biological
interpretation of such a matrix is given thereafter.
Given a binary vector x =

�
x1 � � � xm

�0, whose
components are digits from f0; 1g, de�ne a vector x̂ by
setting x̂ (1) =

�
1 x1

�0, the recursive formulas:
x̂ (1; :::; j + 1) =

�
x̂0 (1; :::; j) xj+1x̂

0 (1; :::; j)
�0 (15)

for j = 1; : : : ;m � 1, and x̂ = x̂ (1; :::;m). Let us
denote the vector a =

�
a1 a2 � � � am

�0 with its i1-
th, i2-th, ..., and ij-th components set equal to 0 by
a
�
i�1 ; i

�
2 ; : : : ; i

�
j

�
, where 1 � i1 < i2 < ... < ij � m.

Denoting the m-dimensional vector
�
1 1 � � � 1

�0 by
I and denoting the dendritic expansion of a

�
i�1 ; i

�
2 ; : : : ; i

�
j

�
by �a

�
i�1 ; i

�
2 ; : : : ; i

�
j

�
:

We combine all such masking matrices that set less than
or equal to a selected positive integer J of components of
�vs equal to zero into the following masking matrix

M = I+
JX
j=1

mX
ij=j

� � �
i3�1X
i2=2

i2�1X
i1=1

2�3j2jdiag
�
Î
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
(16)

where 2j is used to compensate for the factor 2�j in
2dimn(u)�j in the important property stated above, and
2�3j is an example weight selected to differentiate between
different levels j of maskings.
The information retrieval formula (13) and (14) are re-

placed with

d� = DM (�v� � h�v� i) (17)
c� = CM (�v� � h�v� i) (18)

If some terms in (16) are missing, the dendritic encoder
and its synapses suffer only graceful degradation of their
generalization capability. The example weight 2�3j in (16)
is used to illustrate the use of a masking matrix for maximal
generalization. What the weight really is in biological neural



networks needs to be found by biological experiments. So is
the positive integer J in (16).
If the weight in (16) is 2�j , the masking matrix M

is a mathematical idealization and organization of a large
number of nested and overlapped dendritic encoders. Since
two consecutive levels j of maskings differ by only one bit,
they do not have to be differentiated by a large weighting
difference, and the weight 2�j is expected to be enough for
generalization.

VI. PROCESSING UNITS (PUS)

The proposed model, LOM, can be looked upon as a
recurrent hierarchical network of processing units (PUs)
each with dendritic encoders, synapses, learning/retrieving
mechanisms, masking matrices, a number of D-neurons, and
one C-neuron. Let the number of D-neurons, the number of
dendritic encoders and the input vector to a certain PU be
denoted by R, 	 and vt, respectively. The input vector vt
consists of outputs of PUs from layers preceding to the layer
in which the certain PU belongs and feedbacked outputs from
the same or higher layers.
The input vector vt ( ) to dendritic encoder  is a sub-

vector of vt with components randomly selected from vt for
 = 1, ..., 	. These input vectors vt ( ) may have common
components. The output vector from dendritic encoder  in
response to vt ( ) is then �vt ( ) with average h�vt ( )i for  
= 1, ..., 	. We assemble these vectors into

�vt =
�
�v0t (1) �v0t (2) � � � �v0t (	)

�0 (19)

h�vti =
�
h�v0t (1)i h�v0t (2)i � � � h�v0t (	)i

�0 (20)

Note that the vectors vt ( ),  = 1, ..., 	, may have different
dimensionalities, dim vt ( ),  = 1, ..., 	.
Let the expansion covariance matrices for the dendritic

encoders be denoted by D ( ) and C ( ),  = 1, ..., 	; and
the masking matrices by M ( ),  = 1, ..., 	. We assemble
these matrices into

D =
�
D (1) D (2) � � � D (	)

�
C =

�
C (1) C (2) � � � C (	)

�
M =

�
M (1) M (2) � � � M (	)

�
Here D and C are called general expansion covariance
matrices, andM is called the general masking matrix for the
	 dendritic encoders. D, C andM are R�

