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Abstract. In this paper, we present some new results for the semidefinite linear complemen-
tarity problem (SDLCP). In the first part, we introduce the concepts of (i) nondegeneracy for a
linear transformation L : Sn → Sn and (ii) the locally-star-like property of a solution point of an
SDLCP(L,Q) for Q ∈ Sn, and we relate them to the finiteness of the solution set of SDLCP(L,Q) as
Q varies in Sn. In the second part, we show that for positive stable matrices A1, . . . , Ak, the linear
transformation L := LA1

◦ LA2
◦ · · · ◦ LAk

has the Q-property where LAi
(X) := AiX + XAi

T . A
similar result is proved for the transformation S := SA1 ◦ SA2 ◦ · · · ◦ SAk

, where each Ai is Schur

stable and SAi
(X) := X − AiXAT

i . We relate these results to the simultaneous stability of a finite
set of matrices.
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1. Introduction. Let Sn be the vector space of all real symmetric n×n matrices
and let Sn+ be the cone of symmetric positive semidefinite matrices in Sn. Given a
linear transformation L : Sn → Sn and a matrix Q ∈ Sn, the semidefinite linear
complementarity problem, SDLCP(L,Q), is

Find X ∈ Sn+ such that Y := L(X) +Q ∈ Sn+
and trace(XY ) = 0 (⇔ XY = 0).

(1)

This problem, which is a generalization of the standard LCP [4], is equivalent to
finding a pair

(X,Y ) ∈ S with X,Y ∈ Sn+ and trace(XY ) = 0,

where

S = {(X,Y ) ∈ Sn × Sn : Y − L(X) = Q}

is an affine subspace of Sn × Sn of dimension n(n+1)
2 . By considering a general

affine subspace F (of dimension n(n+1)
2 in Sn × Sn) instead of S, Kojima, Shindoh,

and Hara [14] introduced the geometric-SDLCP as a model unifying semidefinite
linear programs and various problems arising from system and control theory and
combinatorial optimization [21], [27], [3]. (In [13], Kojima, Shida, and Shindoh show
that when F is monotone, the geometric-SDLCP is equivalent to a semidefinite linear
program.)

It is easily seen (see Appendix A) that the geometric-SDLCP can be reformu-
lated (at the expense of increase in dimension) as an “explicit” SDLCP (1). Thus, we
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may regard the geometric-SDLCP as equivalent to our SDLCP. While the geometric-
SDLCP may be computationally more attractive (particularly for semidefinite pro-
grams), our “explicit” formulation has certain advantages: It allows us to use cone
LCP results (e.g., Karamardian’s theorem [12]), ideas and results from variational in-
equality theory (e.g., the fixed point map; see section 2), and standard degree theoretic
tools. In addition, our formulation allows us to study monotone and nonmonotone
problems, whereas only the monotone problem has been studied in the geometric-
SDLCP setting; see [19] and the references therein.

While the SDLCP (1) is a generalization of the standard LCP, the nonpolyhedral-
ity of Sn+ does not allow us to routinely extend results of standard LCP to SDLCPs.
However, because of extra structure available in Sn, one can expect interesting and
useful results for the SDLCP (that are not available for a general cone LCP).

Motivated by the study of nonmonotone matrices in the standard LCP theory,
Gowda and Song [7] introduced and characterized, in the context of the SDLCP above,
the R0-, Q-, P- and globally uniquely solvable (GUS) properties of a linear trans-
formation on Sn. In [7] and [6] these properties were specialized to transformations

LA(X) := AX +XAT and SA(X) := X −AXAT ,

and complementarity forms of theorems of Lyapunov and Stein were obtained. In
particular, it was shown in [7] and [6] that A is positive stable (which means that
every eigenvalue of A has positive real part) if and only if LA has the P-property and
that A is Schur stable (that is, every eigenvalue of A has absolute value less than one)
if and only if SA has the P-property, where the P-property of a linear transformation
L : Sn → Sn is defined by the condition

X ∈ Sn, XL(X) = L(X)X negative semidefinite⇒ X = 0.

(As is well known [16], [23], these eigenvalue conditions are related to the (global)
asymptotic stability of the continuous linear dynamical system dx

dt = −Ax(t) and the
discrete linear dynamical system x(k + 1) = Ax(k).)

In the standard LCP theory, a matrix M is said to have the nondegeneracy
property if all principal minors of M are nonzero. This is equivalent to saying that
for all q ∈ Rn, the solution set of standard LCP(M, q) is finite [4]. Motivated by
this equivalence, we address the following question in the first part of the paper:
When does a linear transformation L : Sn → Sn have the property that for all
Q ∈ Sn, SDLCP(L,Q) has a finite number of solutions? We provide an answer by
introducing the concepts of nondegeneracy for a linear transformation and locally-
star-like property of a solution of an SDLCP.

