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Abstract

A real square matrix Q is a bilinear complementarity relation on a proper cone K in IRn if

x ∈ K, s ∈ K∗, and 〈x, s〉 = 0⇒ xTQs = 0,

where K∗ is the dual of K. The bilinearity rank of K is the dimension of the linear space of

all bilinear complementarity relations on K. In this article, we continue the study initiated by

Rudolf et al. in Math. Programming, Series B, 129 (2011) 5-31. We show that bilinear com-

plementarity relations are related to Lyapunov-like transformations that appear in dynamical

systems and in complementarity theory and further show that the bilinearity rank of K is the

dimension of the Lie algebra of the automorphism group of K. In addition, we correct a result

of Rudolf et al., compute the bilinearity ranks of symmetric and completely positive cones, and

state some Schur-type results for Lyapunov-like transformations.
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1 Introduction

For a proper cone K with dual K∗ in IRn, the complementarity set of K is

C(K) := {(x, s) : x ∈ K, s ∈ K∗, 〈x, s〉 = 0}. (1)

Such a set arises, for example, in the context of primal and dual linear programming problems

over a cone and in complementarity problems. In various strategies for solving the primal-dual

cone-LP problems or complementarity problems, one tries to write the optimality/complementarity

conditions in the form of a square system by replacing the complementarity constraints x ∈ K, s ∈
K∗, 〈x, s〉 = 0 by n linearly independent bilinear relations. To make this precise, consider the

complementarity problem corresponding to K and a function f : IRn → IRn: Find x ∈ IRn such

that

x ∈ K, s = f(x) ∈ K∗ and 〈x, s〉 = 0.

Apart from the cone constraints x ∈ K and s ∈ K∗, there are n + 1 equality relations, namely,

s = f(x) and 〈x, s〉 = 0. So, to make this a square system, it is desirable to replace the single

bilinear relation 〈x, s〉 = 0 by an equivalent system of n ‘independent’ bilinear relations. While

this is not always possible, it will be useful to identify cones where this can be achieved. The

nonnegative orthant IRn+ and the semidefinite cone Sn+ are two cones where this can be achieved:

For K = IRn+, in the presence of the cone constraints x ≥ 0, s ≥ 0, the complementarity condition

〈x, s〉 = 0 is equivalent to n linearly independent bilinear relations xisi = 0, i = 1, 2, . . . , n; For the

semidefinite cone K = Sn+, one has n(n+1)
2 linearly independent bilinear relations (XS+SX)ij = 0,

1 ≤ i ≤ j ≤ n.

To measure the number of ‘independent’ bilinear relations on a cone, Rudolf et al. [13] intro-

duced the following: For a given proper cone K in IRn, an n × n (real) matrix Q is said to be a

bilinear complementarity relation if

(x, s) ∈ C(K)⇒ xTQs = 0

and the corresponding bilinearity rank of K is

β(K) := dimQ(K),

where Q(K) is the set of all bilinear complementarity relations on K. Thus, β(K) measures

the number of independent bilinear relations on K. In cones with β(K) < n, the complementarity

system can never be written as a square system by means of bilinear complementarity relations alone

and this may indicate or cause (some) difficulty in reformulation and solvability of the problem. In

cones with β(K) > n, one gets an overdetermined system of bilinear relations (it is unclear if one

can still get a square system out of this). Cones with β(K) = n lead to square systems and are

desirable.

In [13], Rudolf et al. initiate a formal study of β(K), describe some basic results and compute

the bilinearity ranks of polyhedral cones, the cone of positive polynomials over IR, and certain other

related cones.
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The main objective of this paper is to relate the concepts of bilinear complementarity relation

and bilinearity rank to the known concepts of ‘Lyapunov-like transformation’ and to the dimension

of the Lie algebra of the automorphism group of K and use this knowledge to further the study of

proper cones and their bilinearity ranks. To elaborate, consider a closed convex cone K in a finite

dimensional real Hilbert space H; let K∗ denote the dual of K. We say that a linear transformation

L : H → H is a Lyapunov-like transformation on K [7] if

x ∈ K, y ∈ K∗, 〈x, y〉 = 0⇒ 〈L(x), y〉 = 0.

Thus, when H = IRn and K is a proper cone in IRn, a matrix Q is a bilinear complementarity

relation if and only if QT is Lyapunov-like with respect to K. As we see below, Lyapunov-like

transformations arise in different settings and have numerous properties.

(1) Let H = Sn (the space of all real n × n symmetric matrices with trace inner product) and

K = Sn+ (the positive semidefinite cone). Then for any matrix A ∈ IRn×n, the Lyapunov

transformation LA defined by

LA(X) := AX +XAT (X ∈ Sn)

is Lyapunov-like on Sn+ ([8], Example 2). In fact, every Lyapunov-like transformation on Sn+
arises this way [4]. We note that such transformations appear in the study of continuous

linear dynamical systems.

(2) In the case of H = IRn and K = IRn+, Lyapunov-like transformations are nothing but diagonal

matrices.

