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Abstract

By the fundamental neural filtering theorem, a prop-
erly trained recursive neural filter with fixed weights that
processes only the measurement process generates recur-
sively the conditional expectation of the signal process
with respect to the joint probability distributions of the
signal and measurement processes and any uncertain en-
vironmental process involved. This means that said re-
cursive neural filter with fixed weights has the ability to
adapt to the uncertain environmental parameter. This
ability is called accommodative ability. This paper shows
that if the uncertain environmental process is observable
(not necessarily constant) from the measurement process,
then the estimate of the signal process generated by said
recursive neural filter with fixed weights approaches the
estimate of the signal process that would be generated as
if the precise value of the uncertain environmental process
were given and processed together with the measurement
process by a minimal-variance filter.

1 Introduction
If the signal and measurement processes involve an un-
certain environmental process, an adaptive filter is needed
to adapt to the environmental process in processing the
measurements to estimate the signals. An adaptive filter
usually requires online adjustment of its parameters, which
is difficult or impossible in many applications especially if
the precised values of the signals are unavailable.
In 1992, a very general fundamental theorem on recur-

sive neural filtering was proven [2, 6, 7] in a most general
formulation of filtering. The theorem states that a recur-
sive neural network exists that inputs the measurement
process and outputs an estimate of the signal process,
where the estimate can be made as close as desired to
the conditional expectation of the signal process given the
past history of the measurement process that has been
processed. It was observed [3, 10] that as an immediate
corollary of this fundamental theorem, a properly trained
recurrent neural network with fixed weights can adapt to

an environmental process that is observable from the mea-
surement process. In fact, such adaptation can be viewed
as a manifestation of an estimation of the observable en-
vironmental process performed internally inside the recur-
rent neural network. This adaptive capability of recurrent
neural networks with fixed weights was used for active en-
gine exhaust noise control [4] and engine idle speed control
and time series prediction [1].
To distinguish adaptive capability to adapt without on-

line processor adjustment from the ordinary adaptive ca-
pability to adapt with online processor adjustment, the
former is called accommodative capability. A neural net-
work with accommodative capability is called an accom-
modative neural network. In [5], the accuracy of accom-
modative neural networks for adaptive identification of
dynamical systems was analyzed. It was found that un-
der mild conditions, if an uncertain environmental para-
meter is observable from the measurement process or if
it is nonobservable but constant, then a recursive neural
network with fixed weights exists that inputs the cur-
rent dynamical state of a dynamical system and outputs
a predicted value of the dynamical state for the next time
point, where the predicted value approaches to the pre-
dicted value that could be generated as if the precise value
of the uncertain environmental parameter were given and
processed together with the current dynamical state.
In this paper, some similar results for accommodative

filtering, namely adaptive filtering by recursive neural net-
works with fixed weights, are obtained. Although it was
discussed in [3, 10, 8] that an accommodative neural net-
work does not generalize as well as an adaptive neural net-
work (with long- and short-term memories), not requiring
online adjustment for adaptation is a highly desirable ad-
vantage especially when online training data is not avail-
able.
In recent years, another approach to nonlinear filter-

ing, called particle filtering, has been developed. How-
ever, it performs Monte Carlo online and thus involves
excessive amount of online computation. Moreover, for
adaptive filtering, the particle filter has to augment the
signal process to include the environmental process and



estimate it online, which increases the dimensionality of
the signal process and thus requires even more particles
and online computation.
In contrast, an accommodative neural filter is synthe-

sized prior to its deployment and functions recursively
much like the Kalman filter does for linear signal and
measurement processes [9]. The synthesis of the adaptive
neural filter can be viewed as Monte Carlo, but no Monte
Carlo is needed to run the filter online.
How well an environmental process can be adapted to

