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Abstract �Recurrent multilayer network structures and
Hebbian learning are two essential features of biological
neural networks. An arti�cial recurrent multilayer neural
network that performs supervised Hebbian learning, called
probabilistic associative memory (PAM), was recently pro-
posed. PAM is a recurrent multilayer network of process-
ing units (PUs), each processing unit comprising a group of
novel arti�cial neurons, which generate spike trains. PUs
are detectors and recognizers of the feature subvectors ap-
pearing in their receptive �elds. In supervised learning by
a PU, the label of the feature subvector is provided from
outside PAM. Since the feature subvector may be shared
by many causes and may contain parts from many causes,
the label of the feature subvector is sometimes di¢ cult
to obtain, not to mention the cost, especially if there are
many hidden layers and feedbacks.
This paper presents an unsupervised learning scheme,

which is Hebbian in the following sense: The strength
of a synapse increases if the outputs of the presynap-
tic and postsynaptic neurons are identical and decreases
otherwise. This unsupervised Hebbian learning capability
makes PAM a good functional model of neuronal networks
as well as a good learning machine for temporal hierarchi-
cal pattern recognition.
Key Words �unsupervised learning; learning machine;
recurrent neural network; Hebbian learning; multilayer
neural network; spike trains; probability distribution;
maximal generalization; orthogonal expansion.

1 Introduction

Commonly used pattern classi�ers include SVMs (sup-
port vector machines), MLPs (multilayer

perceptrons), RBF (radial basis function) networks [11, 21,
3, 10], template matching, nearest mean classi�ers, sub-
space methods, 1-nearest neighbor rule, k-nearest neigh-
bor rule, Bayes plug-in, logistic classi�ers, Parzen classi-
�ers, Fisher linear discriminants, and binary decision trees
[6, 24]. They each are suitable for some classi�cation prob-
lems. However, in general, they all su¤er from some of such
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shortcomings as di¢ cult training/design, much computa-
tion/memory requirement, ad hoc characteristics of the
penalty function, poor generalization/performance, etc.
Two recent pattern classi�cation schemes, that are

seldom mentioned in the pattern recognition literature,
are the holographic neural nets (HNets) [23] and the
sparsely encoded correlation matrix memories (CMMs)
[26, 27, 17, 20, 7, 1, 25, 12]. HNets are also CMMs. These
two types of CMM are relatively new members of the as-
sociative memories family which have long been studied
in the neural networks community [14, 11, 2, 10, 21]. The
successes of HNets and sparsely encoded CMMs in learn-
ing and recognizing large patterns with good generaliza-
tion abilities indicate that associative memories based on
Hebbian learning have signi�cant advantages. Neverthe-
less, HNets su¤er from ambiguity (or high error rate), and
both HNets and sparsely encoded CMMs su¤er from low
memory density and design di¢ culties.
We further remark that most, if not all, of the commonly

used pattern classi�ers and CMMs cannot recognize multi-
ple causes with di¤erent class labels in a pattern. However,
many patterns can be fully recognized only if the hierar-
chical causes in the patterns can be detected and recog-
nized. Furthermore, the commonly used pattern classi�ers
and CMMs except recurrent MLPs do not have recurrent
structures to recognize temporal or scanned patterns.
To alleviate these and the foregoing shortcomings of

the commonly used pattern classi�ers and CMMs, a new
neural network paradigm, called probabilistic associative
memory (PAM), was proposed in [15]. PAM can be viewed
as an organization of recurrent multilayer networks of com-
puting nodes. It is a recurrent multilayer of processing
units (PUs), each PU being a CMM that generates point
estimates as well as subjective probabilities of the label
of each feature subvector appearing in the PU�s receptive
�eld. The weights in each PU learn by a supervised Hebb
rule. The PU can tolerate, with gracefully degraded per-
formance, up to a preset percentage of errors in the com-
ponents of its input feature subvector. This amounts to
using feature subvector similarity for generalization at the
feature subvector level.
However, PAM in [15] su¤ers from lacking unsupervised

learning ability. Assigning labels to a large number of fea-
ture subvectors appearing in the receptive �elds of PUs is



