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a b s t r a c t

A learning machine, called a clustering interpreting probabilistic associative memory (CIPAM), is

proposed. CIPAM consists of a clusterer and an interpreter. The clusterer is a recurrent hierarchical

neural network of unsupervised processing units (UPUs). The interpreter is a number of supervised

processing units (SPUs) that branch out from the clusterer. Each processing unit (PU), UPU or SPU,

comprises ‘‘dendritic encoders’’ for encoding inputs to the PU, ‘‘synapses’’ for storing resultant codes, a

‘‘nonspiking neuron’’ for generating inhibitory graded signals to modulate neighboring spiking neurons,

‘‘spiking neurons’’ for computing the subjective probability distribution (SPD) or the membership

function, in the sense of fuzzy logic, of the label of said inputs to the PU and generating spike trains with

the SPD or membership function as the firing rates, and a masking matrix for maximizing general-

ization. While UPUs employ unsupervised covariance learning mechanisms, SPUs employ supervised

ones. They both also have unsupervised accumulation learning mechanisms. The clusterer of CIPAM

clusters temporal and spatial data. The interpreter interprets the resultant clusters, effecting detection

and recognition of temporal and hierarchical causes.

& 2011 Elsevier B.V. All rights reserved.
1. Introduction

A functional model of biological neural networks, called a
temporal hierarchical probabilistic associative memory (THPAM),
was recently reported [40]. THPAM is a learning machine with
many unique and desirable features that well-known learning
machines such as the recurrent multilayer perceptron [25,51,5,24],
associative memories [36,67,48,1,62,65], support vector machines
[66,9,57], spiking neural networks [41,19], cortical circuit models
[42,20,21,18], deep learning machines [37,38,60,29,30,4,54,3,11,
56,13] do not have.

However, THPAM has been found to have shortcomings.
Among them the most serious one is the inability of the unsu-
pervised correlation learning rule used in THPAM to prevent
clusters from overgrowing under certain circumstances. These
shortcomings motivated the development of a new learning
machine, resulting in the clustering interpreting probabilistic
associative memory (CIPAM) proposed in this paper.

CIPAM consists of a clusterer (Fig. 10) and an interpreter
(Fig. 11). While the clusterer clusters temporal and spatial data,
the interpreter interprets the resultant clusters, effecting detec-
tion and recognition of temporal and hierarchical causes. The
clusterer is a recurrent hierarchical neural network of
ll rights reserved.
unsupervised processing units (UPUs). The interpreter is a num-
ber of supervised processing units (SPUs) that branch out from
the clusterer. Each PU (UPU or SPU) comprises ‘‘dendritic enco-
ders’’ for encoding inputs to the PU, ‘‘synapses’’ for storing
resultant codes, a ‘‘nonspiking neuron’’ for generating inhibitory
graded signals to modulate neighboring spiking neurons, ‘‘spiking
neurons’’ for computing the subjective probability distribution
(SPD) or the membership function, in the sense of fuzzy logic, of
the label of said inputs to the PU and generating spike trains with
the firing rates determined by the SPD or membership function,
and a masking matrix for maximizing generalization. While
UPUs employ an unsupervised learning mechanism, SPUs employ
a supervised one.

A pair of quotation marks above indicates a component(s)
in CIPAM that is a functional model of the biological
component(s) quoted. For simplicity, we will drop the quotation
marks in the rest of the paper. For example, the term, spiking
neurons, refers to functional models of biological spiking neurons.
If necessary, we use either the word, model or biological, in front
of the component to avoid confusion. For example, we use
the term, model spiking neuron or biological spiking neuron, if
necessary. Besides, we will use the word, neuron, to refer only to
the functional model of the soma of a neuron unless indicated
otherwise.

The separation of UPUs and SPUs into the clusterer and the
interpreter in CIPAM is believed to be a most effective structural
arrangement for clustering, detection and recognition of temporal
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hierarchical causes. Besides, although the dendritic encoders,
masking matrices and wiring for rotational, translational and
scaling invariance of CIPAM are the same as those of THPAM;
the synapses (or synaptic weights or strengths), nonspiking
neuron, spiking neurons, and unsupervised or supervised learning
mechanisms of CIPAM all have better performances than those of
THPAM.

PUs in CIPAM can be looked upon as a new paradigm of
associative memories learning by the Hebb rule and storing
covariance matrices in its synapses. Therefore, CIPAM is related
to associative memories and correlation matrix memories
(CMMs) in the literature [35,28,48,6,22] and the references
therein.

Two types of CMM are especially noteworthy. They are
the holographic neural nets [62–64] and the binary CMMs in
[68,50,17,1,65].

The main idea of holographic neural nets (HNets) is represent-
ing real numbers by phase angle orientations (i.e., arguments) on
a complex number plane through the use of a sigmoidal trans-
formation such as a hyperbolic tangent function. After each
component of the input stimuli and output responses is converted
into a complex number whose phase angle orientation represents
the component, the correlation matrix is constructed in the
standard manner. A holographic neural cell comprises essentially
such a correlation matrix. If the dimensionality of the stimulus is
large enough, augmented if necessary, and if the phase angle
orientations of the stimuli and responses are more or less
statistically independent and uniformly distributed on the unit
circles in the complex number plane, the ‘‘signal part’’ in the
response to an input stimulus is hopefully much greater than the
‘‘interference part’’ in the response to the same input stimulus
during its retrieval because of self-destruction of those stored
stimuli that are out of phase with said input stimulus like the self-
destruction of a random walk on the complex number plane. This
idea allows more stimuli to be stored in a complex correlation
matrix than does the earlier versions of the correlation matrix.

However, the holographic neural network approach suffers
from the following shortcomings. First, to avoid ambiguity at
the point, ð�1;0Þ ¼�1þ0i, in the complex plane, a neighborhood
of (�1, 0) must be excluded in the range of the sigmoidal
transformation. This prevents the mentioned uniform distribution
required for good self-destruction of the interference part. Sec-
ond, it is not clear how to augment the stimuli without introdu-
cing much correlations among the stimuli, which again may
reduce self-destruction of the interference part. Third, the argu-
ment of a complex number on the unit circle ranges from �p to p.
To pack more stimuli on it, better self-destruction of the inter-
ference part is needed, which in turn requires a higher dimen-
sionality of the stimuli. Such a higher dimensionality means a
higher dimensionality of the correlation matrix, requiring more
memory space to hold the matrix.

Binary CMMs have feature vectors encoded either into uni-
polar binary vectors with components equal to 1 or 0 or into
bipolar binary vectors with components equal to 1 or �1. Bipolar
binary vectors were used in most of the earlier work on binary
CMMs. Superiority of sparse unipolar binary encoding (with most
of the components of encoded feature vectors being 0 and only a
few being 1) to nonsparse unipolar binary encoding and bipolar
binary encoding was remarked and proved in [68,50,17,1]. Spar-
sely encoded CMMs are easy to implement [2], and have found
many applications. Nevertheless, sparsely encoded CMMs have
quite a few shortcomings: (a) A large sparse correlation matrix
has very low ‘‘information density’’ and takes much memory
space. (b) A multistage sparsely encoded CMMs is often neces-
sary. (c) There is no systematic way to determine the dimension-
ality of the sparse unipolar binary vectors to represent the feature
vectors. (d) There is no systematic way to determine the number
of stages or the number of neurons in each stage in a multistage
sparsely encoded CMM. (e) There is no systematic way to
determine whether a sparsely encoded CMM has a minimum
misclassification probability for the given CMM architecture.
(f) The mapping from the feature vectors to their representative
sparse binary vectors must be stored in some memory space,
further reducing the overall memory density of the CMM. (g) It is
not clear how to train a CMM with feedbacks—recurrent CMMs
do not exist in the literature.

UPUs and SPUs in CIPAM are new types of associative memory.
CIPAM does not have the shortcomings discussed above. CIPAM
has the following advantages:
1.
 No handcrafted label of the training data is needed for
training the clusterer. Training the SPUs in the interpreter
requires handcrafted labels. However, only one label is
required for a cluster obtained by the clusterer, making the
requirement much easier to fulfill.
2.
 The clusterer in CIPAM is a clusterer for spatial or temporal
pattern or causes, but it does not involve selecting a fixed
number of prototypes, cycling through the training data,
using prototypes as cluster labels, or minimizing a non-
convex criterion.
3.
 Both the unsupervised and supervised training mechanisms
are of the Hebbian type, involving no differentiation, back-
propagation, optimization, iteration, or cycling through the
data. They learn virtually with ‘‘photographic memories’’, and
are suited for online adaptive learning. Large numbers of large
temporal and spatial data such as photographs, radiographs,
videos, speech/language, text/knowledge, etc. are learned
easily (although not computationally cheap).
4.
 The ‘‘decision boundaries’’ are not determined by exemplary
patterns from each and every pattern and ‘‘confuser’’ class,
but by those from pattern classes of interest to the user. In
many applications such as target and face recognition, there
are a great many pattern and ‘‘confuser’’ classes and usually
no or not enough exemplary patterns for some ‘‘confuser
classes’’.
5.
 Only a small number of algorithmic steps are needed for
retrieval of labels. Detection and recognition of multiple/
hierarchical temporal/spatial causes are easily performed.
Massive parallelization at the bit level by VLSI implementa-
tion is suitable.
6.
 Probability and membership functions of labels are generated
and can easily be obtained from the interpreter SPUs.
7.
 CIPAM generalizes not by only a single holistic similarity
criterion for the entire input exogenous feature vector, which
noise; erasure; distortion and occlusion can easily defeat, but
by a large number of similarity criteria for feature subvectors
input to a large number of UPUs (unsupervised processing
units) in different layers. These criteria contribute individu-
ally and collectively to generalization for single and multiple
causes. Example 1: smiling; putting on a hat; growing or
shaving beard; or wearing a wig can upset a single similarity
criterion used for recognizing a face in a mug-shot photo-
graph. However, a face can be recognized by each of a large
number of feature subvectors of the face. If one of them is
recognized to belong to a certain face, the face is recognized.
Example 2: a typical kitchen contains a refrigerator, a counter
top, sinks, faucets, stoves, fruit and vegetable on a table,
etc. The kitchen is still a kitchen if a couple of items, say
the stoves and the table with fruit and vegetable, are
removed.
8.
 Masking matrices in a PU eliminate effects of corrupted,
distorted and occluded components of the feature subvector
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input to the PU, and thereby enable maximal generalization
capability of the PU, and in turn that of CIPAM.
9.
 CIPAM is a neural network, but is no more a blackbox with
‘‘fully connected’’ layers much criticized by opponents of such
neural networks as multilayer perceptrons (MLPs) and recur-
rent MLPs. In a PU of CIPAM, synaptic weights are covariances
between an orthogonal expansion and label of its input
feature subvector. Each PU has a receptive region in the
exogenous feature vector input to CIPAM and recognizes the
cause(s) appearing within the receptive region. Such proper-
ties can be used to help select the architecture (i.e., layers,
PUs, connections, feedback structures, etc.) of CIPAM for the
application.
10.
 CIPAM may have some capability of recognizing rotated,
translated and scaled patterns. Moreover, easy learning and
retrieving by a CIPAM allow it to learn translated, rotated and
scaled versions of an input image with ease.
11.
 The hierarchical architecture of the clusterer stores models of
the hierarchical temporal and spatial worlds (e.g., letters,
words and sentences).
12.
 The synaptic weight matrices in different PUs can be added
up to combine learned knowledge at virtually no additional
cost. This property can be exploited to greatly increase
CIPAM’s capability of recognizing rotated, translated and
scaled patterns.
13.
 Ambiguity and uncertainty are represented and resolved with
conditional probabilities and truth values in the sense of
fuzzy logic.
14.
 Noises and interferences in inputs self-destruct like random
walks with residues eliminated gradually by forgetting fac-
tors in the synapses, leaving essential informations that have
been learned by repetitions and emphases.
15.
 The architecture of a CIPAM can be adjusted without discard-
ing learned knowledge in the CIPAM. This allows enlargement
of the feature subvectors, increase of the number of layers,
and even increase of feedback connections.
A brief description of CIPAM and the organization of this paper
follow: Exogenous inputs to CIPAM and spikes generated by
spiking neurons, whose intensities lie between � 1 and 1 inclu-
sive, propagate first through dendritic encoders (Section 2), which
are networks of dendritic nodes and form the upper part of a
dendritic tree (Fig. 2). Dendritic nodes in CIPAM are each a
multiplier, which multiplies its input variable. If a dendritic node
inputs two bipolar binary digits, it acts like an NXOR (NOT-
exclusive-OR) logic gate (Fig. 3).