by an adaptive processor depends on how much informa-
tion the input to the adaptive processor contains about
the environmental process. Obviously, the best perfor-
mance that the adaptive processor can achieve is the per-
formance achievable given the precise value of the envi-
ronmental process. If an adaptive processor exists whose
performance converges to this best performance achiev-
able given the value of the environmental process, the en-
vironmental process is said to be adaptation-fit for the
processing involved. A precise statement of this defini-
tion of adaptation-fitness for filtering is given in Section
3 after the filtering problem is stated in Section 2. It
is proven in Section 3 that there exists an accommoda-
tive neural filter with a filtering accuracy allowed by the
degree of adaptation-fitness of the environmental process.
The proof is based on the fundamental neural filtering the-
orem [2, 6, 7].
Observability of a stochastic environmental process from

a measuremet process is defined in Section 4. As ex-
pected, the degree of adaptation-fitness of the environ-
mental process depends on the degree of its observability
as well as the smoothness of the conditional expectation
of the signal process with respect to the environmental
process. The main theorem in Section 4 gives an intu-
itively appealing quantification of the dependence.
A numerical example is given in Section 5. In the ex-

ample, the signal process is a Henon system with an ob-
servable environmental parameter, and the measurement
process is the cubic sensor. The Monte Carlo test results
are consistent with the theoretical results discussed above.

2 Problem of Adaptive Filtering
A signal process to be estimated is described by the vector
equation: For t = 0, 1, . . . ,

x(t, θt) = f(xt−1t−p(θ), θt, wt) (1)

xt−1t−p(θ) : = (x (t− 1, θt−1) , . . . , x (t− p, θt−p)) (2)

with the initial condition (or state),

(x(0, θ), . . . , x(1− p, θ)) = (x0, . . . , x1−p), (3)

where the vector-valued function f and the integer p are
given; x(t) is a known input vector at time t; w is a random

vector sequence with given joint probability distributions;
θ (t) denotes the vector-valued uncertain environmental
parameter at time t; and the initial state, (x0, . . . , x1−p),
is a random vector with given probability distribution (re-
flecting the relative frequencies of the actual initial states
of the system, (1), in operations). A measurement y (t) of
the vector output x (t) is made available at time t, that
satisfies

y(t, θt) = h
¡
xtt−q+1(θ), θt, v(t)

¢
, (4)

where v is a random vector sequence with given joint
probability distributions. The problem of adaptive fil-
tering is to design and implement an adaptive recursive
processor that adapts to the uncertain operating environ-
ment represented by the equations, (1), (3) and (4), and
produce an estimate of x (t, θt) that makes a best use of
the information about θ contained in the measurements
y. During the operation of such an adaptive processor,
no part of the signal process is directly measurable (i.e.,
signal plus noise unavailable) and at time t, only the
measurement, y (t, θt), is available for processing by the
adaptive processor. The adaptive processor inputs y(t, θt)
and outputs an estimate x̂ (t, θt) of x (t, θt) at each time
t = 1, 2, · · · , T , where T is a positive integer or infinity.
The most widely used estimation error crite-

rion is the conditional mean square error crite-

rion, E
h
kx (t, θt)− x̂ (t)k2 |yt (θ)

i
, where yt (θ) :=

{y (s, θs) , s = 1, . . . , t}, x̂ (t) denotes an estimate of
x (t, θt) given yt (θ), E [·|yt (θ)] is the conditional expecta-
tion given yt. An optimal estimate with this criterion is
E [x (t, θt) |yt (θ)], which is called the minimum-variance
estimate.
For notational simplicity, x (t, θt), y(t, θt), xts(θ) and

yt (θ) will be denoted by x(t), y(t), xts and yt respectively
in the sequel.

3 Accommodating an Adaptation-
Fit Environmental Process

Successful adaptation to an uncertain environmental
process requires sufficient information about it. If suffi-
cient information about the environmental process is con-
tained in the measurement process such that an adaptive
filter exists that generates an estimate of the signal process
that approaches that achievable with a filter given the pre-
cise value of the unvironmental process, the environmen-
tal process is called adaptation-fit for filtering. A rigorous
definition of an adaptation-fit environmental process for
filtering is stated as Definition 1 below. In the main theo-
rem of this section, it is proven that if the environmental
process is adaptation-fit for filtering to a certain accuracy,
adaptive filtering to the same accuracy can be realized



with a recurrent neural network with fixed weights. Such
a recurrent neural network does not require online weight
adjustment and is called an accommodative neural filter.
Definition 1. Let x, y and θ be signal, measurement
and environmental processes respectively, and let x̂ (t) and
x̂ (t|θ) denote the conditional expectations E [x (t) |yt] and
E
£
x (t) |yt, θt¤, where θt := {θτ , τ = 1, . . . , t} and yt :=