very expensive and di¢ cult, because the feature subvector
may be shared by many causes and may contain parts from
many causes. In online learning, it is simply impossible if
the PAM has many layers and many feedbacks.
A well-known unsupervised learning method based on

a kind of the Hebb rule is the Oja learning algorithm
[18, 22, 19, 5, 10]. Learning with this algorithm, the synap-
tic weight vectors converge to the principal directions of
the covariance matrix of the vectors input to the feedfor-
ward linear neural network. In response to an input vec-
tor, the trained feedforward network outputs its principal
components. The Oja learning algorithm is ingenious, but
su¤ers from the following shortcomings: (1) The algorithm
converges asymptotically. (2) If the dimensionality of the
output vector of the feedforward network is smaller than
that of the input vector, much information contained in
the input vector is lost unless the eigenvalues of the co-
variance matrix taper down fast, which is true only if the
input vectors do not have too many major features. (3) It
is not clear how the algorithm can be extended to training
a multilayer or recurrent network.
The purpose of this paper is to show how PUs, also

called processing elements (PEs), in [15] can perform unsu-
pervised Hebbian learning. Given the structures and func-
tions of PAM and its PUs, unsupervised Hebbian learn-
ing is performed in essentially the same way as supervised
learning, making it easy to switch between the two. When
a desired output (i.e., label) is unavailable for a PU, the
output of the PU is used as the desired output. This is in
fact what the Hebb rule is all about. Compared with other
unsupervised (or supervised) learning schemes, a main ad-
vantage of PAM is the advantage of the Hebb rule �sim-
plicity. It requires no di¤erentiation, optimization, cycling
through all learning data iteratively, or waiting for an as-
ymptotic convergence to emerge.
In the rest of this Section, we will establish terminolo-

gies and notations. In subsequent sections, PAM will be
reviewed brie�y before the unsupervised Hebbian learning
scheme is described.
A ternary vector is a vector with components from the

ternary set f�1; 0; 1g. A ternary vector input to PAM is
called an exogenous feature vector, and a ternary vector
input to a layer of PUs is called a feature vector. A feature
vector input to a layer usually contains not only feedfor-
warded outputs from a preceding layer but also feedbacked
outputs from the same or other layers with a time delay.
A feature vector may contain components from an exoge-
nous feature vector. For simplicity, we assume that the
exogenous feature vector is only input to layer 1.
A subvector of a feature vector that is input to a PU is

called a feature subvector. Trace the feedforward connec-
tions backward from a PU to a subvector of the exogenous
feature vector. This subvector is called the receptive �eld
of the PU. The feature subvector directly input to the

PU, also called the receptive �eld of the PU, is assigned
the same label as the subvector of the exogenous feature
vector that appears in the receptive �eld of the PU.
The feature vector input to layer l with numbering t is

denoted by xl�1t , and the output from the layer at t is
denoted by x

�
ylt
	
, which is a point estimate of the label

of the feature vector xl�1t . An exogenous feature vector
is denoted by xext . It is a subvector of x0t , which may
contain feedbacked components. For notational simplicity,
the superscript l�1 in xl�1t and dependencies on l�1 or l
in other symbols are sometimes suppressed in the following
when no confusion is expected.
Let xt, t = 1; 2; : : : ; denote a sequence ofM -dimensional

feature vectors xt =
�
xt1 � � � xtM

�0
, whose compo-

nents are ternary numbers. Let n =
�
n1 � � � nk

�0
be a subvector

�
1 � � � M

�0
such that n1 < � � � < nk.