P	
 =1 2

dim vt( ),
1�
P	
 =1 2

dim vt( ), and
P	
 =1 2

dim vt( )�
P	
 =1 2

dim vt( )

matrices, respectively. Note that
P	
 =1 2

dim vt( ) << 2dim vt

if dim vt ( ) < dim vt. The use of vt ( ),  = 1, ..., 	, can
keep these dimensionalities ofD, C andM reasonably small.
Equally important, the use of vt ( ),  = 1, ..., 	, can help

enhance the generalization capability of the PU. Assume that
J in (16) is determined by a certain percentage, say �, of the
dimensionality of the dendritic encoder. The number of terms
in (16) for dendrite  is much smaller than a dendrite with
the entire input vector vt as the input vector. Besides, if one

of the dendrites  fails to generalize, others may generalize
suf�ciently to enable the PU to generalize.
Multiple dendritic encoders for each neuron are called

compartments or subunits in the literature on dendritic trees
[9].
The information retrieval formula (17) and (18) are applied

to each of the 	 dendritic encoder and its synapses, upon the
arrival of �v� , yielding, for  = 1, ..., 	:

d� ( ) = D ( )M ( ) (�v� ( )� h�v� ( )i) (21)
c� ( ) = C ( )M ( ) (�v� ( )� h�v� ( )i) (22)

which are a vector with R components and a scalar, respec-
tively.
The R D-neurons and the C-neuron, their 	 common

dendritic encoders with
P	
 =1 2

dim vt( ) synapses, and the
learning mechanisms with the three training rules form a
computational unit, called a processing unit (PU). LOM is a
multilayer network of PUs with feedback connections. The
set of neurons in the preceding layers whose outputs are
included in vt is called the immediate receptive domain of
the PU. The input vector vt to a PU also contains feedbacked
components from outputs of D-neurons in the same or higher
layers. Feedbacked components are delayed for at least one
unit of time to ensure stability. Feedforwarded components
may come from more than one layer preceding the layer to
which the PU belongs.

VII. COMPUTATION BY NEURONS

In each processing unit (PU), there are R D-neurons and
one C-neuron. The output of the C-neuron is inhibitory and
transmitted to the R D-neurons in the same PU to modulate
the processing of the D-neurons.

A. Non-Spiking Neurons

The C-neuron in a PU is a nonspiking neuron receiving
signals from

P	
 =1 2

dim vt( ) synapses on the 	 dendritic
encoders in the PU. The strengths of these synapses form
the general expansion covariance vector C. In response to
v� , the C-neuron performs the following computation:

c� =
	X
 =1

C ( )M ( ) (�v� ( )� h�v� ( )i) = CM (�v� � h�v� i)

which is an estimate of the total number of times that v�
or its variants have been encoded and stored in C with
effects of the forgetting factor, normalizing constant, and
input corruption, distortion and occlusion included. �c� is
a graded inhibitory signal transmitted to the neighboring R
D-neurons in the same PU (processing unit).

B. Spiking Neurons

Like the C-neuron, each of the R D-neurons in the PU
receives signals from

P	
 =1 2

dim vt( ) synapses on the 	
dendritic encoders in the PU. The entries of the j-th row
Dj of D are the strengths of these synapses for D-neuron



j. In response to v� , D-neuron j performs the following
computation:

d�j =
	X
 =1

Dj ( )M ( ) (�v� ( )� h�v� ( )i)

= DjM (�v� � h�v� i)

which is an estimate of the total number of times that v�
and its variants have been encoded and stored in D with the
jth component r�j of r� being 1 minus the total number of
times v� and its variants have been encoded and stored in D
with the jth component r�j being 0. Included in the estimate
are the effects of the forgetting factor, normalizing constant,
and input corruption, distortion and occlusion.
Therefore, (c� + d�j) =2 is the total number of times that

v� has been encoded and stored in C with the jth component
r�j of r� being 1. De�ne y�j to be d�j=c� if c� 6= 0, and
to be 0 if c� = 0. (y�j + 1) =2 is the subjective probability
p�j that r�j is equal to 1 given v� . D-neuron j then uses a
pseudo-random generator to generate a spike with probability
p�j and no spike with probability 1� p�j . This spike or no
spike, represented by 1 or 0, is the output u�j of D-neuron
j at the time or numbering � . u�j is thus a point estimate of
the j-th component r�j of the label r� of v� .
Note that the vector p� =

�
p�1 p�2 � � � p�R

�0 is a
representation of a subjective probability distribution of the
label r� . Note also that the outputs of the R D-neurons in
response to v� form a binary vector u� , which is a point
estimate of the label r� of v� .
The D-neuron is a new model of spiking neurons [8], [4].