A dendritic encoder can be looked upon as a function that
encodes its input vector into an output vector with an orthogon-
ality property (Section 2). Dendritic encoders form groups each
with overlapped and nested input vectors with components
chosen at random (Section 3). Output vectors from a group of
dendritic encoders are processed by synapses at the output
terminals of these encoders for learning and retrieving (Section
4). The strengths (or weights) of these synapses are covariances
between the encoder output vectors and the labels of the encoder
input vectors. From the matrices of these covariances, called
expansion covariance matrices, subjective probability distribu-
tions or membership functions of the labels can be extracted
(Section 4).

Nonspiking neurons, called C-neurons, process outputs of
synapses and generate inhibitory graded signals (Section 6)
transmitted to neighboring spiking neurons. Spiking neurons,
called D-neurons, sum outputs of synapses and use the inhibitory
graded signal from a C-neuron to compute subjective probability
or membership functions to generate spike trains with firing rates
being the subjective probabilities or truth values (Section 7). In
computing a subjective probability or membership function, the
sum in a D-neuron is divided by the inhibitory graded signal
received from a C-neuron.

Three types of learning are performed in CIPAM: unsupervised
covariance learning, supervised covariance learning and unsuper-
vised accumulation. The former two are variants of Terrence
J. Sejnowski’s covariance learning rule [58]. The first one is
performed for synapses with post-synaptic D-neurons whose
outputs are teaching signals (Section 8), and the second one for
synapses receiving teaching signals from outside CIPAM (Section
9). In unsupervised covariance learning, the output vector from
the D-neurons is assigned as the label to be learned jointly with
the input vector to the dendritic encoders of the D-neurons
(Section 8). If the input vector has not been learned before, it is
assigned a new label randomly selected by the D-neurons. If the
input vector or a variant of it has been learned before, the output
vector, which is a point estimate of the label or labels of the input
vector based on the subjective probability or membership func-
tion, is learned jointly with the input vector. Analyses of some
extreme examples show that the unsupervised covariance learn-
ing rule can prevent clusters from overgrowing without compro-
mising repeated learning of the same input vector. This is a
significant advantage of the unsupervised covariance learning
over the unsupervised correlation learning used in THPAM.

The supervised covariance learning is performed when a
teaching signal (i.e., a handcrafted label of input vector to the
SPU) from outside CIPAM is provided (Section 9). In the third type
of learning, namely the unsupervised accumulation learning, no
label is needed. The third type of learning is performed to
accumulate dendritic encoders’ output vectors in synapses with
a post-synaptic C-neuron (Section 10).

A forgetting factor and a normalizing constant are used in
learning to keep the entries in expansion covariance matrices and
expansion accumulation matrix bounded.

Generalization and clustering capability of CIPAM are achieved
by masking matrices that each automatically find the largest
subvector of the output vector of dendritic encoders that matches
a subvector of an output vector having been stored in the
expansion covariance matrix and set the rest components of the
former output vector equal to zero (Section 5). The maximum
number of components set equal to zero can be preselected by
adjusting a parameter of the masking matrices. The greater
the maximum number is, the more generalization capability,
the greater the cluster, but the less distinguishing capability
CIPAM has.

CIPAM can be looked upon as a recurrent hierarchical network
of processing units (PUs) (Section 11). Each PU comprises a
number of dendritic encoders encoding subvectors of the vector
input to the PU, a large number of model synapses learning
resultant codes jointly with their labels, a group of D-neurons
retrieving information from model synapses; computing subjec-
tive probability or membership functions of these labels; and
generating spike trains, a C-neuron generating inhibitory graded
signal to modulate these D-neurons, feedback connections with
different numbers of unit-time delay devices receiving associated
spatial and temporal information from the same or higher layers,
and an unsupervised or supervised covariance learning mechan-
ism (Section 11).

The clusterer in CIPAM is a recurrent hierarchical network
(Section 12) of unsupervised processing units (UPUs) that per-
form only unsupervised learning (Section 8). At any time step,
retrieving and unsupervised covariance learning are performed by
the UPU. The unsupervised covariance learning rule is a variant of
Terrence J. Sejnowski’s covariance learning rule [58]. Significant
advantages of the unsupervised covariance learning are discussed
in Section 8. The output vector from the D-neurons in the UPU
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(i.e., vector of positive, negative and no spikes) is a point estimate
of the label of the input vector to the UPU, which has been
pseudo-randomly selected through unsupervised learning. Unsu-
pervised learning by the clusterer can be performed all the time.
What it actually does is clustering spatial and temporal patterns
or causes (Section 12) in the exogenous input data.

The supervised processing units (SPUs) of the interpreter in
CIPAM branch out from corresponding UPUs in CIPAM’s clusterer
(Section 13). Each of these interpreter SPUs first retrieves an
estimate of the label of its input vector. If the label is random (or
nonsense to humans) and a handcrafted label is provided from
outside the SPU, the SPU assigns the handcrafted label to the
input vector and performs supervised covariance learning. In so
doing, an entire cluster to which the input vector belongs is
assigned the same label. For example, apples of different colors,
shapes or orientations are put in the same cluster in unsupervised
learning by a toddler. Once he/she hears the word ‘‘apple’’ when
he/she is looking at a certain apple, the entire cluster is assigned
the label, ‘‘apple’’ in sound, by the toddler’s neural networks. If
the retrieved estimate of the label is not random and makes sense,
a handcrafted label that is closest to the label estimate is used for
supervised learning. The outputs from the D-neurons should not
be used for supervised learning without intervention from outside
the SPU.

The method of learning rotational, translational and scaling
invariance and the reason for performing several rounds of
learning and retrieving by CIPAM for each exogenous input vector
are similar to those for THPAM [40] and hence are not described
or discussed in this paper.
Fig. 3. The input/output relation of a dendritic node is the function z¼ xy on

½�1;1� � ½�1;1�, which is the NXOR logic gate at the four corners.
2. Dendritic trees

The following drawing depicts a Purkinje neuron. Notice the
massive dendritic trees in the neuron in Fig. 1. Dendritic trees uses
more than 60% of the energy consumed by the brain [69], occupy
more than 99% of the surface of some neurons [15], and are the
largest component of neural tissue in volume [61]. However,
dendritic trees are missing in well-known artificial neural networks
[55,49,10,27,23,26,51,5,24], associative memories [35,28,22] and
models of cortical circuits [42,20,21,18], overlooking a large percen-
tage of the neuronal circuit.

Notice also that the dendritic trees in the Purkinje neuron are
essentially binary trees. A dendritic tree in a neuron in CIPAM is
shown in Fig. 2: For convenience, we will refer to the soma of
Fig. 1. A Purkinje neuron has massive dendritic trees for processing signals.
a neuron as the neuron and the rest of the neuron as dendritic
and axonal trees. In Fig. 2, three upstream neurons send signals,
xt1,xt2,xt3, at time t, through axons to the dendrites of a neuron
which form a binary dendritic tree. The signals are numbers
around � 1 and 1 inclusive at time t. At each branch point, a
dendritic node denoted by a solid circle multiplies the two input
signals, x and y, and outputs the resultant product xy, as shown
in Fig. 3.

Let us consider the vector below, whose components are
obtained by such dendritic nodes:

�xt ¼ ½1 xt1 xt2 xt2xt1 xt3 xt3xt1 xt3xt2 xt3xt2xt1�
0

Each of the components in this vector passes through a synapse as
shown in Fig. 2. The vector �xt is called the dendritic code, and the
dendritic network that produces it is called a dendritic encoder.
By straightforward computation,

�x 0t �yt ¼ 1þxt1yt1þxt2yt2þxt2yt2xt1yt1þxt3yt3

þxt3yt3xt1yt1þxt3yt3xt2yt2þxt3yt3xt2yt2xt1yt1

¼
Y3

i ¼ 1

ð1þxtiytiÞ
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If xti and yti, i¼1, 2, 3 are bipolar binary digits, xtiyti ¼ 1 if xti ¼ yti,
and xtiyti ¼�1 if xtiayti. It follows that �x 0t �yt ¼ 23 if xt ¼ yt, and
�x 0t �yt ¼ 0 if xtayt. The dendritic code �xt is hence called an
orthogonal expansion of xt.