The subvector xt (n) :=
�
xtn1 � � � xtnk

�0
of xt is a

feature subvector of the feature vector xt. n is called a
feature subvector index (FSI), and xt (n) is said to be a
feature subvector on the FSI n or have the FSI n. Each PU
is associated with a �xed FSI n and denoted by PU(n).
Using these notations, the sequence of subvectors of xt,
t = 1; 2; : : :, that is input to PU(n) is xt (n), t = 1, 2, : : :.
The FSI n of a PU usually has subvectors, n (u), u = 1, ...,
U , on which subvectors xt (n (u)) of xt (n) are separately
processed by PU(n) at �rst. The subvectors, n (u), u = 1,
..., U , are not necessarily disjoint, but are all inclusive in
the sense that every component of n is included in at least
one of the subvectors n (u). Moreover, the components of
n (u) are usually randomly selected from those of n.
The PUs in layer l have FSIs (feature subvector indices)

denoted by 1l, 2l, ..., Nl. Upon receiving a feature vector
xl�1� by layer l, the feature subvectors, xl�1�

�
1l
�
, xl�1�

�
2l
�
,

..., xl�1�

�
Nl
�
, are formed and processed by the PUs,

PU
�
1l
�
, PU

�
2l
�
, ..., PU

�
Nl
�
, to generate x

�
yl�
�
1l
�	
,

x
�
yl�
�
2l
�	
, ..., x

�
yl�
�
Nl
�	
, respectively. These ternary

vectors are then assembled into the output vector x
�
yl�
	

of layer l. The symbols, ylt and x
�
ylt
	
, are de�ned and

explained in more detail in Section ??.
The components of a feature vector xl�1� input to layer

l at time (or with numbering) � comprise components of
ternary vectors generated by PUs in layer l� 1 and those
generated at a previous time by PUs in the same layer l or
PUs in higher layers with layer numbering l + k for some
positive integers k. The time delays may be of di¤erent
durations.
Once an exogenous feature vector is received by PAM,

the PUs perform functions of retrieving and/or learning
from layer to layer starting with layer 1, the lowest layer.
After the PUs in the highest layer, layer L, complete per-
forming their functions, PAM is said to have completed
one round of retrievings and/or learnings (or memory ad-
justments). For each exogenous feature vector, PAM will



continue to complete a certain number of rounds of re-
trievings and/or learnings.

2 Orthogonal Expansion

The orthogonal expansion �v of an m-dimensional ternary
vector v =

�
v1 � � � vm

�0
is de�ned by �v (1) =�

1 v1
�0
; and for j = 1, ..., m� 1;

�v (1; :::; j + 1) =
�
�v0 (1; :::; j) vj+1�v

0 (1; :::; j)
�0

(1)

Note that the basic operation in the orthogonal expan-
sion is the multiplication of ternary numbers. Let a =�
a1 � � � am

�0
and b =

�
b1 � � � bm

�0
be two m-

dimensional ternary vectors. Then the inner product �a0�b
of their orthogonal expansions, �a and �b, can be expressed
as follows:

�a0�b =

mY
j=1

(1 + ajbj) (2)

If akbk = �1 for some k 2 f1; : : : ;mg, then �a0�b = 0.
If akbk = 0 for some k 2 f1; : : : ;mg, then �a0�b =

mQ
j=1;j 6=k

(1 + ajbj). If �a0�b 6= 0, then �a0�b = 2a
0b. If a and

b are bipolar binary vectors, then �a0�b = 0 if a 6= b; and �a0�b
= 2m if a = b. The proof of these can be found in [15].
Once the feature subvector x� (n) is received by PU(n),

its subvectors x� (n (u)), u = 1, ..., U , on preset feature
subvector indices n (u), are separately orthogonalized into
�x� (n (u)). Combining these orthogonal expansions, we
obtain the general orthogonal expansion,

�xt (n) =
�
�x0t (n (1)) �x0t (n (2)) � � � �x0t (n (U))

�0
(3)

Notice that (1) involves only ternary number multiplica-
tion, and that the �rst component 1 of �x� (n (u)) is the
square of any component of x� (n (u)). Hence, each or-
thogonal expansion �x� (n (u)) is a tree whose nodes per-
form multiplications. These U trees are the compartmen-
talized dendritic trees in PU(n). They encode the input
feature subvector x� (n) into its code �xt (n) for learning
and retrieving.

3 Synaptic Weights

Let the label of xt (n), denoted by rt (n), be an R-
dimensional ternary vector. All subvectors, xt (n (u)), u
= 1, ..., U , of xt (n) share the same label rt (n). In su-
pervised learning, rt (n) is provided from outside PAM. If
rt (n) is not provided, rt (n) must be generated internally
and unsupervised learning is performed in PU(n). This
will be discussed later on.