In the second part of the paper, motivated by a result regarding the simultaneous
Lyapunov stability problem for a finite set of matrices, we prove the Q-property of
the composite transformation L := LA1

◦ LA2
◦ · · · ◦ LAk

, where each Ai is positive
stable and LAi

(X) := AiX + XAi
T . We prove a similar result for the composite

transformation S := SA1 ◦SA2 ◦· · ·◦SAk
, where each Ai is Schur stable and SAi(X) :=

X −AiXATi . These results are proved using degree theoretic ideas.

2. Preliminaries. As noted earlier, Sn denotes the set of all real symmetric
n×n matrices and Sn+ ⊂ Sn is the cone of (symmetric) positive semidefinite matrices.
Sn is a Hilbert space under the inner product

〈X,Y 〉 := trace(XY ).(2)
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It is well known that Sn+ is a closed convex self-dual cone in Sn. We use the symbol

X � (�) 0

to say that X is symmetric and positive semidefinite (respectively, positive definite);
the symbol X � 0 means −X � 0. For a vector x, we write x ≥ 0 to mean that every
component of x is nonnegative. Given a linear transformation L : Sn → Sn and a
matrix Q ∈ Sn, SOL(L,Q) denotes the solution set of SDLCP(L,Q). For X,Y ∈ Sn,
[X,Y ] denotes the line segment joining X and Y , i.e.,

[X,Y ] = {(1− t)X + tY : t ∈ [0, 1]}.

For a real number α, we write α+ := max{α, 0} and α− := α+ − α; for a diagonal
matrix D = diag (d1, d2, . . . , dn), we write D+ := diag (d+1 , d

+
2 , . . . , d

+
n ). For X ∈ Sn,

writing X = UDUT with an orthogonal U and a diagonal D, we define X+ :=
UD+UT and X− := UD−UT . (Note that X = X+ −X−.) For a real number r > 0,
B(X, r) denotes a ball of radius r with the center X under the norm induced by the
inner product in (2). Given X,Y ∈ Sn with XY = Y X, it is well known that there
exist an orthogonal matrix U and diagonal matrices D and E such that X = UDUT

and Y = UEUT [10]. We use I to denote (depending on the context) either the
identity matrix or the identity transformation.

A matrix A ∈ Rn×n is positive stable if every eigenvalue of A has positive real
part. For such a matrix, we recall Lyapunov’s result [16], [5]: For any given matrix
G � 0 (� 0), there is a unique X � 0 (� 0) such that

AX +XAT = G.

A matrix A ∈ Rn×n is Schur stable if every eigenvalue of A has absolute value
less than one. For such a matrix, we recall Stein’s result [23]: For any given matrix
G � 0 (� 0), there is a unique X � 0 (� 0) such that

X −AXAT = G.

We have the following from [7].
Definition 1. For a linear transformation L : Sn → Sn, we say that L has the
(a) Q-property if for all Q ∈ Sn, SDLCP(L,Q) has a solution;
(b) P-property if XL(X) = L(X)X � 0 =⇒ X = 0;
(c) R0-property if SDLCP(L, 0) has a unique solution (namely zero).
We recall some results from [6] and [7].
Proposition 2. Let L : Sn → Sn be linear.
(i) If L has the Q-property, then there exists X � 0 such that L(X) � 0.
(ii) P-property implies Q- and R0-properties.
(iii) If L has the R0-property, then for all Q ∈ Sn, SDLCP(L,Q) has a bounded

(compact) solution set (which may be empty).
(iv) A matrix A ∈ Rn×n is positive stable if and only if LA, defined by

LA(X) := AX +XAT ,

has the P-property.
(v) A matrix A ∈ Rn×n is Schur stable if and only if SA, defined by

SA(X) := X −AXAT ,

has the P-property.
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In the second part of the paper, we will use the equation-based reformulation of
SDLCP(L,Q): The zero set of the fixed point map

F (X) := X −ΠSn
+

(X − [L(X) +Q]),

where ΠSn
+

is the projection mapping from Sn onto Sn+, coincides with the solution

set of SDLCP(L,Q) [8].