(3) Given a proper cone K in H, a linear transformation L on H is said to have the Z-property

on K if

x ∈ K, y ∈ K∗, 〈x, y〉 = 0⇒ 〈L(x), y〉 ≤ 0.

This Z-property is a generalization of the Z-property of a matrix [2] and was introduced in

[14] in the form of cross-positive matrices. We note that L is Lyapunov-like on K if and only

if both L and −L have the Z-property on K.

(4) For a proper cone K in H and a linear transformation L on H,

L is Lyapunov-like on K ⇔ etL ∈ Aut(K) for all t ∈ IR ⇔ L ∈ Lie(Aut(K)),

where Aut(K) denotes the automorphism group of K (these are invertible linear transfor-

mations that keep K invariant) and Lie(Aut(K)) denotes the corresponding Lie algebra, see

([14], Theorem 3) for the first equivalence and Section 7.6 in [1] for the second equivalence.

(5) When K is the symmetric cone of a simple Euclidean Jordan algebra V , L is Lyapunov-like

if and only if it is of the form La +D, where a ∈ V with La(x) := a ◦ x and D is a derivation

on V , see [9], ([6], Prop. VIII.2.6), and [16].
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(6) Z and Lyapunov-like transformations appear in the study of dynamical systems [11] and

complementarity problems [7], [9].

In view of Item (4) above, we may redefine the bilinearity rank of K as

β(K) = dim LL(K) = dim Lie(Aut(K)),

where LL(K) denotes the space of all Lyapunov-like transformations on K. (We may thus call

β(K), the Lyapunov rank of K.)

Based on the above connection between bilinear complementarity relations and Lyapunov-like

transformations, in this paper, we continue the study initiated in [13] and give bounds for and

values of β(K) for various K. Among other things, We show that

• For any proper cone K in IRn, β(K) ≤ n2 − n;

• On a proper polyhedral cone K, a linear transformation L is Lyapunov-like if and only if

every extreme vector of K is an eigenvector of L,

• For any proper polyhedral cone in IRn, β(K) can be any number between (and including) 1

and n, except (n− 1) (thereby correcting Theorem 2 in [13]),

• A proper polyhedral cone in IRn has bilinearity rank n if and only if it is isomorphic to IRn+,

• A proper polyhedral cone has bilinearity rank one if and only if it is irreducible.

We also describe the bilinearity ranks of symmetric cones and completely positive cones. As a

byproduct, we show that in a symmetric cone setting, the complementarity system can always be

written as a square system and that this can never be done for the cone of completely positive

matrices. We conclude the paper with some Schur-type results for Lyapunov-like transformations

on proper cones; these say that under certain conditions, a linear transformation is a multiple of

the identity transformation.

2 Some preliminaries

Throughout this paper, (H, 〈·, ·〉) denotes a finite dimensional real Hilbert space. For a nonempty

set S in H, span(S) denotes the subspace generated by S; the boundary of S is denoted by bdy(S).

A nonempty set K in H is said to be a cone if λx ∈ K whenever x ∈ K and λ ≥ 0 in IR; it is said

to be nonzero if K 6= {0}. Throughout this paper, K denotes a closed convex cone in H with dual

K∗ given by

K∗ := {x ∈ H : 〈x, y〉 ≥ 0 for all y ∈ K}.

K is said to be proper if it is pointed (which means K ∩−K = {0}) and has nonempty interior. A

closed convex subcone F of K is said to be a face of K if

y, z ∈ K and y + z ∈ F ⇒ y, z ∈ F.
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A nonzero vector x in K is said to be an extreme vector of K if the ray {λx : λ ≥ 0} is a face of K.

We let Ext(K) denote the set of all extreme vectors of K.

We denote the space of all (continuous) linear transformations on H by L(H). A linear trans-

formation L on H that is invertible and maps K onto K is an automorphism of K. We denote the

group of all automorphisms of K by Aut(K). Its corresponding Lie algebra is given by

Lie(Aut(K)) = {L ∈ L(H) : etL ∈ Aut(K) ∀ t ∈ IR}.

We say that a closed convex cone K in H is a direct sum of closed convex cones K1,K2, . . . ,KN in

H if K = K1 +K2 + · · ·+KN and there are subspaces Ei, i = 1, 2, . . . , N such that span(Ki) ⊆ Ei
for all i and H is a direct sum of Ei, i = 1, 2, . . . , N . We say that K is reducible if it is a direct

sum of two nonzero closed convex cones; else it is said to be irreducible.

Throughout, IRn denotes the Euclidean n-space whose elements, depending on the context, are

regarded as column/row vectors. For the usual inner product in IRn, we sometimes write xT y in

place of 〈x, y〉. In IRn, the standard coordinate vectors are denoted by e1, e2, . . . , en; thus, ei has

one in the ith slot and zeros elsewhere.

We record some basic results from [13] which we will use without explicit mention.

Proposition 1 (i) For any proper cone K in IRn, the complementarity set C(K) is an n-

dimensional manifold.

(ii) A proper cone and its dual have equal bilinearity ranks.

(iii) Isomorphic proper cones have equal bilinearity ranks.