Here we assume that rt (n), t = 1, 2, : : :, are available
�provided from outside PAM or generated within PU(n).
The pairs (xt (n (u)), rt (n)), t = 1, 2, : : :, are learned by
the PU to form expansion correlation matrices (ECMs),
D (n (u)) and C (n (u)) on n (u). After the �rst T pairs
are learned, these matrices are

D (n (u)) = �
TX
t=1

�T�trt (n) �x
0
t (n (u)) (4)

C (n (u)) = �
TX
t=1

�T�t�x0t (n (u)) (5)

where � is a forgetting factor and � is a scaling con-
stant that is selected to keep all numbers involved in PAM
manageable. Weight functions other than �T�t� can be
used. Note that the ECMs, D (n (u)) and C (n (u)), are
R� 2dimn(u) and 1� 2dimn(u) matrices respectively.
The synaptic weights in PU(n) are the general expan-

sion correlation matrices (GECMs),

D (n) =
�
D (n (1)) D (n (2)) � � � D (n (U))

�
(6)

C (n) =
�
C (n (1)) C (n (2)) � � � C (n (U))

�
(7)

Note that the GECMs, D (n) and C (n), are R �PU
u=1 2

dimn(u) and 1 �
PU

u=1 2
dimn(u) matrices respec-

tively.

4 Computation by Neurons

There are R neurons in PU(n). Neuron j�s
2
PU

u=1 2
dimn(u) synaptic weights are the entries of the jth

row Dj (n) of D (n) and C (n). Note that to reduce the
memory requirement, C (n) can be shared by the R neu-
rons. In response to �x� (n), the jth neuron performs the
following computation:

d�j (n) = Dj (n) �x� (n) =
UX
u=1

Dj (n (u)) �x� (n (u))(8)

c� (n) = C (n) �x� (n) =
UX
u=1

C (n (u)) �x� (n (u)) (9)

Note that c� (n) is approximately the total number of
times x� (n) has been learned. Note also that d�j (n)
is approximately the total number of times x� (n) has
been learned with the jth component r�j (n) of r� (n) be-
ing +1 minus the total number of times x� (n) has been
learned with the jth component r�j (n) of r� (n) being �1.
They are approximates because of the e¤ects of forgetting
factors and normalizing constant involved in computing
them.
Therefore, (c� (n) + d�j (n)) =2 is the total number of

times x� (n) has been learned with the jth component



r�j (n) of r� (n) being +1. Consequently, (y�j (n) + 1) =2,
with y�j (n) denoting d�j (n) =c� (n), is the subjective
probability p�j (n) that r�j (n) is equal to +1. The jth
neuron then uses a pseudo-random generator to generate
x fy�j (n)g = +1 with probability p�j (n) and x fy�j (n)g
= �1 with probability 1� p�j (n). This +1 or �1 is the
output of the jth neuron.
The vector

p� (n) =
�
p�1 (n) p�2 (n) � � � p�R (n)

�0
is a representation of a subjective probability distribution
of the label r� (n) of the feature subvector x� (n) input
to PU(n). The outputs of the R neurons in response to
x� (n) form a bipolar vector, which is a point estimate of
the label r� (n) of x� (n).

5 Maximal Generalization

Let a feature subvector that deviates from each of a group
of feature subvectors that have been learned by PU(n) due
to corruption, distortion or occlusion be presented to the
PU. If the PU is able to automatically �nd the largest
subvector of the presented subvector that matches at least
one subvector among the group and generate the SPD of
the label of the largest subvector, the PU is said to have a
maximal generalization capability. This maximal capabil-
ity is achieved by the use of masking matrices described
in this section.
Let us denote the vector v =

�
v1 v2 � � � vn

�0
with its i1-th, i2-th, ..., and ij-th components set
equal to 0 by v

�
i�1 ; i

�
2 ; : : : ; i

�
j

�
, where 1 � i1 < i2

< ... < ij � n. Denoting the n-dimensional vec-
tor

�
1 1 � � � 1

�0
by I and denoting the orthogo-

nal expansion of v
�
i�1 ; i

�
2 ; : : : ; i

�
j

�
by �v

�
i�1 ; i

�
2 ; : : : ; i

�
j

�
,

we note that v
�
i�1 ; i

�
2 ; : : : ; i

�
j

�
= diag

�
I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
v

and �v
�
i�1 ; i

�
2 ; : : : ; i

�
j

�
= diag

�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�v.