In general, a dendritic encoder with an input vector x¼

½x1 � � � xm�
0 performs pair-wise multiplications that are organized

for simplicity by setting �xð1Þ ¼ ½1 x1�
0 and the recursive formula:

�xð1, . . . ,jþ1Þ ¼ ½ �x 0ð1, . . . ,jÞ xjþ1 �x
0
ð1, . . . ,jÞ�0 for j¼ 1, . . . ,m�1

ð2:1Þ

to yield the output vector �x ¼ �xð1, . . . ,mÞ of the dendritic encoder.
It can be proven [40] that given two bipolar vectors, a¼

½a1 � � � am�
0 and b¼ ½b1 � � � bm�

0,

�a 0 �b ¼
Ym

j ¼ 1

ð1þajbjÞ ð2:2Þ

Hence, if a and b are bipolar binary vectors, then �a and �b are
orthogonal: �a 0 �b ¼ 0 if aab; and �a 0 �b ¼ 2m if a¼b [40]. We note
that the pair-wise multiplication performed by a dendritic node is
what a NOT-exclusive-OR (NXOR) logic gate does (Fig. 3), if the
inputs are bipolar binary digits.

A dendritic encoder is also called an orthogonal expander,
which is an upper part of a dendritic tree as illustrated in Fig. 2.
The masking matrix M shown in Fig. 2 is used for maximal
generalization and clustering and is described in Section 5.
3. Multiple dendritic encoders

If xt has m components, �xt is 2m-dimensional, which grows
exponentially as m increases. Note that compartmentalization of
dendrites was observed of biological neurons [32,34,53,59,44,
43,33,45–47]. The compartments of dendrites are believed to be
multiple dendritic encoders (or orthogonal expanders). Fig. 4
shows 6 dendritic encoders or compartments for a neuron. Each
dendritic encoder performs an orthogonal expansion discussed in
the preceding section. It inputs a small number m of ternary digits
from upstream neurons to avoid the curse of dimensionality.

The output terminals of all the neurons that a downstream
neuron receives signals directly from are called the receptive
domain of the downstream neuron. Let C subvectors xtðcÞ,
c¼ 1, . . . ,C, of xt be the input vectors of C dendritic encoders
(see the circles at the bottom of Fig. 4). The C dendritic encoders
Dendritic
Encoder
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6tx 5tx
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Receptive Domain      of aneurontx

'6'5'4'3'2'1' ttttttt xxxxxxx

Dendritic
Encoder

Dendritic
Encoder

Dendritic
Encoder

Dendritic
Encoder

Dendritic
Encoder

Fig. 4. Multiple dendritic encoders for a receptive domain xt are used to avoid

curse of dimensionality and enhance generalization capability of neurons.
convert xtðcÞ, c¼ 1, . . . ,C, into dendritic codes or orthogonal
expansions �xtðcÞ, c¼ 1, . . . ,C. Fig. 4 is used to illustrate multiple
dendritic encoders for a neuron, not the way the components of
each xtðcÞ are selected. In fact, they should be selected uniformly
at random from the receptive domain xt so that they form a
random sample of the components of xt and a ‘‘low-resolution’’
representation of xt.

In addition to avoiding the curse of dimensionality, the use of
multiple dendritic encoders helps enhance generalization cap-
ability of neurons. If xtðcÞ for some c has too many erroneous
components to be generalized with MðcÞ, the other xtðcÞ’s are
separately transformed into �xtðcÞ’s and processed for learning and
retrieving by CIPAM.
4. Synaptic weights

Let the label of the vector xt be a vector rt with R components
each in an interval containing the closed interval [�1,1]. In
unsupervised learning, rt is generated internally in CIPAM in a
way to be described in Section 7. In supervised learning, rt is the
label of the pattern or cause that appears in the receptive field of the
vector xt. Here the term ‘‘receptive field’’ is the one commonly
understood and used. It can be obtained by tracing the feedforward
connections of CIPAM backward from the receptive domain that
provides xt to the exogenous input terminals of CIPAM and if
necessary, all the way to the sensory measurements such as image
pixels. A human examines the receptive field and determines
whether a cause (or pattern) is in it. If there is not a clearly
recognizable one, set rt¼0. Otherwise, assign a label rt to the cause,
which is usually a ternary vector (with � 1, 0 and 1 as components)
that humans understand, say an adaptation of ASCII codes.

Given the pairs (xtðcÞ, rt), t¼ 1�z, . . . ,0;1,2, . . .; two weighted
covariance matrices are defined as follows:

DðcÞ ¼L
XT

t ¼ 1

lT�t
ðrt�/rtSzr

Þð �xtðcÞ�/ �xtðcÞSzx
Þ
0

ð4:1Þ

CðcÞ ¼L
XT

t ¼ 1

lT�t
ð �xtðcÞ�/ �xtðcÞSzx

Þ
0

ð4:2Þ

where /atSz denotes the average ð
Pt�1

s ¼ t�z asÞ=z of for some z for a
preselected time window width z, L is a scaling constant and l is
a forgetting factor (0olo1) that are selected to prevent entries
in DðcÞ and CðcÞ from growing excessively as T increases. zx and zr

are usually different. The matrix CðcÞ has only one row and the
matrix DðcÞ has R rows. Note that DðcÞ is a weighted covariance
matrix between rt and �xtðcÞ, and CðcÞ is a weighted accumulation
of �xtðcÞ, which can be looked upon as a weighted covariance
matrix between 1 and �xtðcÞ. For simplicity, DðcÞ and CðcÞ are
called expansion covariance matrices (ECMs). Note that these
ECMs are different from those ECMs in THPAM [40].

Dendritic codes �xtðcÞ and ECMs, DðcÞ, CðcÞ, c¼ 1, . . . ,C, are
assembled into a general dendritic code (GDC) �xt and general
expansion covariance matrices (GECMs), D and C, as follows:

�xt ¼ ½ �xt
0
ð1Þ �x 0tð2Þ � � � �x

0
tðCÞ�

0 ð4:3Þ

D¼ ½Dð1Þ Dð2Þ � � � DðCÞ� ð4:4Þ

C ¼ ½Cð1Þ Cð2Þ � � � CðCÞ� ð4:5Þ

Note that while dim �xt ¼
PC

c ¼ 1 2dim xt ðcÞ, the dimensionality of

the orthogonal expansion of xt is 2dim xt . The former can be made

much smaller than the latter by setting dim xtðcÞ small. If the

components of xtðcÞ are selected from those of xt at random, then
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the components of xtðcÞ are a random sample of those of xt,

and xtðcÞ is a ‘‘lower-resolution’’ representation of xt. Hence, a

sufficient number C of xtðcÞ, which may have common compo-
nents, can sufficiently represent xt in storing and retrieving its

label rt. Since subvectors xtðcÞ are all inclusive, xt¼xt if and only if

xtðcÞ¼xtðcÞ for c¼1, y, C. However, even if xt a xt, xtðcÞ may

still be equal to xtðcÞ for some values of c. Therefore, the use of

the �xt has not only the advantage of having the much smaller
dimensionality of �xt and thereby the much smaller dimension-
ality of the GECMs, but also the advantage of helping enhance the
generalization capability of the D-neurons, as mentioned at the
end of the preceding section.

Example 1a. For simplicity, let l¼L¼C¼ 1 and let the follow-
ing pairs (xt, rt), t¼1, y, 5, be available for learning under the
assumption that rth izr

¼0 and �xtðcÞ
� �

zx
¼0 for all t:

ðx1,r1Þ ¼ ð½1 �1 1�0,�1Þ

ðx2,r2Þ ¼ ð½1 �1 �1�0,1Þ

ðx3,r3Þ ¼ ð½�1 1 �1�0,1Þ

ðx4,r4Þ ¼ ð½�1 1 �1�0,1Þ

ðx5,r5Þ ¼ ð½�1 1 �1�0,�1Þ

Note that x3 ¼ x4 ¼ x5 and r3 ¼ r4 ¼�r5. The dendritic codes �xt ,
t¼1, y, 5, and expansion covariance matrices (ECMs), D and C

are
�x 0t
 1
 xt1
 xt2
 xt2xt1
 xt3
 xt3xt1
 xt3xt2
 xt3xt2xt1
 rt
�x 01
 1
 1
 �1
 �1
 1
 1
 �1
 �1
 �1

�x 02
 1
 1
 �1
 �1
 �1
 �1
 1
 1
 1

�x 03
 1
 �1
 1
 �1
 �1
 1
 �1
 1
 1

�x 04
 1
 �1
 1
 �1
 �1
 1
 �1
 1
 1

�x 05
 1
 �1
 1
 �1
 �1
 1
 �1
 1
 �1
and
D
 1
 �1
 1
 �1
 �3
 �1
 1
 3

C
 5
 �1
 1
 �5
 �3
 3
 �3
 3
The ordinary method of retrieving the label of a feature

subvector xt from the synaptic weights, D and C, is to compute

D �xt and C �xt first. By straightforward computation, we obtain

D �x1 ¼ 8ð�1Þ, D �x2 ¼ 8ð1Þ, D �x3 ¼D �x4 ¼D �x5 ¼ 8ð2�1Þ; where the

number in the pair of parenthesis is the number of times xk is

stored in D with rk¼1�the number of times xk is stored in D with

rk¼� 1; and C �x1 ¼ 8ð1Þ, C �x2 ¼ 8ð1Þ, C �x3 ¼ C �x4 ¼ C �x5 ¼ 8ð3Þ; where

the number in the pair of parenthesis is the total number of times

xk is stored in C.

5. General masking matrix M for maximal generalization

The feature subvector xtðcÞ input to the dendritic encoder may
deviate from all feature subvectors xtðcÞ that have been learned
and stored in DðcÞ and CðcÞ due to corruption, distortion or
occlusion in the stored feature subvectors xtðcÞ or in xtðcÞ itself.
Since �xtðcÞ and �xtðcÞ are dendritic codes, the deviation implies
that DðcÞð �xtðcÞ� �xtðcÞ

� �
zx
Þ � 0 and CðcÞð �xtðcÞ� �xtðcÞ

� �
zx
Þ � 0 if

�xtðcÞ
� �

zx
� 0. This inability to generalize motivates the masking

matrices described in this section.
It would be ideal if the largest subvector of xtðcÞ that matches

at least one subvector of xtðcÞ stored in DðcÞ and CðcÞ can be
found automatically and the SPD (subjective probability distribu-
tion) of the label of this largest subvector of xtðcÞ can be
generated. This ideal capability is called maximal generalization.
This capability can actually be achieved by the use of the masking
matrices.