(iv) The bilinearity rank is additive on a direct product/sum.

Note that while these and some of our results are stated in IRn, they are equally valid in any

finite dimensional real Hilbert space as any such space is isomorphic to some IRn.

We say that a closed convex cone K is perfect if the complementarity set C(K) can be expressed

in terms of n (=dim (H)) linearly independent Lyapunov-like transformations:

C(K) = {(x, s) : x ∈ K, s ∈ K∗, 〈Li(x), s〉 = 0, ∀ i = 1, 2, . . . , n},

where L1, L2, . . . , Ln are n linearly independent linear transformations in LL(K). When this hap-

pens, the complementarity system can be rewritten as a square system.

Here is an easily verifiable result.

Proposition 2 Let K be a proper cone in H and n = dim (H). Consider the following statements:

(i) β(K) = n.

(ii) The identity transformation on H is a linear combination of n linearly independent transfor-

mations in LL(K).
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(iii) K is perfect.

(iv) β(K) ≥ n.

Then (i)⇒ (ii)⇒ (iii)⇒ (iv).

It is not known if Items (ii), (iii), and (iv) are actually equivalent.

3 An upper bound for the bilinearity rank of a proper cone

Given a proper cone K in IRn, we recall the codimension formula ([13], Prop. 1):

β(K) = codim(span{sxT : (x, s) ∈ C(K)}).

From this and the fact that the identity matrix is Lyapunov-like on K, we see that 1 ≤ β(K) ≤ n2.
Also, see ([13], Proposition 2), if there are k pairs of vectors (xi, si) ∈ C(K) for i = 1, 2, . . . , k, such

that the matrices six
T
i are linearly independent, then β(K) ≤ n2 − k. We now show that for any

proper cone K in IRn, there are at least n such pairs, thus providing a better bound for β(K).

Theorem 1 For every proper cone K in IRn, n ≥ 2, we have 1 ≤ β(K) ≤ n2 − n.

Proof. Let n ≥ 2. The inequality β(K) ≤ n2 − n follows from the above codimension formula

if we show that there are at least n linearly independent matrices in span{sxT : (x, s) ∈ C(K)}.
We proceed to construct such matrices. Since K is proper, span(bdy(K)) = span(K) = IRn;

hence there are n linearly independent vectors in the boundary of K. By mapping these vectors to

the standard coordinate vectors e1, e2, . . . , en by an invertible matrix and using the fact that the

bilinearity rank is invariant under an isomorphism, we may assume that K contains e1, e2, . . . , en
in its boundary. Now to each ei, we produce a nonzero si such that (ei, si) ∈ C(K). (This follows

from a separation argument: As ei ∈ bdy(K), there exists a nonzero d such that 〈d, ei〉 ≤ 0 ≤ 〈d, x〉
for all x ∈ K. Put si = d.) We now claim that the matrices Ai := sie

T
i (for i = 1, 2, . . . , n) are

linearly independent. If
∑n

1 λiAi = 0 for some real numbers λ1, λ2, . . . , λn, then the columns of∑n
1 λiAi (these are λ1s1, λ2s2, . . . , λnsn) are zero. As s1, s2, . . . , sn are nonzero, we get λi = 0 for

all i, proving the asserted independence. Hence dim (span{sxT : (x, s) ∈ C(K)}) ≥ n and the

codimension formula proves the stated inequality. 2

4 The bilinearity rank of a proper polyhedral cone

As noted in the Introduction, on IRn+, a matrix is Lyapunov-like if and only if it is a diagonal

matrix. (This can be easily seen from Item (3) in the Introduction.) Thus, on IRn+, a matrix A is

Lyapunov-like if and only if every extreme vector of IRn+ is an eigenvector of A. It turns out that

a similar result holds for any proper polyhedral cone.

Theorem 2 Suppose K is a proper polyhedral cone in H. Then, a linear transformation L is

Lyapunov-like on K if and only if every extreme vector of K is an eigenvector of L.

6



Proof. SinceK is polyhedral, it is generated by a finite number of extreme vectors. Let d1, d2, · · · , dk
denote a collection of distinct, non-proportional extreme vectors generating K. First suppose that

L is Lyapunov-like on K. We show that d1 is an eigenvector of L (with a similar argument for

other extreme vectors). By a result of Schneider and Vidyasagar [14] (mentioned in Item (4) of the

Introduction), for every t ∈ IR, etL ∈ Aut(K). Thus, for every t, etL(d1) is an extreme vector of K

and (as etL is always invertible) must belong to the disjoint union of rays {λdi : λ > 0}, 1 ≤ i ≤ k.

Since {etL(d1) : t ∈ IR} is connected, it must be contained in one of these rays. As etL(d1) = d1 for

t = 0, this ray must be {λd1 : λ > 0}. It follows that etL(d1) = λ(t)d1 for every t, where λ(t) is a

real valued function of t. It is easy to see that λ(t) is differentiable. Differentiating both sides of

the relation etL(d1) = λ(t)d1 and putting t = 0, we get L(d1) = λ′(0) d1 (with prime denoting the

derivative). We see that d1 is an eigenvector of L. This completes the proof of the ‘only if’ part.