Using these notations, a feature subvector x (n (u))
with its i1-th, i2-th, ..., and ij-th components set
equal to 0 is xt (n (u))

�
i�1 ; i

�
2 ; : : : ; i

�
j

�
, and the or-

thogonal expansion of xt (n (u))
�
i�1 ; i

�
2 ; : : : ; i

�
j

�
is

diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�xt (n (u)). Hence, the matrix

diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
, as a matrix transformation,

sets the i1-th, i2-th, ..., and ij-th components of
xt (n (u)) equal to zero in transforming �xt (n (u))

(i.e., in diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�xt (n (u))). Therefore,

diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
is called a masking matrix.

An important property of the masking matrix

diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
is the following: If

diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�xt (n (u))

= diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�x� (n (u))

then

�x0t (n (u))diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�x� (n (u)) = 2

dimn(u)�j :

If

diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�xt (n (u))

6= diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�x� (n (u))

then �x0t (n (u))diag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
�x� (n (u)) = 0.

Using this property, we combine all such masking matri-
ces that set less than or equal to a selected positive integer
J (n (u)) of components of xt (n (u)) equal to zero into the
following masking matrix

M (n (u)) = I +

J(n(u))X
j=1

dimn(u)X
ij=j

� � �
i3�1X
i2=2

i2�1X
i1=1

(10)

2�6j2jdiag
�
�I
�
i�1 ; i

�
2 ; : : : ; i

�
j

��
where 2j is used to compensate for the factor 2�j in
2dimn(u)�j in the important property stated above, and
2�6j is an example weight selected to di¤erentiate between
di¤erent levels j of maskings.
Corresponding to �xt (n), D (n) and C (n) de�ned in (3),

(6) and (7), a general masking matrix is de�ned as follows:

M (n) = diag
�
M (n (1)) M (n (2)) � � � M (n (U))

�
(11)

where the right side is a matrix with M (n (u)), u = 1, 2,
..., U , as diagonal blocks and zero elsewhere.
If the masking matrix M (n (u)) is used, the symbols

c� (n (u)), d� (n (u)) are de�ned as follows:

d� (n (u)) := D (n (u))M (n (u)) �x� (n (u)) (12)

c� (n (u)) := C (n (u))M (n (u)) �x� (n (u)) (13)

With the masking matrix M (n), the symbols c� (n),
d� (n) are in turn de�ned as follows:

d� (n) :=D (n)M (n) �x� (n) (14)

c� (n) :=C (n)M (n) �x� (n) (15)

where �xt (n) is a general orthogonal expansion (GOE) and
D (n) and C (n) are general expansion correlation matrices



(GECMs) for PU(n). It follows that

d� (n) =
UX
u=1

d� (n (u)) (16)

c� (n) =
UX
u=1

c� (n (u)) (17)

which are used instead of those in (8) and (8) in the com-
putation by neurons.
If terms in (10) are missing, PU(n) su¤ers only grace-

ful degradation of its generalization capability. From the
neurobiological point of view, a masking matrix is a math-
ematical idealization and organization of a large number
of nested and overlapped subvectors of feature subvectors
and their dendritic trees.