Example 1b. This is a continuation of Example 1a. Let I¼ ½1 1 1�0

and

Ið1�Þ ¼

0

1

1

2
64

3
75, Ið2�Þ ¼

1

0

1

2
64

3
75, Ið3�Þ ¼

1

1

0

2
64

3
75

Their dendritic codes are

�Ið1�Þ ¼ ½1 0 1 0 1 0 1 0�0

�Ið2�Þ ¼ ½1 1 0 0 1 1 0 0�0

�Ið3�Þ ¼ ½1 1 1 1 0 0 0 0�0

By simple multiplication,

diagð�Ið1�ÞÞ �xt ¼ ½1 0 �xt2 0 �xt3 0 �xt3 �xt2 0�0

diagð�Ið2�ÞÞ �xt ¼ ½1 �xt1 0 0 �xt3 �xt3 �xt1 0 0�0

diagð�Ið3�ÞÞ �xt ¼ ½1 �xt1 �xt2 �xt2 �xt1 0 0 0 0�0

where diag ð�Iðk�ÞÞmasks xtk or sets xtk equal to 0 in �xt . Consider a

feature subvector x6¼½�1,�1;1�0, which differs from x1 by only

the first digit. Although �x 01 �x6¼0, we have �x 01diagð�Ið1�ÞÞ �x6¼4,

showing that the effect of x11 or x61 on orthogonality between

�x1 and �x6 is ignored in �x 01diagð�Ið1�ÞÞ �x6.

Consider the following matrix:

M¼ Iþ2�5diagð�Ið1�Þþ �Ið2�Þþ �Ið3�ÞÞ

¼ Iþ2�5diag½3 2 2 1 2 1 1 0� ð5:1Þ

Simple computation yields D �xka0 and C �xka0, k¼ 1;2,3,
which require no generalization. Because of the weight 2�5,
D �xk �DM �xk and C �xk � CM �xk, and hence including M in DM �xk and
CM �xk does not do any harm or good for k¼ 1;2,3.

However, D �x6 ¼ 0 and C �x6 ¼ 0, and a generalization on the
second and third digit of x6 is desirable. By straightforward
computation,

DM �x6 ¼ 2�5D diagð�Ið1�ÞÞ �x6 ¼ 2�5D diagð�Ið1�ÞÞ �x1

¼ 2�5
ðD1þD3x12þD5x13þD7x13x12Þ ¼ 2�54ð�1Þ

CM �x6 ¼ 2�5C diagð�Ið1�ÞÞ �x6 ¼ 2�5C diagð�Ið1�ÞÞ �x1

¼ 2�5
ðC1þC3x12þC5x13þC7x13x12Þ ¼ 2�54ð1Þ

Recall that D �x1 ¼ 8ð�1Þ and C �x1 ¼ 8ð1Þ. The numbers in the
parentheses above are the same as their corresponding ones in
D �x1 and C �x1. How DM �xk and CM �xk are used to compute the
subjective probability distribution of rk will be described in
Section 7.

Motivated by the above example, we describe a masking matrix

MðcÞ in the following. Let us denote the vector v¼½v1 v2 � � � vn�
0

with its i1-th, i2-th,y, and ij-th components set equal to 0 by

vði�1 ,i�2 , . . . ,i�j Þ, where 1r i1o i2oyo ij rn. For example, if

v¼½1 �1 �1 1�0, then vð2�,4�Þ ¼ ½1 0 �1 0�0. Denoting the n-dimen-

sional vector ½1 1 � � � 1�0 by I and denoting the dendritic code

of vði�1 ,i�2 , . . . ,i�j Þ by �vði�1 ,i�2 , . . . ,i�j Þ, we note that vði�1 ,i�2 , . . . ,i�j Þ ¼

diagðIði�1 ,i�2 , . . . ,i�j ÞÞv and �vði�1 ,i�2 , . . . ,i�j Þ ¼ diagð�Iði�1 ,i�2 , . . . ,i�j ÞÞ �v,

where �vði�1 ,i�2 , . . . ,i�j Þ and
�Iði�1 ,i�2 , . . . ,i�j Þ denote the dendritic codes of vði�1 ,i�2 , . . . ,i�j Þ and

Iði�1 ,i�2 , . . . ,i�j Þ, respectively.
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Using this property, we combine all such masking matrices
that set less than or equal to a selected positive integer JðcÞ of
components of xtðcÞ equal to zero into the following masking
matrix

MðcÞ ¼ Iþ
XJðcÞ

j ¼ 1

Xdim xt ðcÞ

ij ¼ j

� � �
Xi3�1

i2 ¼ 2

Xi2�1

i1 ¼ 1

aðjÞdiagð�Iði�1 ,i�2 , . . . ,i�j ÞÞ ð5:2Þ

where aðjÞ is a monotone decreasing function of j selected as weights

to de-emphasize higher levels j of maskings. Note that MðcÞ is

a diagonal matrix. JðcÞ is usually determined by the maximum

percentage of components of xtðcÞ to be masked by MðcÞ. It can be

seen that DiðcÞMð �xtðcÞ� �xtðcÞ
� �

zx
Þ and CjðcÞMð �xtðcÞ� �xtðcÞ

� �
zx
Þ

always use the greatest number of components of xtðcÞ that can be

found in a xtðcÞ in D and C in estimating dtiðcÞ, ctðcÞ, atiðcÞ and

btiðcÞ. Note that in DiðcÞMð �xtðcÞ� �xtðcÞ
� �

zx
Þ and

CjðcÞMð �xtðcÞ� �xtðcÞ
� �

zx
Þ, the masking matrix M is multiplied to

�xtðcÞ� �xtðcÞ
� �

zx
instead of �xtðcÞ as in THPAM [40].

Notice that the more components xtðcÞ has, the less difference

a change of one component of xtðcÞ makes to the label of

xtðcÞ and therefore the closer the weight a in (5.2) can be to 1.
In the brain, the number of inputs to a dendritic encoder is
expected to be rather large (e.g., 15), and the weight is equal to 1.

The masking matrix MðcÞ is simply an idealization and organiza-
tion of dendritic encoders with overlapped and nested inputs. In
Example 1b, xt has only three components and hence a very small

aðjÞ, namely 2�5j, is used to illustrate the use of MðcÞ.
Corresponding to �xt , D and C defined in (4.3)–(4.5); a general

masking matrix is defined as follows:

M¼ diag½Mð1Þ Mð2Þ � � � MðCÞ� ð5:3Þ

where the right side is a matrix with MðcÞ, c¼1, 2, y, C, as
diagonal blocks and zero elsewhere. Note that M is a diagonal
matrix.
6. Non-spiking neuron (C-neuron)

In response to �xt produced by the dendritic encoders, the

masking matrix M and synapses compute Miið �xti� �xti

� �
zx
Þ and

CiMiið �xti� �xti

� �
zx
Þ, respectively, where Mii is the i-th diagonal

entry of M. A C-neuron (a model non-spiking neuron) sums up

CiMiið �xti� �xti

� �
zx
Þ to obtain the graded signal ct:

ct ¼ CMð �xt� �xt
� �

zx
Þ ¼

XC

c ¼ 1

CðcÞMð �xtðcÞ� �xtðcÞ
� �

zx
Þ ð6:1Þ

Because of the orthogonality property of �xtðcÞ, t¼1, y, T; ct is an
estimate of the total number of times xt has been encoded and
stored in C. This will be illustrated in Example 1c below. The
inhibitory output �ct is a graded (real) signal transmitted to each
of the mentioned R spiking neurons that generate a point estimate
of rt. Note that (6.1) is different from the signal generation
formula in the C-neuron in THPAM [40].

Example 1c. This is a continuation of Example 1b. Assume that
M¼ I, l¼L¼C¼ 1, in (4.2) and (5.1). Recall the assumption that
/rtSzr

¼ 0 and / �xtðcÞSzx
¼ 0 for all t. Then

ct ¼ CM �xt ¼ C �xtþ2�5C diagð�Ið1�Þþ �Ið2�Þþ �Ið3�ÞÞ �xt

By straightforward computation, c1 � 8ð1Þ, c2 � 8ð1Þ, and c3 � 8ð3Þ;

which show that x1, x2 and x3 have been learned 1, 1 and 3 times,

respectively. However, for a feature subvector x6¼½�1,�1;1�0,
which has not been learned but differs from x1 by only the first

digit, C �x6 ¼ 8ð0Þ. This shows that the retrieval by C �x6 does not

generalize on the second and third digits.

Recall that diagð�Ið1�ÞÞ �x6 sets the first component of �x6 equal to
0. The second and third component of �x6 form a subvector of �x1.
By straightforward computation again,

c6 ¼ 2�5C diagð�Ið1�ÞÞ �x6 ¼ 2�5C diagð�Ið1�ÞÞ �x1

¼ 2�5
ðC1þC3x12þC5x13þC7x13x12Þ ¼ 2�54ð1Þ

where the number 1 enclosed in the parentheses is the number of
times ½0,�1;1�0 or x1 has been learned. This shows that
CM �x6 generalizes on the second and third digits of x6.
7. Spiking neurons (D-neurons)

The entries of the jth row Dj of D are the weights or strengths
of the synapses for the jth D-neuron. In response to �xt produced
by the dendritic encoders, the masking matrix M and synapses for
the jth D-neuron compute Mii �xti and DjiMii �xti, respectively, where
Mii is the i-th diagonal entry of M. The jth D-neuron (a model
spiking neuron) sums up these numbers DjiMii �xti to obtain the
graded signal dtj:

dtj ¼DjMð �xt� �xt
� �

zx
Þ ¼

XC

c ¼ 1

DjðcÞMð �xtðcÞ� �xtðcÞ
� �

zx
Þ ð7:1Þ

Assume that rt are all bipolar binary vectors. Because of the
orthogonality property of �xtðcÞ, t¼1, y, T; dtj is an estimate of
the total number of times xt has been encoded and stored in Dj

with the jth component rtj of rt being þ1 minus the total number
of times xt has been encoded and stored in Dj with the jth
component rtj of rt being � 1. This will be illustrated in Example
1d below. The effects of M, l and L are included in computing
said total numbers, which make dtj only an estimate. Note that
(7.1) is different from the formula to generate dtj in the D-neuron
in THPAM [40].

Recall that ct is an estimate of the total number of times xt has
been learned regardless of its labels. Therefore, ðctþdtjÞ=2 is an
estimate of the total number of times xt has been encoded and
stored in C with the jth component rtj of rt being þ1. Conse-
quently, ðdtj=ctþ1Þ=2 is the relative frequency ptj that rtj is
equal to þ1.

xt may be shared by more than one cause (or pattern) and may
contain corruption, distortion, occlusion or noise caused directly
or indirectly by the sensor measurements such as image pixels
and sound recordings. In this case, the label rt of xt is a random
variable, which can be described or represented properly only by
a probability distribution. On the other hand, xt may contain parts
from more than one cause. In this case, the label rt of xt should be
a fuzzy logic variable, which can be described or represented
properly only by its membership function [70,71]. Fortunately,
both the probabilities and truth values range between zero and
one. The former can be learned mainly as relative frequencies
over time and the latter mainly as relative proportions in each xt
as represented also by relative frequencies. ðdtj=ctþ1Þ=2 evalu-
ated above is a relative frequency representing a probability or a
truth value. For simplicity, truth value and membership function
will henceforth be referred to as subjective probability and
subjective probability distribution, respectively, in this paper.
The relative frequency ðdtj=ctþ1Þ=2 will be denoted by ptj.
The fact that the subjective probability (or truth value) ptj of rt
can be retrieved from the synapses is striking, but mathematically
necessary [40].