Now suppose that every extreme vector of K is an eigenvector of L. Writing L(di) = µi di for every

i, we get etL(di) = etµidi ∈ K for every i. As K is the convex-conic hull of its extreme vectors,

etL(K) ⊆ K for all t and consequently, etL ∈ Aut(K). Once again, by the result of Schneider and

Vidyasagar [14], L is Lyapunov-like on K. This completes the proof. 2

As an application of the above result, we show that the bilinearity rank of the l1-cone in IRn is

one. This result has already been noted as Corollary 1 in [13]. Since this Corollary is based on an

incorrect result (Theorem 2 of that paper), we offer an independent proof.

Example (1) For n ≥ 3, write any vector in IRn in the form x = (x0, x), where x0 ∈ IR and

x ∈ IRn−1. Then the l1-cone in IRn is

ln1,+ := {x = (x0, x) : x0 ≥ ||x||1},

where ||x||1 denotes the 1-norm of x. It is easily seen that every extreme vector of the l1-cone is a

(positive) multiple of a vector of the form (1,±ei) (where e1, e2, . . . , en−1 are the standard coordinate

vectors in IRn−1) and any real matrix with these vectors as eigenvectors is a multiple of the identity

matrix. In view of the above result, this means that every Lyapunov-like transformation/matrix

on ln1,+ is a multiple of the identity transformation. Hence, when n ≥ 3,

β(ln1,+) = 1.

We now deal with the computation of the bilinearity rank of a proper polyhedral cone in IRn.

In doing so, we will correct Theorem 2 in [13] where it is claimed that the bilinearity rank of a

proper polyhedral cone in IRn with more than n extreme vectors is one.

Theorem 3 The following statements hold:

(i) For every proper polyhedral cone K in IRn, 1 ≤ β(K) ≤ n, β(K) 6= n− 1.

(ii) For every natural number m with 1 ≤ m ≤ n, m 6= n− 1, there is a proper polyhedral cone K

in IRn with β(K) = m.
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Proof. (i) Let K be a proper polyhedral cone in IRn with (distinct, non-proportional) extreme

vectors f1, f2, . . . , fl. As the cone is proper, l ≥ n and there are n linearly independent vectors

among these vectors. By means of an invertible matrix, we can map K into another proper

polyhedral cone whose extreme vectors are e1, e2, . . . , en and (possibly vacuous) d1, d2, . . . , dl−n.

Since the bilinearity rank is preserved under an isomorphism, we may assume that our cone is

generated by these (new) vectors. Now, by the previous theorem, any Lyapunov-like matrix on K

is diagonal (as the standard coordinate vectors are eigenvectors). Since any such matrix is a linear

combination of at most n linearly independent diagonal matrices, we see that 1 ≤ β(K) ≤ n. Note

that when the set {d1, d2, . . . , dl−n} is vacuous, K (which is now IRn+) has bilinearity rank n.

We now claim that β(K) 6= n − 1. As this is obvious for n = 1 or 2 (in these cases, K = IRn+
and β(K) = n), we assume that n ≥ 3. Suppose if possible, β(K) = n − 1. This implies that

{d1, d2, . . . , dl−n} is non-vacuous.

Now, every Lyapunov-like matrix on K is diagonal. By identifying such a matrix with its diagonal,

we may regard the space LL(K) as a subspace S of IRn of dimension (n− 1). By taking a nonzero

vector r = (r1, r2, . . . , rn) ∈ IRn that is orthogonal to S, we may write

S = {x = (x1, x2, . . . , xn) :
∑

rixi = 0}.

As r 6= 0, we may solve for one of the variables xi in terms of the others; we see that there is a vector

in S with (n − 1) or more components nonzero and distinct. Thus (by renaming the coordinate

vectors, if necessary), we may assume that there is a Lyapunov-like (diagonal) matrix on K given

by L = diag(λ1, λ2, . . . , λn−1, λn), where the first n−1 entries are all nonzero and distinct, and the

last entry is either different from the previous ones or equal to λn−1. Now let v ∈ {d1, d2, . . . , dl−n}
and L(v) = µv for some real µ. Let v1, v2, . . . , vn be the components of v. Then L(v) = µv implies

that (λi − µ)vi = 0 for all i. As v is nonzero, µ = λi for some i. Let

I = {i : λi = µ}.

If all the λs are distinct, then I contains only one element. In this case, v has only one nonzero

component and v must be a multiple of some, say, ek. This would contradict either the pointedness

of K or the assumption that v ∈ {d1, d2, . . . , dl−n}. Now consider the case when λ1, λ2, . . . , λn−1
are distinct and λn−1 = λn. In this case, I cannot intersect both {1, 2, . . . , n − 2} and {n − 1, n}.
If I ⊆ {1, 2, . . . , n − 2}, then I is a singleton set, v is a multiple of some ek and a contradiction

ensues. Now consider the last case I = {n − 1, n}, that is, µ = λn−1 = λn. Then all components

of v except the last two components of v vanish. As v is not a multiple of either en−1 or en,

these last two components are nonzero. They cannot be both positive, as that would say that v

is a nonnegative combination of en−1 and en (contradicting the assumption that v is an extreme

vector). If these two components have opposite signs, say vn−1 > 0 and vn < 0, then we can write

en−1 = 1
vn−1

v + −vn
vn−1

en. This is a contradiction as en−1 is an extreme vector of K. Thus, we can

never have β(K) = n− 1.