6 Supervised and Unsupervised
Learning

ECMs, D (n (u)) and C (n (u)), in (4) and (5) are adjusted
to learn a pair (xt (n (u)), rt (n)) as follows: If rt (n) 6= 0,

D (n (u)) �D (n (u)) + �rt (n) �x
0
t (n (u)) (18)

C (n (u)) �C (n (u)) + ��x0t (n (u)) (19)

If rt (n) = 0, then D (n (u)) and C (n (u)) are unchanged.
For supervised learning, rt (n) is provided from out-
side PAM and dominates the neurons outputs, thereby
allowing the Hebb rule to be applied by PU(n) to in-
crement D (n (u)) and C (n (u)) by �rt (n) �x0t (n (u)) and
��x0t (n (u)), respectively.
For unsupervised learning, rt (n) must be generated in-

ternally by the PU(n). By the Hebb rule, rt (n) in (18)
should be the output vector x fy� (n)g of the R neurons
for adjusting D (n). If (xt (n), rt (n)) has been learned
and stored in D (n), x fy� (n)g is equal to rt. If p� (n)
is not a binary vector (with components being 1 or 0),
x fy� (n)g is a pseudo-random vector generated by the
SPD p� (n). In case, all the components of p� (n) are 1/2,
x fy� (n)g is a purely (or uniformly distributed) random
vector. Otherwise, x fy� (n)g resembles in part fragments
of those stored feature subvectors that have contributed
to the SPD p� (n). Unsupervised learning by PU(n) thus
creates a vocabulary for itself.

7 Spike Trains for Each Exogenous
Feature Vector

The subscript t or � in x� (n), y� (n), and x fy� (n)g de-
note the time or numbering of the quantities going through
PU(n) in the preceding Sections. In this section, assume

that each exogenous feature vector is presented to PAM
for one unit of time, and that during this one unit of time,
there are � spikes in each spike train. Here, the subscript
t or � denotes only the time the exogenous feature vector
xext or xex� arrives at the input terminals of PAM. For each
exogenous feature vector xex� , � rounds of retrieving and
learning are performed by PAM at times, � + i=�, , i =
0, 1, ..., � � 1. Consequently, PU(n) generates a sequence
of ternary vectors denoted by x

�
y�+i=� (n)

	
, i = 0, 1, ...,

��1, for each exogenous feature vector xex� . This sequence
consists of R spike trains, each having � spikes each of 1=�
unit of time.
A feedback connection from layer l + k to layer l for

k � 0 must have at least one delay device to ensure sta-
bility. Each delay device holds a spike for 1=� unit of
time before it is allowed to pass. Causes in patterns, tem-
poral or spatial, usually form a hierarchy. The higher a
layer in PAM is, the higher in the hierarchy the causes the
PUs in the layer treat, and the more time it takes for the
causes to form and be recognized by the PUs. Therefore,
the number of delay devices on a feedback connection is a
monotone increasing function of k.

8 Conclusion

An unsupervised Hebbian learning scheme is proposed in
this paper. The scheme is made possible with the novel
neurons in the PUs (processing units) that generate spike
trains. The generation of spike trains is made possible with
the orthogonal expansion of the feature subvectors input
to the PUs. The orthogonal expansion is believed to be the
function of the biological dendritic trees, and this function
is what neuroscientists refer to as information encoding.
The unsupervised Hebbian learning is simple, natural

and suitable for online learning. It does not involve di¤er-
entiation, optimization, cycling through all training data
iteratively, or waiting for an asymptotic convergence to
emerge. A PU in PAM can perform supervised learning
whenever a label is provided from outside PAM and per-
form unsupervised learning otherwise. Spurious exogenous
feature vectors may be learned by the unsupervised learn-
ing scheme, but they self-destruct like random walks and
the residues are eliminated by a forgetting factor.
With the unsupervised Hebbian learning scheme, PAM

has the following unique features as a learning machine
[4, 16, 13, 3, 9, 12, 10, 8]:

1. a recurrent multilayer network learning by the Hebb
rule;

2. fully automated unsupervised and supervised Heb-
bian learning mechanisms (involving no optimization,
iteration or asymptotic behavior);



3. masking matrices for recognizing corrupted, dis-
torted, and occluded patterns;

4. neurons communicating with spike trains; and

5. each PU being a pattern detector and recognizer that
computes SPDs (subject probability distributions).

An additional feature of PAM is storing a model of the
hierarchical world with higher-layer PUs outputting SPDs
about higher-level causes in space and time and lower-
layer PUs using such SPDs feedbacked from higher layers
to predict, extend or speculate lower-level causes.
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