3. Nondegeneracy, locally-star-like property, and finiteness of SDLCP
solution sets. In the standard LCP theory, the nondegeneracy of a matrix is defined
as follows: A matrix M ∈ Rn×n is nondegenerate if every principal minor of M is
nonzero. It is well known (see section 3.6 in [4]) that M is nondegenerate if and only
if for all q ∈ Rn, the linear complementarity problem LCP(M, q) has a finite number
of solutions, where LCP(M, q) is to find a vector x ∈ Rn such that

x ≥ 0, y := Mx+ q ≥ 0, and xT y = 0 (or equivalently, x ∗ y = 0)

with x ∗ y denoting the componentwise product of x and y. Here we make the obser-
vation (which is easy to verify) that M is nondegenerate if and only if

x ∗ (Mx) = 0 =⇒ x = 0.

This motivates us to introduce the concept of nondegeneracy for a linear transforma-
tion from Sn to Sn in the following way.

Definition 3. A linear transformation L : Sn → Sn is said to be nondegenerate
if

XL(X) = 0 =⇒ X = 0.

It is clear that if L has the P-property, then it is nondegenerate. Also, every
nondegenerate transformation has the R0-property.

In the results below, we describe the nondegeneracy property for transformations
LA and SA. But first we recall a result of Taussky and Wielandt [24]: For an m×m
complex matrix C, the spectrum of the transformation LC : Hm → Hm defined by
LC(X) := CX + XC∗ is σ(C) + σ(C∗), where σ(C) denotes the spectrum (i.e., the
set of all eigenvalues) of C, etc. Here Hm denotes the space of all Hermitian m×m
matrices.

Theorem 4. Let A ∈ Rn×n. Then the following are equivalent:
(i) 0 6∈ σ(A) + σ(A).

(ii) LA is nondegenerate.
(iii) LA is invertible as a transformation from Sn to itself.
(iv) LA is invertible as a transformation from Hn to itself.
Proof. (i) =⇒ (ii). Assume that (i) holds and that there is a nonzero X such that

XLA(X) = 0. Noting commutativity of X and LA(X), we may assume that X and
Y := LA(X) are diagonal matrices. (This can be achieved by considering UXUT ,
UY UT , and UAUT for an appropriate orthogonal matrix U [10].) We write

X =

[
D 0
0 0

]
and Y =

[
0 0
0 E

]
,(3)

where D and E are diagonal matrices with D invertible. Writing A in an appropriate
block form as

A =

[
C ∗
N ∗

]
(4)
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we get DLC(D) = 0 and DDNT = 0 from XLA(X) = 0. Since D is invertible, we
get LC(D) = 0 and N = 0. ¿From the block form of A it follows that the spectrum
of C is a subset of the spectrum of A, and hence C inherits the property (i) from A.
But then (because of the Taussky–Wielandt result above), LC is invertible, and hence
D must be zero, leading to a contradiction.

(ii) =⇒ (iii). The proof is obvious.

(iii) =⇒ (iv). Assume that (iii) holds. First we observe that A is invertible. (If
Au = 0, then A(uuT ) + (uuT )AT = 0; since uuT ∈ Sn, from (iii), uuT = 0, and
so u = 0.) Suppose, if possible, that for some Z ∈ Hn, AZ + ZAT = 0. Writing
Z = X + iY with X and Y real, noting that A is real and using (iii), we see that
Z = iY , where Y is skew-symmetric. From AY +Y AT = 0, we see that S := AY ∈ Sn.
But then AS + SAT = A(AY + Y AT ) = 0 implies that S = 0; since A is invertible,
we see that Y = 0. The invertibility of LA : Hn → Hn follows.

(iv) =⇒ (i). The proof follows from the above Taussky–Wielandt result.

Similar to Theorem 4, we have the following for SA.

Theorem 5. Let A ∈ Rn×n. Then the following are equivalent:

(i) 1 6∈ σ(A)σ(A).
(ii) SA is nondegenerate.
(iii) SA is invertible as a transformation from Sn to itself.
(iv) SA is invertible as a transformation from Hn to itself.

Proof. Here we provide (only) a sketch of the proof. Suppose any of the given
conditions holds. Then −1 is not an eigenvalue of A and so (I+A) is invertible. (This
is clear when (i) holds. In the presence of other conditions, Au = −u implies that

X −AXAT = 0 with X = uuT and so u = 0.) Let B := (I +A)
−1

(I −A). Then

σ(B) =

{
1− ζ
1 + ζ

: ζ ∈ σ(A)

}
.(5)

Now it can be easily verified that

Y = BX +XBT with X ∈ Hn ⇐⇒ 1

2
(I +A)Y (I +AT ) = X −AXAT .(6)

It follows from (5) and (6) that (i), (iii), and (iv) are respectively equivalent to

(i′) 0 6∈ σ(B) + σ(B);
(iii′) LB is invertible as a transformation from Sn to itself;
(iv′) LB is invertible as a transformation from Hn to itself.