J.T.-H. Lo / Neurocomputing 78 (2012) 89–10396
After evaluating ptj, a pseudo-random number generator in the
jth D-neuron uses ptj to generate an output denoted by xfptjg as
follows: xfptjg¼1 with probability ptj, and xfptjg¼� 1 with
probability 1�ptj. The vector pt ¼ ½pt1 pt2 � � � ptR�

0 with compo-
nents evaluated in the R D-neurons is a representation of a
subjective probability distribution of the label rt of the feature
subvector xt. Note that the outputs xfptjg, j¼1, y, R, of the R

D-neurons in response to xt form a bipolar vector xfptg, which is a
point estimate of the label rt of xt. Spike trains have widely been
modeled as a Poisson process, whose firing rate is a random
variable with a time-varying average. Pseudo-random number
generation here produces a Bernoulli process, which is a discrete-
time approximation of a Poisson process.

Example 1d. This is a continuation of Example 1c. Recall the
assumption, M¼ I, l¼L¼c¼ 1, in (4.1) and (5.1). Note that
D �x1 ¼ 8ð0�1Þ, D �x2 ¼ 8ð1�0Þ, and D �x3 ¼ 8ð2�1Þ; but D �x6 ¼ 8ð0�0Þ.
Using (5.1) and (7.1),

dt ¼DM �xt ¼D �xtþ2�5D diagð�Ið1�Þþ �Ið2�Þþ �Ið3�ÞÞ �xt

Because of the weight a¼ 2�5, we have d1 �D �x1, d2 �D �x2, and

d3 �D �x3. However, diagð�Ið1�ÞÞ �x6 sets the first component of �x6

equal to 0. The second and third component of �x6 form a

subvector of �x1. By straightforward computation,

d6 ¼ 2�5D diagð�Ið1�ÞÞ �x6 ¼ 2�5D diagð�Ið1�ÞÞ �x1

¼ 2�5
ðD1þD3x12þD5x13þD7x13x12Þ ¼ 2�54ð0�1Þ

where 0�1 of the total number 0 of times xt has been encoded

and stored in Dj with the jth component rtj of rt being þ1 minus

the total number 1 of times xt has been encoded and stored in Dj

with the jth component rtj of rt being � 1.

Using cj and dj, j¼ 1;2,3, We obtain the following subjective
probabilities:

p1 ¼ ðd1=c1þ1Þ=2� ð�8=8þ1Þ=2¼ 0

p2 ¼ ðd2=c2þ1Þ=2� ð8=8þ1Þ=2¼ 1

p3 ¼ ðd3=c3þ1Þ=2� ð8=24þ1Þ=2¼ 2=3

pj is the subjective probability that the label rj is equal to 1.
Therefore, for p1¼0, the D-neuron generates � 1 as a point
estimate of r1 with probability 1; for p2¼1, the D-neuron
generates 1 as a point estimate of r2 with probability 1; and for
p3 ¼

2
3, the D-neuron generates 1 as a point estimate of r3 with

probability 2
3 and generates � 1 with probability 1

3.
Recall that x6 is not learned, but has the same second and third

components as x1. If M is not used, ðD �x6=ðC �x6Þþ1Þ=2¼ 1
2, and

hence the subjective probability is 1
2 for r6¼1 and � 1, meaning

no information on x6 is obtained from the synaptic weights, D and
C, and there is no generalization on x62 and x63. Including M in
computing d6 and c6 produces

p6 ¼ ðd6=c6þ1Þ=2¼ ð�2�54=ð2�54Þþ1Þ=2¼ 0

which means r6¼� 1 with probability 1.
p6¼0 means the D-neuron generates � 1 as a point estimate of

r1 with probability 1. This shows that DM �x6 generalizes on the
second and third digits of x6.
Fig. 5. An example unsupervised covariance learning mechanism used the output

spike from a D-neuron as the label of input vector in learning.
8. Unsupervised covariance learning

If feature subvectors xt, t¼ 1;2, . . ., without labels rt are
available for learning, unsupervised learning is called for. Unsu-
pervised learning considered here is a novel clustering algorithm
with each cluster being assigned a label [31,12,14,16]. Commonly
used unsupervised learning algorithms among neural network
models are self-organizing map (SOM) [36] and adaptive reso-
nance theory (ART) [7,8]. In learning by SOM, a fixed number of
prototypes (or clusters) are selected and adjusted by cycling
through the training data. The fixed number of prototypes may
turn out to be too many or too few for the application. Cycling
through the training data can only be performed offline for a
given set of training data. Both SOM and ART use prototypes as
cluster labels. In many applications, the prototypes are vectors of
a very high dimension, making it difficult to construct a hier-
archical network of SOMs or ARTs, not to mention a recurrent
network. Other clustering algorithms have similar shortcomings
[14,16]. Another shortcoming of some clustering algorithms is the
use of a non-convex optimization criterion, which is plagued with
the notorious local-minimum problem.

The unsupervised learning mechanism described here does not
involve selecting a fixed number of prototypes, cycling through
the training data, using prototypes as cluster labels, or the use of a
non-convex optimization criterion. Moreover, it provides the
subjective probability (or truth value) distributions of labels,
which can represent and resolve ambiguity and uncertainty.

The unsupervised learning rule that updates the strength Dkj of
the synapse receiving �xtj and feeding D-neuron k whose output is
xfptkg follows:

Dkj’lDkjþLðxfptkg� xfptkg
� �

zr
Þð �xtj� �xtj

� �
zx
Þ ð8:1Þ

where as before, ath iz denotes the average of at over the time
window t�zþ1 r t r t for some preselected z, L is a constant,
l is a forgetting factor that is a positive number less than one (e.g.,
Fig. 5). This rule simply adds to the weight matrix D an outer
product as follows:

D’lDþLðxfptg� xfptg
� �

zr
Þð �xt� �xt

� �
zx
Þ
0

ð8:2Þ

After learning �xt, t¼ 1, y, T, the weight matrix Dis the
weighted covariance matrix between rt and �xtðcÞ in (4.1) with
rt replaced with xfptg. Hence, the above learning rule is called the
unsupervised covariance learning rule. This learning rule is a variant
of Terrence J. Sejnowski’s covariance learning rule [58], which
produces the covariance between the presynaptic neuron activa-
tions (not dendritic codes) and postsynaptic neuron activations.

Let us see how a ‘‘vocabulary’’ is created through unsupervised
covariance learning under the assumption that L and l are equal
to 1 for simplicity. If a feature subvector xt or a slightly different
version of it has not been learned, and C �xt¼0, then pt¼(1

2)I,
where I¼ ½1 1 � � � 1�0. The D-neurons then use this probability
vector to generate a purely random vector xfptg as the label rt of
xt. Once this xt together with the randomly generated label
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rt¼xfptg has been learned and stored in C and D, if xt is presented
and learned without supervision for the second time, then rt is
output by the R D-neurons with probability 1, and one more copy
of the pair (xt, rt) is included in C and D.

If a feature subvector xt or a slightly different version of it has
been learned with different labels for different numbers of times,
then pt a (1

2)I. For example, assume that two labels, r1
t and

r2
t have been learned with relative frequencies, 0.7 and 0.3,

respectively. Since these two labels may have common compo-
nents, the point estimate of the label resembles r1

t with a prob-
ability of higher that 70% and resembles r2

t with a probability of
greater than 30%.

The unsupervised covariance learning rule (8.2) has significant
advantages over the unsupervised correlation learning rule in
THPAM [40]:
1.
 If the D-neuron outputting xfptig or the dendritic node out-
putting �xtj is out of order causing xfptig or �xtj¼� 1, 0 or 1 or
any constant for long, then xfptg� xfptg

� �
zr
¼0 or �xtj� �xtj

� �
zx
¼

0, whence Dij’lDij and Dij shrinks to zero, eliminating the
effect of the faulty D-neuron or dendritic node.
2.
 If �xtj takes on 1 (or � 1) significantly more often than � 1 (or
1), then �xtj

� �
zx

is closer to 1 (or � 1), �xtj� �xtj

� �
zx

is smaller for
�xtj¼1 (or � 1) than for �xtj¼� 1 (or 1), and D learns �xtj with
less intensity. The same happens if xfptg takes on 1 (or � 1)
significantly more often than � 1 (or 1). This automatically
balances out the number of additions (to store 1’s) to and
subtractions (to store � 1’s) from D to avoid memory satura-
tion at a synapse.
3.
 The unsupervised covariance learning rule prevents clusters
from growing excessively. The length zr of the time interval for
the time average xfptg

� �
zr

can be used to control cluster sizes.
Examples illustrate this point are given below.

Example 2. The Gray codes of the integers, 0 to 15, are, respec-
tively, 0000, 0001, 0011, 0010, 0110, 0111, 0101, 0100, 1100,
1101, 1111, 1110, 1010, 1011, 1001, 1000 [52]. Let xt, t¼1, 2, y,
16, be these 16 codes in the same order. By replacing 0 with � 1,
we have 16 input vectors x1¼½�1 �1 �1 �1�0, x2¼½�1 �1 �1
1�0 and so on for learning without supervision. Repeating the 16

codes, an infinite sequence of vectors xt, t¼1, 2, y, is to be
learned. Let us use a PU with 10 D-neurons and 1 C-neuron to
learn this sequence xt, t¼1, 2, y, in the given order without
supervision. Assume that C¼ J¼ 1 in (5.2) and (5.3) and that
l¼L¼1 in (4.1) and (4.2).

Because J¼1 in M, unsupervised learning rules generalize, if
necessary, on three bipolar binary digits of each xt. Since two
consecutive codes differ by only one bit, the unsupervised
correlation learning rule in [40] learns all the 16 codes (i.e., xt)
with one single label and thus puts them in one single cluster.

Let us now use the unsupervised covariance learning rule to
learn the same sequence of codes xt. To initiate learning, we set
xfptg
� �

zr
¼0 for t¼1, 0, � 1, �2, y, �1 and set C¼0 and D¼0 at

t¼0. For simplicity, we assume �xt

� �
zx
¼0 for all t. Note that the

time averages xfptg
� �

zr
and �xt

� �
zx

may be taken over different
time lengths.