(ii) Let m be a natural number with 1 ≤ m ≤ n, m 6= n − 1. For n = 1 or 2, proper polyhedral

cones in IRn are isomorphic to IRn+ and so β(K) = n. For m = n, we take K = IRn+; In this case,

β(K) = n. Suppose n ≥ 3, 1 ≤ m ≤ n − 2 and let k := m − 1 so that 0 ≤ k ≤ n − 3. We define
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a vector d in IRn by specifying its components in the following way: We let di = 0 for 1 ≤ i ≤ k,

di = 1 for k + 1 ≤ i ≤ n− 1 and dn = −1. Note that in d there are at least two ones and exactly

one negative one. When k = 0, all components of d are nonzero. Also, when k ≥ 1, d has at least

one zero component. We let K be the convex cone generated by {e1, e2, . . . , en, d}. Clearly, K has

nonempty interior. Before we show that K is pointed and e1, e2, . . . , en, d are its extreme vectors,

we verify the following: Suppose we have numbers x1, x2, . . . , xn, xn+1 such that

x1e1 + x2e2 + · · ·+ xnen + xn+1d = 0.

Then xi = 0 for 1 ≤ i ≤ k, xi+xn+1 = 0 for k+1 ≤ i ≤ n−1 and xn−xn+1 = 0. Note that the case

of exactly one xi negative and others nonnegative is not possible. Also, all the xis reduce to zero

when every xi is nonnegative. These imply that K is pointed and e1, e2, . . . , en, d are its extreme

vectors. This shows that K is a proper polyhedral cone in IRn. Now, suppose L is Lyapunov-like on

K. Then, by the previous Theorem, L must be a diagonal matrix and L(d) = µd for some µ ∈ R.

If L = diag(λ1, λ2, . . . , λn), then λi = µ for every index i for which di 6= 0 and with no relation

among the other λis. It follows that

• When every component of d is nonzero (which corresponds to k = 0), L is a multiple of the

identity matrix. In this case, LL(K) is one-dimensional and hence β(K) = 1.

• If k (> 0) components of d are zero, then k+1 diagonal entries in L can be chosen arbitrarily;

hence in this case, β(K) = k + 1 = m.

Thus, we have constructed a proper polyhedral cone K in IRn, for which β(K) is m or any specified

number m between (and including) 1 and n, but not equal to n− 1. This completes the proof. 2

Remark (1) The (last part of the) proof of the above theorem reveals the following: Let K be

a proper polyhedral cone K with extreme vectors f1, f2, . . . , fl, where l > n and f1, f2, . . . , fn are

linearly independent. Suppose there is an extreme vector f ∈ {fn+1, fn+2, . . . , fl} such that if

f =
∑n

1 αifi, then αi 6= 0 for all i. Then β(K) = 1.

It is possible to extend this result somewhat. Write any f ∈ {fn+1, fn+2, . . . , fl} as f =
∑n

1 αifi,

and let I(f) := {i : αi 6= 0}. Suppose we can find a collection of these index sets, say, I1, I2, . . . , Im
(m ≤ l − n) such that

⋃m
1 Ik = {1, 2, . . . , n} and Ik ∩ Ik+1 6= ∅ for all k = 1, 2, . . . ,m − 1. Then

β(K) = 1. This can be seen by assuming (without loss of generality) that fi = ei for 1 ≤ i ≤ n,

looking at a diagonal matrix for which every fi (n+ 1 ≤ i ≤ l) is an eigenvector.

Example (2) The cone presented here appears in the proof of the above theorem. As this seems

to be simpler than the ln1 -cone of Example (1), we record it here explicitly. For n ≥ 3, let Kn be

the closed convex cone in IRn generated by

{e1, e2, . . . , en, d},

where d = (1, 1, . . . , 1,−1). Then β(Kn) = 1.

Remark (2) A Referee’s alternate proof of Item (ii) in the above theorem is as follows. Consider

the cone ln1,+ defined in Example 1. (Note: One can also take the cone Kn of Example (2).)
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Then, for natural numbers n and m with n ≥ 3 and 2 ≤ m ≤ n − 2, the polyhedral cones ln1,+,

ln−m+1
1,+ × IRm−1+ , and IRn+ in IRn have, respectively, bilinearity ranks 1, m, and n.

The above theorem raises the question of when a proper polyhedral cone in IRn has bilinearity

rank one or n. We will show in Corollary 5 that a proper polyhedral cone in IRn has bilinearity

rank one if and only if it is irreducible. The result below deals with the case of rank n.

Corollary 1 Let K be a proper polyhedral cone in IRn. Then the following are equivalent:

(i) K is perfect.

(ii β(K) = n.

(iii) K is isomorphic to IRn+.