Division in neurons has been discussed in [12], [5], [3], [2],
[9]. [5] lists 5 ways on its pages 471-472 for neurons to
multiply two numbers if both are excitatory (or inhibitory)
and to divide if one is excitatory and the other inhibitory.
The division d�j=c� is therefore biologically plausible. Spike
trains have been modeled as a stochastic point process,
namely the Poisson process, whose �ring rate is a random
variable with a time-varying average. Pseudo-random binary
number generation using p� produces such a Poisson process.
Pseudo-random binary number generation is what makes

the unsupervised covariance learning rule work: Let us
now see how a �vocabulary� is created by the PU through
unsupervised learning: If a feature subvector v� or a slightly
different version of it has not been learned by PU, and CM�v�
= 0; then y� = 0 and p� = (y� + I) =2 = I=2, where I =�
1 1 � � � 1

�0. Then p� is used to generate a purely
random label r� = v fp�g. Once v� has been learned and
stored in C and D, if v� is input to PU and to be learned
without supervision for the second time, then v fp�g = r�
and one more copy of the pair (v� , r� ) is included in C and
D. If p� 6= I=2, then r� = v fy�g resembles some stored
labels according to p� .

C. Creating a Vocabulary by Unsupervised Covariance
Learning
Pseudo-random binary number generation performed by

the R D-neurons in a PU (processing unit) is indispensible

in making the unsupervised covariance learning rule work
for the PU. Let us now see how a �vocabulary� is created by
unsupervised covariance learning rule for the PU: If a feature
subvector v� or a slightly different version of it has not been
learned by the PU, and CM�v� = 0; then d�=c� is set equal
to 0 and p� = (1/2)I, where I =

�
1 1 � � � 1

�0. The R
D-neurons use this subjective probability vector to generate
a purely random label r� . Once this r� and the output vector
�v� have been learned and stored in C and D, if v� is input
to the PU for a second time, then u� = r� with probability
1, and one more copy of the pair (v� , r� ) is included in C
and D.
If an input vector v� or a slightly different version of it

has been learned by a PU with different labels for different
numbers of times, then y� 6= 0 and p� 6= (1/2)I. Since v�
may contain different parts from different causes and are
assigned different labels in different rounds of unsupervised
learning, p� may not be a binary vector. For example, assume
that two labels, r1� and r2� of the same input vector v�
have been learned with relative frequencies, 0.7 and 0.3,
respectively. Then in response to v� , each component of u�
that is output from the PU is equal to r1� with probability
0.7 and is equal to r2� with probability 0.3. Since these two
labels may have common components, the point estimate of
the label resembles r1� with a probability of greater than 70%
and resembles r2� with a probability of greater than 30%.
Because of the randomness, the same label may be assigned
to different causes, but usually no problem would be caused.
For example, �loo� may be assigned to �look�, �loop�,
�loot�, �loom�, �loon�, and �loose� without a problem.

D. Controlling Cluster Sizes
The length of the time interval for the time average huti

can be used to control cluster sizes. The set of a PU's input
vectors that have the same label is called a cluster.
EXAMPLE 2. The Gray codes of two adjacent integers differ
by one component [10]. For example, the Gray codes of
the integers, 0 to 15, are, respectively, 0000, 0001, 0011,
0010, 0110, 0111, 0101, 0100, 1100, 1101, 1111, 1110, 1010,
1011, 1001, 1000. Let vt, t = 1, 2, ..., 16, be these 16 codes
in the same order. For example, v1 =