Example 2a. Assume that the time average xfptg
� �

zr
is taken over

zr¼100,000 time units, namely xfptg
� �

zr
¼
Pt

t ¼ �100;000þ tþ1 xfptg=

100;000. Under this assumption, xfptg
� �

zr
is virtually 0 for t¼1, 2, y,

16. For notational simplicity, we take xfptg
� �

zr
to be 0 for t¼1, 2, y,

16 in the following.

Retrieval at t¼1: c1¼0, d1¼0, p1¼I/2 and xfp1g is purely
random (i.e., xfp1ig¼1 with probability 1

2 and ¼� 1 with prob-
ability 1

2 for i¼1, y, 10).
Learning at t¼1: C ¼ �x1
0 and D¼ xfp1g �x1

0.
Retrieval at t¼2: c2 ¼ 23, d2 ¼ 23xfp1g, p2 ¼ ðxfp1gþIÞ=2, and

xfp2g ¼ xfp1g, because xfp1g is a bipolar binary vector. x2 is
assigned the same label xfp1g as x1, and x1 and x2 are put in the
same cluster.

Learning at t¼2: C ¼
P2

t ¼ 1
�x 0t and D¼

P2
t ¼ 1 x pt

� �
�x 0t .

Retrieval at t¼3: c3 ¼ 23, d3 ¼ 23xfp2g,p3 ¼ ðxfp2gþIÞ2,
xfp3g ¼ xfp2g. x3 is assigned the same label xfp1g as x2, and x1, x2

and x3 are put in the same cluster.
Learning at t¼3: C ¼ 1

2

P3
t ¼ 1

�x 0t and D¼
P3

t ¼ 1 xfptg �x 0t :

Continuing in this manner, all the 16 codes of xt are assigned
the same label xfp1g and thus put in the same cluster.

Example 2b. Assume that the time average xfptg
� �

zr
is taken over

zr¼1 time unit, namely xfptg
� �

zr
¼xfptg.

Retrieval at t¼1: c1¼0, d1¼0, p1¼I/2 and xfp1g is purely

random (i.e., xfp1ig¼1 with probability 1
2 for i¼1, y, 10).

Learning at t¼1: C ¼ �x 01 and D¼ ðxfp1g� xfp1g
� �

Þ �x 01¼0.

Retrieval at t¼2: c2 ¼ 23, d2 ¼ 0, p2¼I/2 and xfp2g is purely

random.

Learning at t¼2: C ¼
P2

t ¼ 1
�x 0t and D¼

P2
t ¼ 1ðxfptg�xfptgÞ �x 0t¼0.

Retrieval at t¼3: c3 ¼ 23, d3 ¼ 0, p3¼I/2 and the label xfp3g is

purely random.

Learning at t¼3: C ¼
P3

t ¼ 1
�x 0t and D¼

P3
t ¼ 1ðxfptg�x

fpt�1gÞ �x
0
t¼0.

Retrieval at t¼4: c4 ¼ 24, d4 ¼ 0, p4¼I/2 and the label xfp4g is

purely random.

Continuing in this manner, the 16 codes xt are each assigned a
purely random label. Since there are 10 D-neurons and thus each
label has 10 entries, the chance is that the 16 codes are assigned
with different labels. Note that D remains to be 0 and thus no
knowledge is learned.

Example 2c. Assume that the time average xfptg
� �

zr
is taken over

zr¼n time units, namely xfptg
� �

zr
¼
Pn�1

i ¼ 0 xfpt�ig=n.

Retrieval at t¼1: c1¼0, d1¼0, p1¼I/2 and xfp1g is purely

random (i.e., xfp1ig¼1 with probability 1
2 for i¼1, y, 10).

Learning at t¼1: C1 ¼ �x 01 and D1 ¼ ðxfp1g�xfp1g=nÞ �x 01.

Retrieval at t¼2: c2 ¼ 23, d2 ¼ 23
ðxfp1g�xfp1g=nÞ, p2¼(xfp1g�

xfp1g=n þ IÞ=2.

Learning at t¼2: C2 ¼
P2

t ¼ 1
�x 0t and D2 ¼

P2
k ¼ 1ðxfpkg�

P1
t ¼ k

xfptg=nÞ �x 0k.

Continuing in this manner for trn, Retrieval at t: ct ¼ 23,
dt ¼ 23

ðxfpt�1g�
P1

t ¼ t�1 xfptg=nÞ,
pt¼(xfpt�1g�

P1
t ¼ t�1 xfptg=nþI=2:)

Learning at t: Ct ¼
Pt

t ¼ 1
�x 0t and Dt ¼

Pt
k ¼ 1ðxfpkg�

P1
t ¼ k

xfptg=nÞ �x 0k; and for t4n, Retrieval at t: ct ¼ 23, dt ¼ 23
ðxfpt�1g�Pt�n

t ¼ t�1 xfptg=nÞ, pt¼(xfpt�1g�
Pt�n

t ¼ t�1 xfptg=nþIÞ=2.

Learning at t: Ct ¼
Pt

t ¼ 1
�x 0t and Dt ¼

Pt
k ¼ 1ðxfpkg�

Pt�nþ1
t ¼ t

xfptg=nÞ �x 0k.
Note that limn-1 pt ¼ p1 and limn-1x fptg ¼ xfp1g This is

consistent with Example 2a. Two observations can be made from
these formulas:
1.
 Given a fixed t: the greater n is, the closer pt is to pt�1, the
closer xfptg is to xfpt�1g, the more likely xt is assigned the same
label xfpt�1g as xt�1, and the more likely xt and xt�1 are put in
the same cluster. P
2.
 Given a fixed n: for trn, 1
t ¼ t xfptg=n increases as t increases,

and hence the deviation of pt from pt�1 increases. Consequently,
the chance that xt is assigned xfpt�1g as xt�1 decreases as t

increases, and the chance that xt and xt�1 are put in the same
cluster decreases.
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Example 3. Let us now use the unsupervised covariance
learning rule to learn the sequence of identical codes
Fig. 6. An example supervised covariance learning mechanism uses a handcrafted

label in learning.
x
t¼½1 1 1 1�0, t¼ 1, 2, y .

Assume that the time average xfptg
� �

zr
is taken over zr¼n time

units, namely xfptg
� �

zr
¼
Pn�1

i ¼ 0 xfpt�ig=n.

Retrieval at t¼1: c1¼0, d1¼0, p1¼I/2 and xfp1g is purely

random (i.e., xfp1ig¼1 with probability 1
2 for i¼1,y,10).

Learning at t¼1: C1 ¼ �x 01 and D1 ¼ ðxfp1g�xfp1g=nÞ �x 01.

Retrieval at t¼2: c2 ¼ 24, d2 ¼ 24
ðxfp1g�xfp1g=nÞ, p2¼(xfp1g�x

fp1g=n þ IÞ=2.

Learning at t¼2: C2 ¼ 2 �x 01 and D2 ¼
P2

k ¼ 1ðxfpkg�
P1

t ¼ k

xfptg=nÞ �x 01.

Retrieval at t¼3: c2 ¼ 2ð24
Þ, d2 ¼ 24P2

k ¼ 1ðxfpkg�
P1

t ¼ k

xfptg=nÞ, p3 ¼ ð
P2

k ¼ 1ðxfpkg�
P1

t ¼ k xfptg=nÞ=2þIÞ=2.

Learning at t¼3: C3 ¼ 3 �x 01 and D3
¼
P3

k ¼ 1ðxfpkg�
P1

t ¼ k

xfptg=nÞ �x 01:

Continuing in this manner for trn, Retrieval at t:
ct ¼ ðt�1Þð24

Þ, dt ¼ 24Pt�1
k ¼ 1ðxfpkg�

P1
t ¼ k xfptg=nÞ, pt¼ð

Pt�1
k ¼ 1

ðxfpkg �
P1

t ¼ k xfptg=nÞ=ðt�1ÞþIÞ=2:

Learning at t: Ct ¼ t �x 0t and Dt
¼
Pt

k ¼ 1ðxfpkg�
P1

t ¼ k xfptg=nÞ �x 01;

and for t4n, retrieval at t: ct ¼ ðt�1Þð24
Þ, dt ¼ 24Pn

k ¼ 1

ðxfpkg�
P1

t ¼ k xfptg=nÞþ24Pt�1
k ¼ nþ1ðxfpkg�

Pk�nþ1
t ¼ k xfptg=nÞ, pt¼2

4ð
Pn

k ¼ 1ðxfpkg �
P1

t ¼ k xfptg=nÞþ24Pt�1
k ¼ nþ1ðxfpkg�

Pk�nþ1
t ¼ k xfptg=

nÞÞ= ð2t�2Þ þ I=2.
Learning at t: Ct ¼ t �x 0t and Dt ¼ ð

Pn
k ¼ 1ðxfpkg�

P1
t ¼ k xfptg=nÞþPt

k ¼ nþ1ðxfpkg�
Pk�nþ1

t ¼ k xfptg=nÞÞ �x 01.
The two observations made at the end of Example 2c are

valid here. However, pt¼ð
Pt�1

k ¼ 1ðxfpkg�
P1

t ¼ k xfptg=nÞ=ðt�1ÞþIÞ=2
shows that the change from pt�1 to pt in learning identical codes is
much smaller than that in learning the sequence of Gray codes in
Example 2c. This means that for some n, the identical codes can be
put in the same cluster, and yet the 16 Gray codes are put in more
than one cluster. In fact, it is acceptable by CIPAM that the identical
codes are assigned different labels as long as the labels differ by a
couple of bits, because these labels are inputs to other PUs, which
have generalization capability.

The Gray codes in the given learning order are an extreme
example that does not exist in the real-world. The analysis in the
above examples show that sizes of the clusters of the Gray codes
in the given learning order can be controlled by selecting
zr appropriately. In the real world, repeated learning is a fre-
quently encountered situation. Therefore, we should select zr

large enough to guarantee that the chance for putting the same
input vector in repeated learning into two different clusters is
negligible. Only under the condition this requirement is fulfilled,
we select zr as small as possible to prevent a cluster to overgrow.
Of course, the maximum size of a cluster depends on the
application of the CIPAM. (In fact, having more clusters does little
harm to the processing of CIPAM. It is like having multiple words
for similar things.) The formulas for determining pt in the above
examples can be generalized easily for any dimensionality of the
input vector and any number of presentations for similar input
vectors (i.e., those with a small number of different bits) or
identical input vectors. Generalizations of the formulas in Exam-
ple 3 are especially useful for determining the smallest n required
for not assigning different labels to identical input vectors.
9. Supervised covariance learning

Fig. 6 shows a handcrafted label rtk is used to update the
synapses � of D-neuron k.
Let there be handcrafted labels rtk, t¼1, 2, y; k¼1, y, R. The
supervised covariance learning rule that updates the strength Dkj

of the synapse receiving �xtj and rtk is the following:

Dkj’lDkjþLrtkð �xtj� �xtj

� �
zx
Þ
0

ð9:1Þ

for k¼ 1, . . . ,R, where L and l are a proportion constant and a
forgetting factor.