{yτ , τ = 1, . . . , t}. Assume that θ is a stochastic process,
which is not necessarily time-varying. The environmental
process θ is said to be adaptation-fit to within an error of
ε for filtering, if there is a positive integer N (ε) such that
for all t > N (ε),

E
h
kx̂ (t|θ)− x̂ (t)k2

i
< ε

We need the fundamental neural filtering theorem [2, 6,
7] to prove the main theorem of this section.
Theorem 1. Consider an n-dimensional stochastic
process x(t) and an m-dimensional stochastic process y(t),
t = 1, · · · , T defined on a probability space (Ω,A, P ). As-
sume that the range {y(t, ω)|t = 1, · · · , T, ω ∈ Ω} ⊂ Rm is
compact and ψ is an arbitrary k-dimensional Borel func-
tion of x(t) with finite second moments E[kψ(x(t))k2],
t = 1, · · · , T . Let α(t) denote the k-dimensional output at
time t of a recurrent neural network which has taken the
inputs, y(1), · · · , y(t), in the given order.

1. Given > 0, there exists a recurrent neural network
with one hidden layer of fully interconnected neurons
such that

1

T

TX
t=1

E[kα(t)−E[ψ(x(t))|yt]k2] < .

2. If the recurrent neural network has one hidden layer
of N neurons, which are fully interconnected, and the
output α(t) is written as α(t;N) here to indicate its
dependency on N , then

r(N) := min
w

1

T

TX
t=1

E[kα(t,N)−E[ψ(x(t))|yt]k2] (5)

is monotone decreasing and converges to 0 as N ap-
proaches infinity.

The following corollary follows immediately the above
fundamental neural filtering theorem.
Corollary 1. Consider an n-dimensional stochastic
process x(t) and an m-dimensional stochastic process y(t),
t = 1, · · · , T defined on a probability space (Ω,A, P ). As-
sume that the range {y(t, ω)|t = 1, · · · , T, ω ∈ Ω} ⊂ Rm is
compact and ψ is an arbitrary k-dimensional Borel func-
tion of x(t) with finite second moments E[kψ(x(t))k2],
t = 1, · · · , T . Let α(t) denote the k-dimensional output at

time t of a recurrent neural network which has taken the
inputs, y(1), · · · , y(t), in the given order.
Given > 0, there exists a recurrent neural network

with one hidden layer of fully interconnected neurons such
that for all t = 1, . . . , T ,

E[kα(t)− E[ψ(x(t))|yt]k2] < .

We are now ready to state the first main theorem of this
paper:
Theorem 2. Let x, y and θ be signal, measure-
ment and environmental processes respectively, where θ
is adaptation-fit to within an error of ε for filtering. For
filtering over a time interval, 1 ≤ t ≤ T , a fixed-weight
MLPWIN, that has only one hidden layer of neurons; in-
puts y(t) and outputs an estimate α (t) of the signal x(t, θt)
at time t, exists as an adaptive filter such that

E
h
kx̂(t|θ)− α (t)k2

i
< ε

for all t less than T and greater than some positive integer
N (ε), where x̂(t|θ) denotes the conditional expectation
E
£
x (t) |yt, θt¤.

Proof. By Definition 1, for the given ε, there is a positive
integer N (ε) such that for all t > N (ε),

E
h
kx̂ (t|θ)− x̂ (t)k2

i
< ε (6)

Let ε1 be a positive number less than ε −
E
h
kx̂ (t|θ)− x̂ (t)k2

i
> 0. Notice that both x̂ (t) and α (t)

are measurable with respect to yt. It follows that

E
h
(x̂ (t|θ)− x̂ (t))

T
(x̂ (t)− α (t)) |yt

i
= E

h
(x̂ (t|θ)− x̂ (t))T |yt

i
(x̂ (t)− α (t))