Because of Theorem 4 (applied to B), we see that (i′), (iii′), and (iv′), and hence
(i), (iii), and (iv), are equivalent. To complete the proof, we show that (i) implies
(ii), the implication (ii) =⇒ (iii) being obvious. Assuming (i), we suppose that for
some X ∈ Sn, XSA(X) = 0. Writing X and A as in (3) and (4) with D diagonal
and invertible, we deduce that D(D − CDCT ) = 0 and −DCDNT = 0. Since D is
invertible, we get D = CDCT and (hence) the invertibility of C. We also see that
N = 0. ¿From the block form of A, we see that C inherits the property (i) from
A. Thus 1 6∈ σ(C)σ(C). Now let λ ∈ σ(C) and u 6= 0 with CTu = λu. Then
Du = λC(Du) implies that 1

λ ∈ σ(C), leading to a contradiction. Hence SA is
nondegenerate and the proof is complete.

In view of the LCP result for nondegenerate matrices mentioned above, we may
ask whether the SDLCP solution sets corresponding to a nondegenerate transforma-
tion are finite. The following example shows that this is false.
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Example 1. In R2×2, let A = − 1
2I and Q = I. Then the solution set of

SDLCP(LA, Q), consisting of all matrices of the form

X =

[
1+
√
1−4λ2

2 λ

λ 1−
√
1−4λ2

2

]

with λ real and 4λ2 ≤ 1, is infinite. For any diagonal (or, more generally, symmetric)
matrix A ∈ Rn×n with a repeated negative eigenvalue, we can modify X and Q
appropriately so that the SOL(LA, Q) is infinite.

Now, to address the finiteness issue, we introduce the following.
Definition 6. For a linear transformation L : Sn → Sn and Q ∈ Sn, let X0 be

a solution of SDLCP(L,Q). We say that X0 has the locally-star-like property if there
exists a ball B(X0, r) such that for all X ∈ B(X0, r) ∩ SOL(L,Q),

[X0, X] ⊆ SOL(L,Q),

or, equivalently,

(tX0 + (1− t)X)(tY0 + (1− t)Y ) = 0 ∀ t ∈ [0, 1],

where Y = L(X) +Q and Y0 = L(X0) +Q.
We note that if SOL(L,Q) is convex, then every solution in SOL(L,Q) has the

locally-star-like property.
We now give a characterization of the finiteness of solution sets in SDLCPs;

recall that a solution X0 of SDLCP(L,Q) is locally unique if it is the only solution in
a neighborhood of X0.

Theorem 7. For a linear transformation L : Sn → Sn, the following are equiv-
alent:

(a) For all Q ∈ Sn, SDLCP(L,Q) has a finite number of solutions.
(b) For all Q ∈ Sn, each solution of SDLCP(L,Q) is locally unique.
(c) L is nondegenerate, and for all Q ∈ Sn, every solution of SDLCP(L,Q) is

locally-star-like.
Proof. (a)=⇒ (b) is clear.
(b)=⇒ (a). Condition (b) implies that SDLCP(L, 0) has the trivial solution.

(This is because SOL(L, 0) is a cone.) Hence L has the R0-property, which means
that the SOL(L,Q) is compact for all Q. This, with assumption (b), gives (a).

(b)=⇒(c). To show the nondegeneracy part, let X ∈ Sn be a nonzero matrix
such that XL(X) = 0. Noting the commutativity, we write

X = UDUT and L(X) = UEUT

for some orthogonal matrix U and diagonal matrices D and E. From DE = 0, we get

X+(L(X))+ = X−(L(X))− = X+(L(X))− = X−(L(X))+ = 0.

Defining Q := (L(X))+−L(X+) = (L(X))−−L(X−), we see that SDLCP(L,Q) has
two distinct solutions X+ and X− with

(tX+ + (1− t)X−)(t(L(X))+ + (1− t)(L(X))−) = 0 ∀ t ∈ [0, 1],

i.e., [X−, X+] ⊆ SOL(L,Q). This contradicts (b).
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Now take any Q ∈ Sn. For an X0 ∈ SOL(L,Q), the locally-star-like property is
trivially satisfied since X0 is locally unique.

(c)=⇒(b). Fix Q ∈ Sn and suppose that there is a sequence {Xk} ⊆ SOL(L,Q)
which converges to X0 ∈ SOL(L,Q) with Xk 6= X0 for all k. By the locally-star-
like condition, [X0, Xk] ⊆ SOL(L,Q) for all large k, resulting in (Xk − X0)(Yk −
Y0) = 0, where Yk = L(Xk) + Q for all k = 0, 1, 2, . . .. But from the nondegeneracy
property, this implies that Xk = X0 for all large k, contradicting our assumption.
This completes the proof.