Handcrafted labels rtk of the R teacher D-neurons can be
assembled into a vector, rt¼½rt1 rt2 � � � rtR�

0, and the synaptic
strengths Dkj into a matrix D whose k� j-th entry is Dkj. Using
these notations, the correlation rule can be expressed as follows:

D’lDþLrtð �xt� �xt

� �
zx
Þ
0

ð9:2Þ

Note that the handcrafted label rt is not adjusted by subtrac-
tion of its means in (9.1) and (9.2). We want as accurate an
estimate of rt as possible at the output terminals of supervised
processing units (SPUs) in CIPAM. D above is a covariance matrix
under the assumption that the average rth izr

of the handcrafted
label rt is 0.
10. Unsupervised accumulation learning

The weight Cj on the synapse on the connection from the jth
output terminal of the dendritic encoders to a C-neuron are
updated by the unsupervised accumulation rule:

Cj’lCjþ
L
2
ð �xjt� �x jt

� �
zx
Þ
0

where L and l are a proportion constant and a forgetting factor.
Using vector notations, this can be written as

C’lCþ
L
2
ð �xt� �xt

� �
zx
Þ
0

ð10:1Þ

C is therefore an accumulation of �xt� �xt

� �
zx

, t¼ 1;2, . . ., with a
forgetting factor l. Fig. 7 shows a dendritic encoder, its synapses �,
C-neuron, and an unsupervised accumulation learning mechanism.

Note that the graded output ct from the C-neuron is not
feedbacked for updating the synaptic strengths C, which is a
row vector.
11. Processing units (PUs)

The clusterer in CIPAM is a recurrent network of UPUs, and the
interpreter in CIPAM is a number of SPUs. A schematic diagram of
a PU is shown in Fig. 8.

A PU comprises dendritic encoders, a general masking matrix
M, synapses, a C-neuron, R D-neurons, and learning and retrieving



Fig. 7. An example unsupervised accumulation learning mechanism accumulates

the dendritic codes arriving at the synapses.

Fig. 8. A schematic diagram of a processing unit (PU). If the lever is in the top

position, the PU is a supervised PU (SPU). If in the bottom position, it is an

unsupervised PU (UPU). If in the middle position, no learning is performed.
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mechanisms. The vector xt input to a PU is expanded by dendritic
encoders into a general dendritic code �xt (4.3). �xt is used to
compute the product ctj¼CjMjjð �xtj� �xtj

� �
zx
Þ of the jth entry Mjj of

the masking matrix M and the synapse strength Cj on the
connection between the jth output terminal of the dendritic
encoders and the jth C-neuron. �xt is also used to compute the
product dtkj¼DkjMjjð �xtj� �xtj

� �
zx
Þ of Mjj and the synapse strength

on the connection between the jth output terminal of the
dendritic encoders and the kth D-neuron. Cj and Dkj are the jth
entry of C (4.5) and the ðk,jÞ th entry of D (4.4), respectively.

The C-neuron in the PU computes the sum
P

jctj. If this sum is 0,
then �xt or a slight variant (as determined by M) of it has not been
learned before, pt is set equal to 1=2

� �
I. If not, for k¼1, y, R, the kth

D-neuron computes
P

jdtkj, ytk¼
P

jdtkj=
P

jctj and ptk¼ ytkþ1ð Þ=2,
which is the relative frequency or the relative proportion that the kth
digit of the label of �xt is þ1. By a pseudo-random generator, the kth
D-neuron outputs xfptkg, which is þ1 with probability ptk and is � 1
with probability 1 � ptk, for k¼1, y, R. xfptg¼½xfpt1g � � � xfptRg�

0

is a point estimate of the label of xt. The subjective probability
distribution pt is sometimes output from the PU. This is discussed in
Section 13.

If a PU learns without supervision, the lever, represented by a
thick line segment with an open circle at its right end, is placed in the
bottom position, where xfptg is received by the unsupervised
covariance learning mechanism. The pair, �xt and xfptg, is then
learned by (8.2). Such a PU is called an unsupervised PU (UPU). If a
PU learns with supervision, the lever, represented by a thick line
segment with an open circle at its right end, is placed in the top
position, where the label rt of xt is received from outside CIPAM by
the supervised covariance learning mechanism. The pair, rt and xfptg,
is then learned by (9.2). Such a PU is called a supervised PU (SPU).

Whether a PU learns without or with supervision, the general
expansion covariance matrix (GECM) C is updated by (10.1)
without supervision. The updated C and D are stored in the
synapses (or memory) after a unit-time delay.
12. The clusterer—a network for clustering spatial and
temporal data

The clusterer in CIPAM is a recurrent multilayer network of
unsupervised processing units (UPUs) with time-delayed feed-
backs. It is an unsupervised learning machine that clusters spatial
and temporal data. It is proven in [39] that a discrete-time
network of computing elements with feedbacks is a valid pro-
cessor if and only if every cycle in the network has a delay device,
and every valid network is necessarily a layered network. The
clusterer in CIPAM is a layered hierarchical network of UPUs,
wherein UPUs in a layer have feedback connections from UPUs of
the same layer or of a higher layer and the feedback connections
have delay devices of different durations. The delay devices on the
feedback connections make the clusterer a discrete-time dyna-
mical system whose dynamical state at a time consists of the
feedbacks held in the delay devices at the time.

An external vector input to the clusterer in CIPAM is called an
exogenous feature vector, and a vector input to a layer of
unsupervised PUs (UPUs) is called a feature vector. A feature
vector input to a layer usually contains not only feedforwarded
outputs from the UPUs in preceding layers but also feedbacked
outputs from the UPUs in the same or higher layers with time
delays. A feature vector may contain components from an
exogenous feature vector. For simplicity, we assume that the
exogenous feature vector is only input to layer 1 and is thus a
subvector of a feature vector input to layer 1. All these feature
vectors and output vectors over time usually form spike trains.

The feature vector input to layer l at time or numbering t is
denoted by xl�1

t , and the output from layer l at t is denoted by
xfpl

tg. The feature vector xl�1
t consists of components of the

feedforwarded vector xfpl�1
t g and feedbacked vector xfplþk

t�zðkÞg

feedbacked from the same layer l and higher layers lþk and after
zðkÞ time units of delay for k¼0, 1, y, where zðkÞ is a function of k.

Fig. 9 shows layer l and layer lþ2 of UPUs of a clusterer in an
example CIPAM, wherein same-layer feedback connections have
one unit-time delay device and 2-layer feedback connections have
5 unit-time delay devices from layer lþ2 to layer l. The box under
layer l of PUs illustrates that the feature vector input to layer l

comprises feedforward vector xfpl�1
t g, the same layer feedback

xfpl
t�1g, and the 2-layer feedback xfplþ2

t�5g:

A clusterer in an example CIPAM with UPUs in its entirety for
clustering spatial and temporal data is shown in Fig. 10. Once an
exogenous feature vector is received by a clusterer in CIPAM, the
UPUs perform functions of retrieving and/or learning from layer
to layer starting with layer 1, the lowest layer. After the UPUs in
the highest layer, layer L, complete performing their functions,
the clusterer in CIPAM is said to have completed one round of
retrieving and/or learnings. Each exogenous feature vector is held
constant for a certain number Z of time units, during which the
clusterer in CIPAM completes Z of retrievings and/or learnings.

We note that retrieving and learning by an UPU are performed
locally, meaning that only the feature subvector input to the UPU



Fig. 9. Layer l and lþ2 of a clusterer in an example CIPAM with feedback

connections of different delay durations are shown. The box under Layer l only

illustrates the assembly of various kinds of inputs to Layer l.

Delay

DelayDelay

Delay
Delay

Delay

UPU 1

UPU 2UPU 1

UPU 3UPU 1 UPU 2

Clusterer

Fig. 10. The entire clusterer of an example CIPAM with three layers of UPUs

is shown.
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and its label are involved in the processing by the UPU. Causes in
data, temporal or spatial, usually form a hierarchy. Examples:
(a) Phonemes, words, phrases, sentences, and paragraphs in
speech. (b) Musical notes, intervals, melodic phrases, and songs
in music. (c) Bananas, apples, peaches, salt shaker, pepper shaker,
Tabasco, fruit basket, condiment tray, table, refrigerator, water
sink, and kitchen in a house. Note that although Example (c) is a
spatial hierarchy, when one looks around in the kitchen, the
images scanned and received by the person’s retina form a
temporal hierarchy.

The higher a layer in the clusterer in CIPAM is, the higher in
the hierarchy the causes the UPUs in the layer handle, and the
more time it takes for the causes to form and be detected and
recognized by the UPUs. Therefore, the number of unit-time delay
devices on a feedback connection is a monotone increasing
function zðkÞ of k, which are defined above. This requirement is
consistent with the workings in a biological neural network in the
cortex. Note that it takes time (i) for biological PUs to process
feature subvector, (ii) for spikes to travel along feedforward
neural fibers from a layer to the next layer, and (iii) for spikes
to travel along feedback neural fibers from a layer to the same or
lower-numbered layer. Note also the subscripts of the input
feature vector xl�1

t and output vector xfpl
tg of all layers l are the

same, indicating the same exogenous feature vector xex
t is pro-

cessed or propagated in all layers. The common subscript t does
not represent the time that the signals in the biological network
reach or processed by its layers. However, a feedback xlþk

t�zðkÞ from
layer lþk to layer l for inclusion in xl�1

t must have a delay zðkÞ that
reflects the sum of the times taken for (i), (ii) and (iii) from the
input terminals of layer l back to the same input terminals.

For notational simplicity, the superscript l�1 in xl�1
t and

dependencies on l�1 or l in other symbols are sometimes sup-
pressed in the following when no confusion is expected.