=
¡
E
£
x̂T (t|θ) |yt¤− x̂T (t)

¢ ³
x̂ (t|θ)− x̂

³
t|θ̂
´´

=
¡
x̂T (t)− x̂T (t)

¢ ³
x̂ (t|θ)− x̂

³
t|θ̂
´´
= 0 (7)

By the smoothing property of the conditional expecta-
tion, we have, for t > N (ε),

E
h
kx̂ (t|θ)− α (t)k2

i
= E

h
k(x̂ (t|θ)− x̂ (t)) + (x̂ (t)− α (t))k2

i
= E

h
kx̂ (t|θ)− x̂ (t)k2

i
+E

h
kx̂ (t)− α (t)k2

i
+ 2E

h
E
h
(x̂ (t|θ)− x̂ (t))

T
(x̂ (t)− α (t)) |yt

ii
= E

h
kx̂ (t|θ)− x̂ (t)k2

i
+E

h
kx̂ (t)− α (t)k2

i
< ε+E

h
kx̂ (t)− α (t)k2

i



where the last equality and last inequality follow from (7)
and (6) respectively.
By Corollary 1, for any ε1 > 0, there is a re-

current neural network whose output α (t) satisfies

E
h
kx̂ (t)− α (t)k2

i
< ε1 for all t = 1, . . . , T . It follows

that E
h
kx̂ (t|θ)− α (t)k2

i
< ε, which completes the proof.

4 Observability Implies
Adaptation-Fitness

Observability is a well-developed concept in the state-
space system theory. However, it is defined only for deter-
ministic systems. For our purpose, we adopt the following
definition of an observable environmental process for a sto-
chastic system:
Definition 2. Let an environmental process be a stochas-
tic process and let the conditional expectation E [θt|yt] of
θt given yt := {yτ , τ = 1, . . . , t} be denoted by θ̂t. Then
the environmental process θ is said to be observable from
the measurement process y to within an error of ε > 0, if
there is a positive integer N (ε) such that for all t > N (ε),

E

·°°°θt − θ̂t

°°°2¸ < ε

Theorem 3. If the environmental process θ is observ-
able from the measurement process y to within an error of
ε, and if the Euclidean norm kdE [x (t) |yt, θt] /dθtk < M
uniformly for all yt and θt, where dE [x (t) |yt, θt] /dθt is
the derivative of the conditional expectation E [x (t) |yt, θt]
with respect to θt, then the environmental process is
adaptation-fit to within an error of M2ε for filtering.
Proof. It follows from (1) that x̂ (t|θ) := E

£
x (t) |yt, θt¤ =

E [x (t) |yt, θt]. Hence x̂ (t|θ) is a Borel measurable func-
tion of yt and θt. Denoting this function by g (yt, θt) and

substituting θ̂t for θt in it yield g
³
yt, θ̂t

´
, which is mea-

surable with respect to yt. Note that

E (x̂ (t|θ)− x̂ (t))T
³
x̂ (t)− g

³
yt, θ̂t

´´
= E

h
E
h
(x̂ (t|θ)− x̂ (t))T

³
x̂ (t)− g

³
yt, θ̂t

´´
|yt
ii

= E
h
E
h
(x̂ (t|θ)− x̂ (t))

T |yt
i ³

x̂ (t)− g
³
yt, θ̂t

´´i
= E

h¡
E
£
x̂T (t|θ) |yt¤− x̂T (t)

¢ ³
x̂ (t)− g

³
yt, θ̂t

´´i
= E

h¡
x̂T (t)− x̂T (t)

¢ ³
x̂ (t)− g

³
yt, θ̂t

´´i
= 0

This shows that the cross term resulting from expanding
the second expression below is zero and establishes the

second equality below.