While the locally-star-like property of a solution point of an SDLCP comes up
naturally in Theorem 7, it is not clear how to characterize (or verify) this property
when a (nonlocally unique) solution of SDLCP is given. When A ∈ Rn×n is positive
stable and positive semidefinite, it is known (see [7]) that for every Q, SDLCP(LA, Q)
has a unique solution and hence provides an instance of a situation where item (a) of
Theorem 7 holds. It is not clear if item (a) holds for LA when A is (merely) positive
stable or, more generally, for an L that has the P-property. In the following example,
we describe a matrix A such that A is neither positive stable nor positive semidefinite,
yet SOL(LA, Q) is finite for every Q.

Example 2. Let

A =

[
−1 0

0 2

]
.

Then for all Q ∈ S2, SDLCP(LA, Q) has a finite solution set; see Appendix B.
It is very likely, in light of Examples 1 and 2 above, that SOL(LA, Q) is finite for

all Q ∈ Sn when the following conditions hold:
(a) A is diagonal (or symmetric);
(b) 0 6∈ σ(A) + σ(A); and
(c) every negative eigenvalue of A is simple.

4. The Q-property of a composite transformation and simultaneous
stability of a commuting family. Given a set A of matrices, the simultaneous
stability problem is as follows: Find a (symmetric) positive semidefinite X such that
AX + XAT is positive definite for all A ∈ A. As is well known, the above stability
problem is related to the asymptotic stability of the linear time-varying system

dx

dt
= −A(t)x,

where x(t) ∈ Rn and A(t) ∈ A for all t [3].
In connection with this problem, Narendra and Balakrishnan [20] prove the fol-

lowing.
Theorem 8. Let {A1, . . . , Ak} consist of (pairwise) commuting positive stable

matrices. Then there exists X � 0 such that LAi(X) := AiX + XAi
T � 0 for all

i = 1, . . . , k.
Their proof consists of proving the existence of the finite sequence {X0, X1, . . . , Xk}

of (symmetric) positive definite matrices with X0 = I and AiXi+XiAi
T = Xi−1 (this

is done by using the positive stable property of each Ai) and then showing (by com-
mutativity of the Ai’s) that X := Xk satisfies the conclusion of the theorem. This
proof reveals the existence of an X � 0 such that L(X) � 0, where L : Sn → Sn is
defined by

L := LA1 ◦ · · · ◦ LAk
.
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Motivated by the equivalence of the P- and Q-properties of LA to the positive
stable property of A [7], we may ask whether the above L has the P- and Q-properties
when each Ai is positive stable. We answer this by means of the following theorem
and an example.

Theorem 9. Let {A1, . . . , Ak} consist of positive stable matrices. Then L :=
LA1
◦ · · · ◦ LAk

has the Q-property. In particular, there exists an X � 0 such that
L(X) � 0.

Proof. We first claim that L has the R0-property. To see the claim, suppose
X � 0, Y := L(X) � 0, and XY = 0. Without loss of generality, we can write

X =

[
D 0
0 0

]
and Y =

[
0 0
0 E

]
,(7)

where D and E are diagonal matrices with D � 0 and E � 0. Now writing Z1 :=
(LA2

◦ · · · ◦ LAk
)(X), we see that LA1

(Z1) = L(X) = Y � 0. Since A1 is positive
stable, by Lyapunov’s theorem (see section 2), Z1 � 0. Repeating this argument, we
get Zk−1 := LAk

(X) � 0. Now using the (block) form of X, we get

0 � Zk−1 = LAk
(X) =

[
(Zk−1)1 (Zk−1)2

(Zk−1)2
T

0

]
.

¿From this we get (Zk−1)2 = 0. This implies that Zk−1 (in block form) looks like X
with (Zk−1)1 in place of D. By repeating this argument several times, we see that

Z1 =

[
(Z1)1 0

0 0

]
.

But then, because of the block forms of Z1 and Y , Z1LA1
(Z1) = Z1Y = 0. Since A1

is positive stable, LA1
has the P-property and so Z1 = 0. Since each transformation

LAi is nonsingular (once again by the P-property), we see from LA1(Z1) = L(X) that
X = 0. Thus we have shown that SDLCP(L, 0) has only one solution, namely, the
zero solution.