�
0 0 0 0

�0, v2
=
�
0 0 0 1

�0 and so on. Repeating the 16 codes, an
in�nite sequence of vectors xt, t = 1, 2, ..., is available for
learning. Let us use a PU with 10 D-neurons and 1 C-neuron
to learn vt, t = 1, 2, ..., 16, in the given order without a
supervisor. Assume that 	 = J = 1 in (19) and (16) and
that � = � = 1 in (7) and (12).
Because J = 1 in M , an unsupervised learning rule

generalizes, if necessary, on three binary digits of each vt.
Since two consecutive codes differ by only one bit, the
unsupervised correlation learning rule in [7] learns all the 16
codes (i.e., vt) with one single label and thus puts them in
one single cluster. Note that components 0 in vt are replaced
with �1 before the unsupervised correlation learning rule in
[7] can be applied.
Let us now use the unsupervised covariance learning rule

to learn the same sequence of codes vt. To initiate the



learning, we set hv fptgi = I=2 for t = 1, 0, �1, �2, ...,
�1 and set C = 0 and D = 0 at t = 0. For simpli�cation,
we assume h�vti = I=2 for all t. Note that the time averages
hv fptgi and h�vti may be taken over different time lengths.
EXAMPLE 2a. Assume that the time average hv fptgi
is taken over 100,000 time units, namely hv fptgi =Pt
�=�100;000+t+1 v fp�g =100; 000. Under this assumption,

hv fptgi is virtually 1/2 for t = 1, 2, ..., 16. For notational
simplicity, we take hv fptgi to be I=2 for t = 1, 2, ..., 16 in
the following.
Retrieval at t = 1: c1 = 0, d1 = 0, p1 = I/2 and v fp1g is
purely random (i.e., v fp1ig = 1 with probability 1/2 for i =
1, ..., 10).
Learning at t = 1: C = 1

2 (�v1 � I=2)
0 and D =

(v fp1g � I=2) (�v1 � I=2)0. Note that v fp1g is a binary
vector.
Retrieval at t = 2: c2 = 1, d2 = 2(v fp1g � I=2), p2 =
v fp1g, and v fp2g = v fp1g, because v fp1g is a binary
vector. v2 is assigned the same label v fp1g as v1, and v1
and v2 are put in the same cluster.
Learning at t = 2: C = 1

2

P2
t=1 (�vt � I=2)

0 and D =P2
t=1 (v fptg � I=2) (�vt � I=2)

0.
Retrieval at t = 3: c3 = 1, d3 = 2(v fp2g � I=2) ; p3 =
v fp2g, v fp3g = v fp2g. v3 is assigned the same label v fp1g
as v2, and v1, v2 and v3 are put in the same cluster.
Learning at t = 3: C = 1

2

P3
t=1 (�vt � I=2)

0 and D =P3
t=1 (v fptg � I=2) (�vt � I=2)

0

Retrieval at t = 4: c4 = 1, d4 = 2(v fp3g � I=2) ; p4 =
v fp3g, and v fp4g = v fp3g. v4 is assigned the same label
v fp3g as v3, and v1, ..., v4 are put in the same cluster.
Continuing in this manner, all the 16 codes vt are assigned

the same label v fp1g and thus put in the same cluster.
EXAMPLE 2b. Assume that the time average hv fptgi is
taken over 1 time unit, namely hv fptgi = v fptg.
Retrieval at t = 1: c1 = 0, d1 = 0, p1 = I/2 and v fp1g is
purely random (i.e., v fp1ig = 1 with probability 1/2 for i =
1, ..., 10).
Learning at t = 1: C = 1

2 (�v1 � I=2)
0 and D =

(v fp1g � hv fp1gi) (�v1 � I=2)0 = 0.
Retrieval at t = 2: c2 = 1, d2 = 0, p2 = I/2 and v fp2g is
purely random.
Learning at t = 2: C = 1

2

P2
t=1 (�vt � I=2)

0 and D =P2
t=1 (v fptg � v fptg) (�vt � I=2)

0 = 0.
Retrieval at t = 3: c3 = 1, d3 = 0, p3 = I/2 and the label
v fp3g is purely random.
Learning at t = 3: C = 1

2

P3
t=1 (�vt � I=2)

0 and D =P
t=1;3 (v fptg � v fpt�1g) (�vt � I=2)

0 = 0.
Retrieval at t = 4: c4 = 1, d4 = 0, p4 = I/2 and the label
v fp4g is purely random.
Continuing in this manner, the 16 codes vt are each

assigned a purely random label. Since there are 10 D-neurons
and thus each label has 10 entries, the chance is that the 16
codes are assigned with different labels. Note that D remains
to be 0 and thus no knowledge is learned.
EXAMPLE 2c. Assume that the time average hv fptgi
is taken over n time units, namely hv fptgi =Pn�1
i=0 v fpt�ig =n.