Let the sequence of feature vectors, xt, t¼ 1;2, . . . , be
M-dimensional and thus xt¼½xt1 � � � xtM �

0, whose components
are ternary numbers. Let n¼ ½n1 � � � nk

0 be a subvector of
½1 � � � M0 such that n1 o � � �o nk. The subvector xtðnÞ :¼
½xtn1

� � � xtnk
�0 of xt is called a feature subvector of xt. n is called

a feature subvector index (FSI), and xtðnÞ is said to be a feature
subvector on the FSI n or have the FSI n. Each UPU is associated
with a fixed FSI n and denoted by UPU ðnÞ. Using these notations,
the sequence of subvectors of xt, t¼ 1;2, . . ., that is input to UPU
ðnÞ is xtðnÞ, t¼1, 2, . . .. The FSI n of a UPU usually has subvectors,
nðcÞ, c¼1, y, C, on which subvectors xt nðcÞð Þ of xtðnÞ are
separately processed by UPU(n) at first. The subvectors, nðcÞ,
c¼1, y, C, are not necessarily disjoint, but are all inclusive in
the sense that every component of n is included in at least one of
the subvectors nðcÞ. Moreover, the components of nðcÞ are
usually randomly selected from those of n.

The UPUs in layer l have FSIs (feature subvector indices)

denoted by 1l, 2l, y, Nl. Upon receiving a feature vector xl�1
t by

layer l, the feature subvectors, xl�1
t ð1

l
Þ, xl�1

t ð2
l
Þ, y, xl�1

t ðN
l
Þ, are

formed and processed by the UPUs, UPU ð1l
Þ, UPU ð2l

Þ, y, UPU

ðNl
Þ, to compute the subjective probabilities, pl

tð1
l
Þ, pl

tð2
l
Þ, y,

pl
tðN

l
Þ, first and then generate the pseudo-random ternary vectors

xfpl
tð1

l
Þg, xfpl

tð2
l
Þg, y, xfpl

tðN
l
Þg. Recall that pl

tðn
lÞ is the subjective

probability of the label rl�1
t ðn

lÞ of xl�1
t ðn

lÞ, and xfpl
tðn

lÞg is the

output of UPU ðnlÞ based on pl
tðn

lÞ. These subjective probabilities

and UPU outputs are grouped into the subjective probability

distribution pl
t and the output vector xfpl

tg of layer l as follows:

yl
t ¼ ½y

l0
tð1

l
Þ yl0

tð2
l
Þ � � � yl0

tðN
l
Þ�0

xfpl
tg ¼ ½x

0fpl
tð1

l
Þg x0fpl

tð2
l
Þg � � � x0fpl

tðN
l
Þg�0

The components of a feature vector xl�1
t input to layer l at time

(or with numbering) t comprise components of ternary vectors
generated by UPUs in layer l�1 and those generated at a previous
time by UPUs in the same layer l or UPUs in higher layers with
layer numberings lþk for some positive integers k. The time
delays may be of different durations.

Once an exogenous feature vector is received by a clusterer in
CIPAM, the PUs perform functions of retrieving and/or learning
from layer to layer starting with layer 1, the lowest layer. After
the UPUs in the highest layer, layer L, complete performing their
functions, the clusterer in CIPAM is said to have completed one
round of retrievings and/or learnings (or memory adjustments).
For each exogenous feature vector, the clusterer in CIPAM will
continue to complete a certain number of rounds of retrievings
and/or learnings.

The size of spatial and temporal clusters for a clusterer in
CIPAM is determined by the dimensionality dim xtðnðcÞÞ of the
input vector xtðnðcÞÞ to each dendritic encoder and the maximum
number JðcÞ of masked bits in xtðnðcÞÞ for each PU ðnÞ in CIPAM.
For a clusterer in CIPAM, the smaller dim xtðnðcÞÞ and the greater
JðcÞ is, the larger the clusters are and the more generalization
capability the clusterer in CIPAM has, but the less discriminating
CIPAM is. A possible way to increasing generalization and cluster
sizes and increasing the discriminating power of the clusterer in
CIPAM at the same time is using a masking matrix M with a
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smaller JðcÞ for learning and another M with a greater JðcÞ for
retrieving. In other words, let the clusterer in CIPAM learn
discriminatingly, but retrieves more generalizationally.

Another simple way to increase both generalization and
discriminating power of the clusterer in CIPAM is to set JðcÞ
small and dimxtðnðcÞÞ large for UPUs in the lowest layer and
gradually increase JðcÞ and decrease dim xtðnðcÞÞ from layer to
higher layer.
13. The interpreter—SPUs for interpreting clusters

The output vectors of an UPU ðnÞ in the clusterer in CIPAM are
point estimates of the labels of clusters of vectors xtðnÞ input to
the UPU. These labels form a vocabulary for the UPU. To interpret
such a label or its point estimate xfptg generated by UPU ðnÞ into a
word or part of a word from a vocabulary of the human user, say
English vocabulary, an SPU denoted by SPU ðnÞ is used. Note that
the UPUs in the lowest layers cluster lowest-level ‘‘primitives’’ of
the exogenous feature vector input to the clusterer in CIPAM such
as variants of a hyphen, pipe, slash, back slash, and so on, which
may not have an English term for.

The clusterer in the example CIPAM in Fig. 10 is shown in
Fig. 11 with the connections and delay devices removed. The
three UPU in the lowest layer are not connected to a SPU, but each
of the three PUs in the second and third layers is. UPU ð12

Þ and
UPU ð22

Þ in the second layer have feedforward connections to SPU
ð12
Þ and SPU ð22

Þ, respectively, and UPU ð13
Þ in the third layer has

feedforward connections to SPU ð13
Þ.

The labels, rtð1
2
Þ, rtð2

2
Þ and rtð1

3
Þ, which are used for supervised

learning by the synapses in SPU ð12
Þ, SPU ð22

Þ and SPU ð13
Þ,

respectively, are provided by the human trainer of the learning
machine. For spatial pattern recognition, rtðnlÞ is obtained by tracing
the feedforward connections from SPU ðnlÞ all the way down to
input terminals that receive the exogenous feature vector and if
necessary further down to the sensor elements such as the pixels in
the CCD of a camera. These input terminals or sensory elements are
called the field of view of SPU ðnlÞ and UPU ðnlÞ. If the human trainer
sees a distinct cause such as an apple or John Doe’s face in the field
of view, he/she assigns the bipolar binary code of a word or a phrase
such as ‘‘apple’’ or ‘‘John Does’s face’’ to the bipolar binary label
rtðnlÞ. Since supervised covariance learning is very easy and the
output vector of SPU ðnlÞ, which has the same number of bits as
rtðnlÞ, will not be used as inputs to another SPU, the total number of
bits in rtðnlÞ can be made as long as needed to hold the longest code
for the field of view. Shorter codes can be made longer by including
zeros at the beginning or ending of the shorter codes.
UPU 3UPU 1 UPU 2

UPU 2UPU 1

SPU 2SPU 1
UPU 1

1px

SPU 1

1px

2px

1r

2r

1r

Interpreter

Clusterer

Fig. 11. An example learning machine consisting of the clusterer from Fig. 10 and

an example interpreter with three SPUs is shown.
The field of view of an SPU branching out from a higher layer is
larger than that of an SPU branching out from a lower layer.
The cause in a larger field of view usually requires a longer
bipolar binary code to represent. For example, there are only 26
letters, more than 10,000 commonly used words, and millions of
commonly used sentences; which need codes of 5 bits, 14 bits, and
30 bits, respectively. To avoid using a look-up table to translate
codes into English word or sentences, we can simply type the letters,
the words or the sentences to assign their ASCII codes to rtðnlÞ.

To avoid using different codes for the same cause, we may use
SPU ðnlÞ to retrieve its xfptðnlÞg if it is not recognizable by the
human trainer, if it does not agree with the human trainer, or if
the subjective probability distribution ptðnlÞ does not contain
enough information; we assign a new rtðnlÞ to SPU ðnlÞ. Other-
wise, use xfptðnlÞg as rtðnlÞ for ‘‘intervened’’ unsupervised learn-
ing. A measure of information contained in ptðnlÞ is
xðptðnlÞÞ¼1�ð4=RÞ

PR
k ¼ 1 ptkðn

lÞð1�ptkðn
lÞÞ. If ptkðn

lÞ¼0 or 1 for
k¼1, 2, y, R, then xðptðnlÞÞ¼1 and xðptðnlÞÞ is maximized,
meaning there is no uncertainty in ptðnlÞ. If ptkðn

lÞ¼1=2 for
k¼1, 2, y, R, then xðptðnlÞÞ¼0 and xðptðnlÞÞ is minimized, mean-
ing there is no information in ptðnlÞ.
14. Conclusion

A new learning machine, called a clustering interpreting prob-
abilistic associative memory (CIPAM), is proposed that has a large
number of advantages for clustering, detecting and recognizing
multiple or hierarchical temporal or spatial causes (or patterns).
CIPAM is an improved version of THPAM in [40]. The separation of
unsupervised processing units (UPUs) and supervised processing
units (SPUs) into the clusterer and the interpreter in CIPAM is
believed to be a most effective structural arrangement for clustering,
detection and recognition of temporal hierarchical causes. The
clusterer in CIPAM is a clusterer for spatial or temporal patterns or
causes, but it does not require selecting a fixed number of proto-
types, cycling through the training data, using prototypes as cluster
labels, or minimizing a non-convex criterion. The dendritic encoders,
masking matrices, and wiring for rotational, translational and
scaling invariance of CIPAM are the same as those of THPAM.
Nevertheless, the synapses, nonspiking neurons, spiking neurons,
and unsupervised and supervised learning mechanisms of CIPAM
are different from and have better performances than those of
THPAM for the same purposes [40].

These differences are made mainly by employing the new
unsupervised and supervised covariance learning mechanisms,
which are variants of Terrence J. Sejnowski’s covariance learning
rule [58], and the new unsupervised accumulation learning
mechanism. These new learning mechanisms eliminate the
effects of faulty D-neurons or dendritic nodes, avoid memory
saturation at synapses, and most important, prevent the clusters
formed by the clusterer of CIPAM from overgrowing.

CIPAM has a large number of advantages, which are listed in
the Introduction. These are advantages highly desirable for a
learning machine. CIPAM is expected to be a powerful engine for
intelligent machines.

These advantages point to three research directions for the
current and future work:
1.
 Add attention selection and motion detection mechanisms
to CIPAM.
2.
 Extend CIPAM to learning machines that are functional models
of the visual, auditory, somatosensory and (premotor, primary
and supplementary) motor cortices.
3.
 Test and apply CIPAM to such applications as handwriting
recognition, speech recognition, face detection and recognition,
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radiograph reading, baggage/container examination, license plate
recognition, automatic target recognition, satellite/internet mass
data processing, video monitoring, text understanding, pros-
theses, time series prediction, etc.
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