Now, fix any Q ∈ Sn. We show that SDLCP(L,Q) has a solution by showing
that the fixed point map

F (X) := X −ΠSn
+

(X − [L(X) +Q]),

where ΠSn
+

denotes the projection mapping from Sn onto Sn+, has a zero in Sn.
That F has a zero is shown via degree theoretic arguments. Define a homotopy
H : Sn × [0, 1]→ Sn by

H(X, t) := X −ΠSn
+

(X − [Lt(X) + tQ]),

where

Lt(X) := (LtA1+(1−t) 1
2 I
◦ LtA2+(1−t) 1

2 I
◦ · · · ◦ LtAk+(1−t) 1

2 I
)(X).

We see that

H(X, 0) = I(X)

and

H(X, 1) = X −ΠSn
+

(X − [L(X) +Q]) = F (X).
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Now for each index i and t ∈ [0, 1], tAi + (1 − t) 1
2I is positive stable, and from

the first part of the proof, Lt has the R0-property for all t ∈ [0, 1]. We now show that
the zero sets of H( · , t) as t varies over [0, 1] are (uniformly) bounded. Suppose there
exist sequences {Xk} ⊂ Sn and {tk} ⊂ [0, 1] such that H(Xk, tk) = 0 for all k and
‖Xk‖ → ∞, where ‖X‖ =

√
trace(X2). Then Xk solves SDLCP(Ltk , tkQ) and so

Xk � 0, Yk := Ltk(Xk) + tkQ � 0, and XkYk = 0.(8)

Assuming tk → t∗ and Xk

‖Xk‖ → X∗, it follows from (8) that

X∗ � 0, Y ∗ := Lt∗(X∗) � 0, and X∗Y ∗ = 0.

Since X∗ has norm one, it is a nonzero solution of SDLCP(Lt∗ , 0), contradicting the
earlier observation. Hence we have the uniform boundedness of the zero sets of H( · , t)
as t varies. Now let Ω be a bounded open set in Sn containing all of these zero sets
(note that 0 ∈ Ω). Then, by the homotopy invariance of the degree [15, Thm. 2.1.2],

deg(F,Ω, 0) = deg(I,Ω, 0) = 1.

By Theorem 2.1.1 in [15], we conclude that SDLCP(L,Q) has a solution.
Now to see the second conclusion of the theorem, we consider a solution X0 of

SDLCP(L,−I). Then L(X0)− I � 0 implies that L(X0) � 0. Since X0 � 0, we may
perturb it to get an X � 0 such that L(X) � 0. This completes the proof.

We may ask if the transformation L in the above theorem has the P-property. The
following example shows that this is not the case even when the matrices commute.

Example 3. Let

A =

[
−1 −3

1 2

]
and B =

[
−1 −6

2 5

]
.

It can be easily checked that A and B are commuting positive stable matrices. For

X =

[
1 0
0 0

]
, we have XLA(LB(X)) =

[
−8 0

0 0

]
� 0,

so L := LA ◦ LB does not have the P-property.
For a matrix A ∈ Rn×n, we recall that SA(X) := X −AXAT . Motivated by the

previous theorem, we may ask if a similar result is valid for the composition of several
transformations of the form SA. The following theorem answers this question.

Theorem 10. Let {A1, . . . , Ak} consist of Schur stable matrices. Then S :=
SA1
◦ · · · ◦ SAk

has the Q-property. In particular, there exists an X � 0 such that
S(X) � 0. Moreover, if the matrices Aj (j = 1, 2, . . . , k) commute pairwise, then
there is an X � 0 such that

SAj (X) � 0 ∀j = 1, 2, . . . , k.

Proof. The proof is similar to that of the previous theorem. For completeness, we
sketch a proof for two matrices A and B with S(X) = SA◦SB(X). We first claim that
S has the R0-property. Let 0 6= X � 0 be such that Y := S(X) � 0 and XY = 0.
If X is nonsingular, then Y = 0 and X = 0 (by the nonsingularity of SA and SB),
leading to a contradiction. Without loss of generality, we may write X and Y as in
(7), where D and E are diagonal with D � 0. ¿From 0 � Y = SA(SB(X)) and Stein’s
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result mentioned before, we see that SB(X) � 0. Let B, in the block form, be given
by the right-hand side of (4). Using the block form of X, we compute SB(X) and
observe that the block in the lower right-hand corner, namely, −NDNT , is positive
semidefinite. But −NDNT is negative semidefinite, and hence −NDNT = 0. Since
D is positive definite, we must have N = 0. This leads to

Z := SB(X) =

[
D − CDCT 0

0 0

]
.