Proof. From the previous result, we know that β(K) ≤ n. If K is perfect, then β(K) ≥ n. Thus,

β(K) = n, proving the implication (i)⇒ (ii). Now suppose that (ii) holds. As done in the proof of

the previous theorem, we may, by using an isomorphism if necessary, assume that e1, e2, . . . , en are

extreme vectors of K (with possibly other extreme vectors). Now, by Theorem 2, LL(K) consists

only of diagonal matrices. Since the dimension of LL(K) is assumed to be n, LL(K) consists of all

n× n diagonal matrices. Now take a diagonal matrix L = diag(λ1, λ2, . . . , λn−1, λn), where all λis

are distinct. If K had an extreme vector u that is different from e1, e2, . . . , en, then L(u) = λu for

some λ ∈ IR. This leads to ui(λ − λi) = 0 for all i, where u1, u2, . . . , un are the components of u.

Since the diagonal entries of L are distinct, it follows that exactly one component of u is nonzero.

But then u will be a multiple of some ei, leading to a contradiction. Hence, e1, e2, . . . , en are, up

to positive multiples, the only extreme vectors of K, proving the equality K = IRn+. Hence we have

the implication (ii)⇒ (iii). Finally, the implication (iii)⇒ (i) is obvious. 2

5 The bilinearity rank of a symmetric cone

In this section, we compute the bilinearity rank of a symmetric cone. Let (V, ◦, 〈·, ·〉) be a Euclidean

Jordan algebra with the corresponding symmetric cone K [6]. For a ∈ V , we recall the left-

multiplication operation (also called a Lyapunov transformation) La on V defined by

La(x) = a ◦ x (x ∈ V ).

A linear transformation D on V is said to be a derivation if for all x, y ∈ V ,

D(x ◦ y) = D(x) ◦ y + x ◦D(y).

We recall the following result:

Theorem 4 ([9], Theorem 4) Let V be a Euclidean Jordan algebra with the corresponding sym-

metric cone K. Then the following are equivalent for a linear transformation L on V :

10



(i) L is Lyapunov-like on K.

(ii) L ∈ Lie(Aut(K)).

(iii) L = La +D, for some a ∈ V and a derivation D.

The following result describes the bilinearity rank of a symmetric cone.

Theorem 5 Let K be the symmetric cone in a Euclidean Jordan algebra V . Then

β(K) = dim (V ) + dim Der(V ),

where Der(V ) is the space of all derivations on V .

Proof. It is known, see ([6], Prop. VIII.2.6), that D is a derivation if and only if it is in Lie(Aut(K))

and skew-hermitian (that is, D+DT = 0). Since for any a ∈ V , the transformation La is self-adjoint

(which follows from the basic property 〈a ◦ x, y〉 = 〈x, a ◦ y〉), we see that

{La : a ∈ V } ∩Der(V ) = {0}.

Hence, by the previous theorem, LL(K) is the direct sum of {La : a ∈ V } and Der(V ).

It follows that β(K) = dim {La : a ∈ V } + dim Der(V ). As the mapping a → La is linear and

one-to-one on V , we see that β(K) = dim (V ) + dim Der(V ). 2

Recall that a proper coneK is perfect if C(K) can be expressed in terms of n linearly independent

bilinear complementarity relations. This holds, in particular, if the identity transformation is a

linear combination of n linearly independent Lyapunov-like transformations on K.

Theorem 6 Every symmetric cone is perfect.

Proof. Let K be a symmetric cone in a Euclidean Jordan algebra V which has dimension k =

dim (V ). We show that the identity transformation can be written as a linear combination of k

linearly independent Lyapunov-like transformations. Let {x1, x2, . . . , xk} be a basis of V . Then,

the unit element e in V can be written as a linear combination: e =
∑k

1 λixi. It follows that the

identity transformation I can be written as

I = Le = L∑k

1
λixi

=
k∑
1

λiLxi .

Since
∑k

1 αiLxi = 0 ⇒ L∑k

1
αixi

= 0 ⇒
∑k

1 αixi = 0 ⇒ αi = 0 ∀i, we see that the Lyapunov-like

transformations Lx1 , Lx2 , . . . , Lxk are linearly independent. This completes the proof. 2

Now for the computation of the bilinearity rank of a symmetric cone. Since the bilinearity

rank is additive on a direct product/sum, see ([13], Proposition 9) and every symmetric cone is a

product of irreducible symmetric cones, it is enough to describe it for irreducible symmetric cones.

We recall that there are five irreducible symmetric cones, each being the cone of squares in a simple

Euclidean Jordan algebra [6]. Below, we list these irreducible cones and their bilinearity rank.

Since dim (V ) and dim Der(V ) are known for simple algebras, see ([6], pages 6 and 97), we get the

following from Theorem 5:

11



(i) In Herm(IRn×n) (which is Sn), β(Sn+) = n2.

(ii) In Herm(ICn×n), β(Hn+) = 2n2 − 1.

(iii) In Herm(IQn×n), β(Qn+) = 4n2.

(iv) In Herm(IO3×3), β(O3
+) = 79.