Retrieval at t = 1: c1 = 0, d1 = 0, p1 = I/2 and v fp1g is
purely random (i.e., v fp1ig = 1 with probability 1/2 for i =
1, ..., 10).
Learning at t = 1: C1 = 1

2 (�v1 � I=2)
0 and D1 =

(v fp1g � (v fp1g+ (n� 1) I=2) =n) (�v1 � I=2)0 .
Retrieval at t = 2: c2 = 1, d2 =
2(v fp1g � (v fp1g+ (n� 1) I=2) =n), p2 = v fp1g �
(v fp1g+ (n� 1) I=2) =n+ I=2.
Learning at t = 2: C2 = 1

2

P2
t=1

�
�vt � 1

2

�0 and D2 = D1 +�
v fp2g �

�P1
�=2 v fp�g+ (n� 2) I=2

�
=n
� �
�v2 � 1

2 I
�0
:

Continuing in this manner for t � n,
Retrieval at t: ct = 1, dt =

2
�
v fpt�1g �

�P1
�=t�1 v fp�g+ (n� t+ 1) I=2

�
=n
�
, pt

= v fpt�1g �
�P1

�=t�1 v fp�g+ (n� t+ 1) I=2
�
=n+ 1

2 I

Learning at t: Ct = 1
2

Pt
�=1

�
�v� � 1

2

�0 and Dt = Dt�1 +�
v fptg �

�P1
�=t v fp�g+ (n� t) I=2

�
=n
� �
�vt � 1

2

�0;
and for t > n,
Retrieval at t: ct = 1, dt =

2
�
v fpt�1g �

Pt�n
�=t�1 v fp�g =n

�
, pt = v fpt�1g �Pt�n

�=t�1 v fp�g =n+ 1
2I.

Learning at t: Ct = 1
2

Pt
�=1

�
�v� � 1

2

�0 and Dt = Dt�1 +�
v fptg �

Pt�n+1
�=t v fp�g =n

� �
�vt � 1

2

�0.
Note that limn!1 pt = v fpt�1g. This is consistent with

Example 2a. Two observations can be made from these
formulas:
1) Given a �xed t: the greater n is, the closer pt is
to v fpt�1g, the closer v fptg is from v fpt�1g, the
more likely vt is assigned the same label v fpt�1g as
vt�1, or the more likely vt and vt�1 are put in the
same cluster.

2) Given a �xed n: for t � n, the deviation of�P1
�=t�1 v fp�g+ (n� t+ 1) I=2

�
=n from 1

2I in-
creases as t increases, and hence the deviation of pt
from v fpt�1g increases. Consequently, the chance that
vt is assigned v fpt�1g as than vt�1 decreases as t
increases, and the chance that vt and vt�1 are put in
the same cluster decreases.

EXAMPLE 3. Let us now use the unsupervised covariance
learning rule to learn the sequence of identical codes vt (t)
=
�
1 1 1 1

�0, t = 1, ..., 16.
Assume that the time average hv fptgi is taken over n time

units, namely hv fptgi =
Pn�1
i=0 v fpt�ig =n.

Retrieval at t = 1: c1 = 0, d1 = 0, p1 = I/2 and v fp1g is
purely random (i.e., v fp1ig = 1 with probability 1/2 for i =
1, ..., 10).
Learning at t = 1: C1 = 1

2 (�v1 � I=2)
0 and D1 =

(v fp1g � (v fp1g+ (n� 1) I=2) =n) (�v1 � I=2)0 .
Retrieval at t = 2: c2 = 2, d2 =
4(v fp1g � (v fp1g+ (n� 1) I=2) =n), p2 = v fp1g �
(v fp1g+ (n� 1) I=2) =n+ I=2.
Learning at t = 2: C2 = 1