Now ZSA(Z) = ZY = 0. Since SA has the P-property, we see that Z = 0, and hence
X = 0 (because of the P-property of SB). This is a contradiction, and so S has the
R0-property. To see the Q-property of S, we fix a Q ∈ Sn and consider the homotopy

H(X, t) := X −ΠSn
+

(X − [St(X) + tQ]),

where

St := StA ◦ StB

and t ∈ [0, 1]. We see that H(X, 0) = X and H(X, 1) = F (X), where

F (X) = X −ΠSn
+

(X − [S(X) +Q]).

We proceed as in the previous theorem and show that F has a zero, say, X, in an
appropriate bounded open set. This X will solve SDLCP(S,Q). By specializing Q =
−I (as in the proof of the previous theorem), we deduce the existence of X � 0 such
that S(X) � 0. By Stein’s theorem, 0 ≺ SA(SB(X)) implies that SB(X) � 0. Finally,
when A and B commute, SA and SB commute, and we see that 0 ≺ SB(SA(X))
implies SA(X) � 0. This completes the proof.

Remarks. The last conclusion in the previous theorem is well known in control
theory; see [17]. The above two results motivate us to ask whether similar results exist
in the standard LCP theory. To answer this, we first recall some definitions from the
LCP theory [4]. We say that a matrix M is

(i) a P-matrix if all principal minors of M are positive, or, equivalently,

x ∗ (Mx) ≤ 0 =⇒ x = 0,

where x ∗ (Mx) is the componentwise product of x and Mx;
(ii) a Z-matrix if all off-diagonal entries of M are nonpositive;
(iii) a Q-matrix if for all q ∈ Rn, LCP(M, q) has a solution.
The LCP analogue of Theorems 9 and 10 is the following.
Proposition 11. Let {M1, . . . ,Mk} be a set of n × n matrices such that each

Mi is a P-matrix with M−1i ≥ 0; i.e., every entry in M−1i is nonnegative. Then
M := M1M2 · · ·Mk is a Q-matrix. In particular, this conclusion holds if each Mi is
a P ∩ Z-matrix.

To compare this proposition with Theorem 9, we note that the P-matrix property
(described with respect to the cone Rn+ of nonnegative vectors in Rn) is analogous

to the P-property of Definition 1. The condition M−1i ≥ 0 (which is equivalent to
M−1i (Rn+) ⊆ Rn+) is analogous to the condition L−1Ai

(Sn+) ⊆ Sn+, which holds when Ai
is positive stable.

Now, while a degree theoretic proof, similar to those of Theorems 9 and 10, can be
given for this proposition, we present an elementary argument due to Parthasarathy
based on the following well-known results from the LCP theory [4]:
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(a) Every P-matrix is a Q-matrix. Also, the inverse of a P-matrix is a P-matrix.
(b) An (entrywise) nonnegative matrix M is a Q-matrix if and only if each diag-

onal entry of M is positive.
(c) If M is a P ∩ Z-matrix, then M−1 is a nonnegative matrix with positive

diagonal.
(d) The inverse of an invertible Q-matrix is a Q-matrix.
Now to justify the proposition, assume that each Mi is a P-matrix with M−1i ≥ 0.

Then M−1i is a P-matrix and hence a Q-matrix. Since M−1i ≥ 0, the diagonal
entries of M−1i are all positive. It follows that the inverse of M := M1M2 · · ·Mk is a
nonnegative matrix with a positive diagonal. Hence M−1 is a Q-matrix. From this
we conclude that M is a Q-matrix. The second part of the proposition follows from
the first part and item (c) above.

At this stage one may wonder whether a product of P∩Z-matrices is necessarily
either a P-matrix or a Z-matrix. In the following example, we describe a P∩Z-matrix
whose third power is neither a P-matrix nor a Z-matrix.

Example 4. Let

A =

 2 −2 −1
0 7 −3
−1 0 1

 so that A3 =

 7 −136 52
30 337 −174
−8 20 −1

 .
We see that A is a P ∩ Z-matrix, while A3 is neither a P-matrix nor a Z-matrix.

Remarks. In [22, p. 14], Parthasarathy presents two P ∩ Z-matrices of size 4× 4
whose product is neither a P-matrix nor a Z-matrix. He also notes [22, p. 13] that a
product of two P ∩ Z-matrices of size 3× 3 must be a P-matrix.

Appendix A. Here we show that the geometric-SDLCP of Kojima, Shindoh,
and Hara can be reformulated as SDLCP (1).

Let F be an affine subspace of Sn × Sn of dimension n(n+1)
2 and consider the

geometric-SDLCP(F):

Find (X,Y ) ∈ F ∩ (Sn+ × Sn+) such that trace (XY ) = 0.