(v) In Ln, β(Ln+) = n2−n+2
2 .

In the above list, Herm(IFn×n) denotes the set of all Hermitian matrices with entries from IF,

where IF denotes one of the following sets: real numbers IR, complex numbers IC, quaternions IQ,

and octonions IO. The symbol Ln denotes the (Jordan) spin algebra. In each of these, we have used

the familiar symbols for their symmetric cones. Note that Ln+ is the so-called Lorentz cone or the

second order cone.

Remark (3) Except for the octonion symmetric cone, the ranks of (other) cones mentioned above

can be obtained via different arguments. It has been shown in [16] that when IF is the set of all

real numbers/complex numbers/quaternions, every Lyapunov-like transformation on Herm(IFn×n)

is of the form LA, where A ∈ IFn×n and LA(X) = AX + XA∗, with A∗ denoting the conjugate

transpose of A. When IF = IR or IQ, it is easy to see that the mapping A 7→ LA is also one-to-one.

By computing the dimensions of IRn×n and IQn×n over IR, we get Items (i) and (iii). When IF = IC,

the mapping A → LA has null space generated by iI with I denoting the identity matrix. Since

the real dimension of ICn×n is 2n2, we get Item (ii) above. Now for Item (v). It has been shown in

[16] that every Lyapunov-like transformation/matrix on Ln is given by

M =

[
a bT

b D

]
, where D +DT = 2aI.

Since there are n2−n+2
2 independent matrices of this type, we get Item (v).

6 The bilinearity rank of a completely positive cone

Let C be a proper cone in IRn. Then the corresponding completely positive cone in Sn is defined

by

KC :=
{∑

uuT : u ∈ C
}
,

with
∑
uuT denoting a finite sum. When C = IRn+, the cone KIRn

+
is traditionally called the cone

of completely positive matrices (whose dual is the cone of copositive matrices).

Theorem 7 Let C be a proper cone in IRn and KC be its completely positive cone in Sn. Then

β(KC) = β(C).

In particular, β(KIRn
+

) = n.
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Proof. It is shown in Theorem 2 of [10] that when C is a proper cone, Lie(Aut(C)) and Lie(Aut(KC))

are isomorphic. This implies that β(KC) = β(C). Now, let C = IRn+. Since a matrix is Lyapunov-

like on IRn+ if and only if it is a diagonal matrix, it follows that β(IRn+) = n. Thus, β(KIRn
+

) = n.

2

Remark (4) In IR3 (which is isomorphic to S2), there are four familiar cones: The cone l31,+, see

(Sec. 3, Example 1), the completely positive cone KIR2
+

, IR3
+, and S2+. These have ranks 1,2,3, and

4, respectively. According to Theorem 1, for any proper cone K in IR3, β(K) ≤ 6. We do not know

if there are any proper cones in IR3 with ranks 5 and 6.

7 Schur-type results

A necessary and sufficient condition for β(K) = 1 is that K is irreducible and every Lyapunov-

like transformation on K is a multiple of the identity transformation. Motivated by this, we seek

conditions that imply that a (Lyapunov-like) linear transformation is a multiple of the identity

transformation. We will call results prescribing these conditions Schur-type results, inspired in

part by a result of Schur, see ([5], Lemma 7.13).

We start with a decomposition result.

Theorem 8 Let K be a proper cone in H and L be a linear transformation on H. Then the

following are equivalent:

(i) Every extreme vector of K is an eigenvector of L.

(ii) L is Lyapunov-like on K and K = K1 ⊕K2 ⊕ · · · ⊕KN , where each Ki is a nonzero closed

convex cone contained in an eigenspace of L.

Proof. Suppose (i) holds. The proof that L is Lyapunov-like is similar to the one given in Theorem

2. For any extreme vector u of K, there is a λ ∈ IR such that L(u) = λu. Then for all t ∈ R,

etL(u) = etλu ∈ K. By the Krein-Milman Theorem, see ([3], Theorem 1.33), K is the closure of

convex-conic hull of Ext(K). Thus, etL(K) ⊆ K for all t. This implies that etL(K) = K and so,

etL ∈ Aut(K) for all t ∈ R. By the Schneider-Vidyasagar result, see Section 1, L is Lyapunov-like

on K. Now for the decomposition of K. Let λ1, λ2, . . . , λN be the distinct real eigenvalues of L

that correspond to various extreme vectors of K. (Note that H is finite dimensional and K may

have infinitely many extreme vectors.) Let for each i ∈ {1, 2, . . . , N},

Ei := {x ∈ H : L(x) = λi x} and Ki := K ∩ Ei.