2

P2
t=1

�
�vt � 1

2

�0 and D2 = D1 +�
v fp2g �

�P1
�=2 v fp�g+ (n� 2) I=2

�
=n
� �
�v2 � 1

2 I
�0
:



Retrieval at t = 3: c3 = 4, d3 = d2 +

4
�
v fp2g �

�P1
�=2 v fp�g+ (n� 2) I=2

�
=n
�
, p3 = [p2+

v fp2g �
�P1

�=2 v fp�g+ (n� 2) I=2
�
=n+ 1

2I]/2

Learning at t = 3: C3 = 1
2

P3
t=1

�
�vt � 1

2

�0 and D3 = D2+�
v fp3g �

�P1
�=2 v fp�g � (n� 2) I=2

�
=n
� �
�v3 � 1

2

�0
Retrieval at t = 4: c4 = 6, d4 = d3+

4
�
v fp3g �

�P1
�=2 v fp�g � (n� 2) I=2

�
=n
�
, p4 =

[
P3
�=2 p� + v fp3g � 1

n

P1
�=2 v fp�g � n�3

2n I+
1
2I]/3

Continuing in this manner for t � n,
Retrieval at t: ct = 2(t� 1), dt =

4
�
v fpt�1g �

�P1
�=t�1 v fp�g+ (n� t+ 1) I=2

�
=n
�
,

pt = [
Pt�1
�=2 p� + v fpt�1g ��P1

�=t�1 v fp�g+ (n� t+ 1) I=2
�
=n+ 1

2 I]= (t� 1).
Learning at t: Ct = 1

2

Pt
�=1

�
�v� � 1

2

�0 and Dt = Dt�1 +�
v fptg �

�P1
�=t v fp�g+ (n� t) I=2

�
=n
� �
�vt � 1

2

�0;
and for t > n,
Retrieval at t: ct = 2(t� 1), dt =

4
�
v fpt�1g �

Pt�n
�=t�1 v fp�g =n

�
, pt = [

Pt�1
�=2 p�

v fpt�1g �
Pt�n
�=t�1 v fp�g =n+ 1

2I]= (t� 1).
Learning at t: Ct = 1

2

Pt
�=1

�
�v� � 1

2

�0 and Dt = Dt�1 +�
v fptg �

Pt�n+1
�=t v fp�g =n

� �
�vt � 1

2

�
.

The two observations are valid here.
However, pt = [

Pt�1
�=2 p� + v fpt�1g ��P1

�=t�1 v fp�g+ (n� t+ 1) I=2
�
=n + 1

2 I]= (t� 1)
shows that that the change from pt�1 to pt for learning
identical codes is much smaller than that for learning the
sequence of Gray codes in EXAMPLE 2c. This means that
for some n, the identical codes can be put in the same
cluster, and yet the 16 Gray codes are put in more than one
cluster. In fact, it is acceptable by LOM that the identical
codes are assigned different labels as long as the labels
differ by a couple of bits, because these labels are inputs to
other PUs, which have generalization capability.
The Gray codes in the given learning order are an extreme

example that does not exist in the real-world. The analysis
in the above examples show that sizes of the clusters of the
Gray codes in the given learning order can be controlled
by selecting n appropriately. In the real world, repeated
learning is a frequently encountered situation. Therefore, we
should select n large enough to guarantee that the chance for
puting the same input vector in repeated learning into two
different clusters is negligible. Only under the condition this
requirement is ful�lled, we select n as small as possible to
prevent a cluster to overgrow. Of course, the maximum size
of a cluster depends on the application of the LOM. (In fact,
having more clusters does little harm to the processing of
LOM. It is like having multiple words for similar things.) The
formulas for determining pt in the above examples can be
generalized easily for any dimentionality of the input vector
and any number of presentations for similar input vectors
(i.e., those with a small number of different bits) or identical
input vectors. Generalizations of the formulas in Example 3

are especially useful for determining the smallest n required
for not assigning different labels to identical input vectors.

VIII. CONCLUSION
Mathematical analysis and simple numerical examples

show that LOM is an effective learning machine with bio-
logically plausible models of dendritic trees, spiking neurons,
inhibitory non-spiking neurons, covariance learning mecha-
nisms of three types, a maximal generalization scheme, and
feedbacks with delays of different durations.
Current and future work based on LOM as a learning

machine includes testing and applying LOM to such appli-
cations as handwriting recognition, speech recognition, face
detection and recognition, radiograph reading, license plate
recognition, automatic target recognition, satellite/internet
mass data processing, video monitoring, text understanding,
prostheses, time series prediction, etc.
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