E
°°°x̂ (t|θ)− g

³
yt, θ̂t

´°°°2
= E

°°°(x̂ (t|θ)− x̂ (t)) +
³
x̂ (t)− g

³
yt, θ̂t

´´°°°2
= E kx̂ (t|θ)− x̂ (t)k2 +E

°°°x̂ (t)− g
³
yt, θ̂t

´°°°2
Hence,

E kx̂ (t|θ)− x̂ (t)k2 ≤ E
°°°x̂ ¡t|θt¢− g

³
yt, θ̂t

´°°°2
= E

°°°g ¡yt, θt¢− g
³
yt, θ̂t

´°°°2
By the mean value theorem,°°°g ¡yt, θt¢− g

³
yt, θ̂t

´°°°
≤

°°°dg ³yt, θ̃´ /dθt°°°°°°θt − θ̂t

°°°
≤ M

°°°θt − θ̂t

°°° .
Therefore, E

h
kx̂ (t|θ)− x̂ (t)k2

i
≤ M2E

·°°°θt − θ̂t

°°°2¸ <

M2ε, for some N (ε), completing the proof.
Remark. ε in Theorem 3 reflects the predictability of θ,
and M reflects the smoothness of the conditional expec-
tation E [x (t) |yt, θt] with respect to θt. Theorem 3 only
provides a quantification of our intuition that adaptation-
fitness increases as the predictability of θ and the smooth-
ness of the conditional expectation E [x (t) |yt, θt] with re-
spect to θt increase.

5 An Numerical Example
In the numerical example, the signal process is the well-
known Henon system:

x (t+ 1) = bx (t− 1) + 1− θx2 (t) + 0.1w (t)

y (t) = x3 (t) + 0.1v (t)

where w and v are white sequences with w (t) and v (t)
having normal distributions with mean 0 and variance 1
and with any samples greater than or equal to 3 in absolute
value discarded; b = 0.3; and θ ∈ [0, 0.5] is the uncertain
environmental parameter.
The training dataset consisted of 1000 realizations of

x and y that were 230 time points long including 30 for
priming. The theta values were chosen randomly from the
set {0.1, 0.2, 0.3, 0.4, 0.5}. Starting values for x (0) and
x (−1) were selected from [0.5, 0.9]

2. Another dataset was
generated similarly and used for cross-validation during
training. The weights that produced the minimum RMSE
for the cross-validation data set were used. Training was



preformed on various architectures, but a recurrent neural
network with a single hidden layer of 15 neurons was se-
lected as the accommodative neural filter.
To see whether and how the output of the accommoda-

tive neural filter approaches the conditional expectation of
x (t) given both yt and θ, a separate MLPWIN was simi-
larly trained for each given theta value from the set {0.05
0.15, 0.25, 0.35, 0.45}.
A testing data set was generated with 500 streams also

230 time points long. It contained 100 streams for each
of the theta values in the set {0.05 0.15 0.25 0.35 0.45}.
The RMSE of the accommodative neural filter on this test
data set is 0.0329. The RMSE of the MLPWINs trained
for the exact theta values is 0.0327. The standard devia-
tion of the signal is 0.1249. These numbers show that the
accommodative neural filter performed satisfactorily.
Attached are two plots. Figure 1 shows the RMSE vs.

time averaged over all the streams in the testing data set.
Figure 2 shows one realization of the signal process at θ
= 0.25 and its estimate generated by the accommodative
neural filter over 50 time points.

6 Conclusion

The adaptive capability of recurrent neural networks with
fixed weights was observed as a consequence of the fun-
damental neural filtering theorem in 1994 [3, 10]. This
capability is called accommodative capability. This pa-
per defines adaptation-fitness and observability of an en-
vironmental process, and proves that if the environmen-
tal process is adaptation-fit, a recurrent neural network
with fixed weights exists whose filtering performance ap-
proaches the performance that would be achievable as if
the environmental process were given, and shows that ob-
servability of an environmental process implies it being
adaptation-fit.
Although recurrent neural networks do not generalize

as well as adaptive neural networks (with long- and short-
term memories), the former have the unique advantage of
not requiring online adjustment. This advantage is impor-
tant in many applications, especially when no data is avail-
able online for adjustment of the parameters or weights of
a processor (e.g., filter or controller) to adapt to an uncer-
tain environmental process.
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Figure 1: The RMSEs of the estimates generated by the accommodative neural filter compared with those generated
using given theta values.

Figure 2: A single realization of the signal process compared with its estimate generated by the accommodative neural
filter.