Clearly, each Ki is a nonzero closed convex cone in H and
∑N

1 Ki ⊆ K. To see the equality∑N
1 Ki = K, let x ∈ K. By using the Krein-Milman Theorem, we may write x = lim ym, where

each ym is given by, thanks to Carathéodory’s Theorem (see [3], Theorem 1.34) and grouping,

ym = x
(m)
1 + x

(m)
2 + · · ·+ x

(m)
N ,
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and x
(m)
i ∈ Ki for m = 1, 2, . . . . Since the spaces Ei (which correspond to distinct eigenvalues) are

linearly independent, for each i, the projection mapping from E1 ⊕ E2 ⊕ · · · ⊕ EN to Ei is well

defined and linear, hence continuous. Since the sequence ym is Cauchy, the sequence x
(m)
i is Cauchy

in Ki for each i. Letting x
(m)
i → xi in Ki, we see that x = x1 + x2 + · · ·+ xN . Thus, K ⊆

∑N
1 Ki,

proving the required equality. Finally, H = K −K = (K1−K1) + (K2−K2) + · · ·+ (KN −KN ) ⊆
E1 + E2 + · · · + EN ⊆ H shows that K is the direct sum of Ki, i = 1, 2, . . . , N . Thus we have

proved that (i)⇒ (ii).

Now, suppose (ii) holds and let u be any extreme vector of K. Then, by the definition of an extreme

vector, u belongs to one Ki and to the corresponding eigenspace Ei. Thus, u is an eigenvector of

L. This completes the proof. 2

We now specialize the above theorem to an irreducible cone K. In this case, there can be only

one factor in Item (ii) and L is a multiple of the identity on K (and hence on H, as K is proper).

We thus have the following result.

Corollary 2 Let K be an irreducible proper cone in H and L be a linear transformation on H.

Then L is a multiple of the identity transformation if and only if every extreme vector of K is an

eigenvector of L.

A related result is the following.

Corollary 3 Suppose K is an irreducible proper cone in H, L is Lyapunov-like on K, and L(K) ⊆
K. Then L is a multiple of the identity transformation.

Remark (5) This result was proved in the original version of the paper under each of the following

separate conditions: (i) Every principal subtransformation of L is Lyapunov-like, that is, for every

face F of K, ΠF ◦L is Lyapunov-like on F , where ΠF denotes the projection from H onto span(F );

(ii) K is a symmetric cone in a simple Euclidean Jordan algebra; (iii) H = Sn and KC is the

completely positive cone corresponding to a proper cone C in IRn. The general proof presented

here is due to Bit-Shun Tam [15].

Proof. Assume that all conditions on L and K are in place. Let u be an exposed vector of K.

This means that u 6= 0 and there is a nonzero vector d such that K ⊆ {x : 〈d, x〉 ≥ 0} and

{λu : λ ≥ 0} = {x : 〈d, x〉 = 0} ∩K.

Now, u ∈ K, d ∈ K∗, 〈u, d〉 = 0, and L is Lyapunov-like. So, 〈L(u), d〉 = 0. As L(u) ∈ K, we see

that L(u) ∈ {x : 〈d, x〉 = 0} ∩ K = {λu : λ ≥ 0}. Thus, u is an eigenvector of L. Now let v be

any extreme vector of K. By Straszewicz Theorem ([12], Theorem 18.6), which says that exposed

vectors of K form a dense subset of the set of all extreme vectors K, we can find a sequence of

exposed vectors uk (k = 1, 2, . . .) such that uk → v. Since each uk is an eigenvector of L, we may

write L(uk) = λk uk for all k. As uk → v and L(uk) → L(v) and v 6= 0, we see that the sequence

λk is bounded. Without loss of generality, we may let λk → λ and conclude that L(v) = λv. Thus,
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every extreme vector is an eigenvector of L. We can now apply Corollary 2 and conclude that L is

a multiple of the identity transformation. 2

As an immediate consequence of the previous two corollaries, we have a characterization result

for cones with bilinearity rank one.

Corollary 4 Suppose K is an irreducible proper cone in H. Then the following are equivalent:

(i) β(K) = 1.

(ii) For every Lyapunov-like transformation L on K, either L(K) ⊆ K or −L(K) ⊆ K.

(ii) For every Lyapunov-like transformation on K, every extreme vector of K is an eigenvector

of L.

Combining this corollary with Theorem 2, we get the following.

Corollary 5 Let K be a proper polyhedral cone in H. Then β(K) = 1 if and only if K is irreducible.

Concluding Remarks. In this paper, by connecting the concepts of bilinear complementarity

relations and Lyapunov-like transformations, we obtained several new results for the bilinearity

rank of a proper cone. Although the concept of bilinearity rank originated with the idea of writing

a complementarity system as a square system, it has other applications as well. For example, the

bilinearity rank can be used

• To show that certain proper cones are not isomorphic (as in the case of the completely positive

cone KIRn
+

and semidefinite cone Sn+ for n ≥ 2) and

• To see if a proper polyhedral cone is irreducible or not (as in the case of the cone ln1,+).

The results presented in our paper motivate a number of questions. We list some here.

• It has been proved that for any proper cone in IRn, n2 − n is an upper bound for β(K). Can

this upper bound be improved? For any n, what is the best upper bound? Is every natural

number between 1 and this best upper bound attained by some K?

• Is every proper cone K in IRn with β(K) > n, perfect?

• In [13], the bilinearity rank of the cone of positive polynomials and certain other cones are

computed by direct arguments. Can they be deduced via the results of our paper?
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