We may write, without loss of generality,

F = {(X,Y ) ∈ Sn × Sn : L1(X) + L2(Y ) = B},

where L1 and L2 are linear transformations from Sn to itself, and B ∈ Sn.
We define L : S3n → S3n and Q ∈ S3n by

L

 X ∗ ∗
∗ Y ∗
∗ ∗ Z

 =

 Y 0 0
0 L1(X) + L2(Y ) 0
0 0 −L1(X)− L2(Y )

 ,

Q =

 0 0 0
0 −B 0
0 0 B

 .
It is easily verified that if

W =

 X ∗ ∗
∗ Y ∗
∗ ∗ Z
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solves SDLCP(L,Q), then (X,Y ) solves the geometric-SDLCP(F). On the other
hand, if (X,Y ) solves the geometric-SDLCP(F), then

W =

 X 0 0
0 Y 0
0 0 0


solves SDLCP(L,Q). Thus the solvability of geometric-SDLCP(F) is equivalent to
the solvability of SDLCP(L,Q).

Appendix B. Here we justify the assertion made in Example 2, namely, that for

A =

[
−1 0

0 2

]
,

SDLCP(LA, Q) has a finite solution set for all Q ∈ S2.
Suppose, if possible, that there is a Q with SDLCP(LA, Q) consisting of infinitely

many solutions. Let {Xk} be an infinite sequence of solutions for SDLCP(LA, Q),
where we write

Xk =

[
xk yk
yk zk

]
and Q =

[
p q
q r

]
.

¿From Xk � 0, LA(Xk) +Q � 0, and Xk[LA(Xk) +Q] = 0, we see the existence
of infinitely many positive λk’s satisfying

xk(p− 2xk) = −yk(yk + q) = zk(4zk + r) = λk(9)

with

yk
2 = xkzk(10)

for each k. ¿From (9) we see that p > 0 and q 6= 0. Solving various equations in (9),
we get

xk =
p±

√
p2 − 8λk
4

,(11)

yk =
−q ±

√
q2 − 4λk
2

, and(12)

zk =
−r ±

√
r2 + 16λk
8

.(13)

¿From (11) and (12), we see that {λk} is bounded; without loss of generality, we may
say that

λk −→ λ∗ ∈
[

0,min

{
p2

8
,
q2

4

}]
.(14)

Assuming that the signs (+ or−) in xk, yk, and zk are fixed for all k, we let xk −→
x∗, yk −→ y∗, and zk −→ z∗.

Case 1. λ∗ = min{p
2

8 ,
q2

4 }. We consider the following subcases.
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(1) q2

4 < p2

8 : From (10), we have

yk
2 − y∗2 = (xk − x∗)zk + x∗(zk − z∗).(15)

Dividing both sides of (15) by (λk−λ∗) and taking the limit, we see that the
left-hand side is infinite, whereas the right-hand side is finite. So this subcase
is not possible.

(2) q2

4 > p2

8 : This is similar to item (1). The right-hand side is infinite yet the
left-hand side is finite. Once again, this subcase is not possible.

(3) q2

4 = p2

8 : In this case, we see that

yk = cxk or xkyk = dλk,

where c and d are constants. From these relations and (10), we have (i)
xk = 1

c2 zk or (ii) yk
3 = dλkzk. Since

lim
k→∞

xk − x∗
λk − λ∗

and lim
k→∞

yk
3 − y∗3

λk − λ∗

are infinite while

lim
k→∞

zk − z∗
λk − λ∗

is finite, neither (i) nor (ii) can be true.
Therefore, Case 1 is not possible.

Case 2. 0 ≤ λ∗ < min{p
2

8 ,
q2

4 }. By suppressing k in (11)–(13) and putting t =√
r2 + 16λ, we may regard x, y, and z as functions of t with power series expansions

valid in (α, β), where α := |r| and β :=
√

min{(2p2 + r2), (4q2 + r2)}:

x =

∞∑
n=0

an(t2)n,

y =

∞∑
n=0

bn(t2)n,(16)

and

z =
1

8
(−r ± t).

Then (10) shows that( ∞∑
n=0

bn(t2)n

)2

=

( ∞∑
n=0

an(t2)n

)
1

8
(−r ± t)(17)

holds for all t = tk. Since tk −→ t∗ ∈ [α, β) ⊆ (−β, β) and the power series in (17)
are defined in (−β, β), the above equality must hold for all t ∈ (−β, β). But since the
left-hand side has only even powers of t while the right-hand side has both even and
odd powers of t, the series on the left must be identically zero. Thus y and hence yk
must be zero for all k. This implies that λk = 0, which is a contradiction. Therefore
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Case 2 does not occur either. Thus we cannot have infinitely many solutions in the
solution set of SDLCP(LA, Q).
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